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The exact values of the statistical weights of a system consisting of N particles of ar-
bitrary masses are computed by taking into account the laws of conservation of energy and
momentum. The solution is expressed as a series expansion in terms of the ratio

M.
v; =—Ei (M is the mass of the particle and E0 is the total energy of the system). Since

the obtained series converges slowly, another expansion in the form of a power series of
the total kinetic energy of the system to the total mass of the heavy particles has been ob-
tained for values of v, which are close to unity.

THE TR ANSITION PROBABILITY of a system

from one quantum state into another is determined
by the product of the modulus of the matrix element
squared and the statistical weight of the final state.
Based on the fact that for a sufficiently large num-
ber of particles the latter factor is characterized by
a sharp maximum, Fermi! expressed the idea that the
basic outlines of the processes that lead to the for-
mation of multiple particles are determined by sta-
tistical factors. A similar view concerning multiple
processes can be extended somewhat by taking into
account the effect of change of the matrix element.
The latter effect, however, should be computed
rather approximately, while the second, statistical
factor, must be computed with maximum possible
accuracy*.

It is known that the statistical term consists of
three factors. The first factor (V/87 %3N —1
(N is the number of particles) is determined by the
volume V in the coordinate space; the second term
is determined by the laws of conservation of momen-
tum and isotopic spin and is computed by means of
standard rules of quantum mechanics; the third fac-
tor constitutes the density of states
dQN(Eo)/dE():WN (EO) in momentum space (Qy (Eo)
is the volume of the system in momentum space,
determined by the laws of conservation of energy
and momentum). The present work deals with the
problem of computing the accurate value of Wy (E ).
Only certain special values were known until now:

*Actually, the influence of the interaction between nu-
cleons and 7 mesons was approximated quite successfully
by Belen’kii and Nikishov? by introducing the method of
isobars.

1) for non relativistic particles, with only approxi-
mate allowance for the law of conservation of mo-
mentum’; 2) an accurate expression for Wy(E ) for
N=2;%3) an accurate expression for two extreme
cases: all particles are either non relativistic or
highly relativistic*'%; 4) an accurate expression for
the case when the mass of one particle is arbitrary
and the masses of the remaining two or three par-
ticles are zeroS.

Computation of the expression Wy(E ) is important
not only to the statistical theory described in the
above discussion but also to any future consistent
theory, inasmuch as the quantity Wy enters into the
general expression for the transition probability.

1. We shall base the computation of the statistical
weight for the mixed case (m slow and n relativistic
particles) on the general formula:

Wy (Eo) =
+ oo N + N
~ i gl g vam)(3)
A \ i=1 i=1 (1)
N N N
XB(E pyl>a(z pzl)ﬂd3ply
i—1 i=1 i=1

where & stands for the &-function. The velocity of
light is ¢ =1

Assuming a kinetic energy Ti=pi2/2Mi for slow
particles and M, =0 for fast particles, and using the
integral presentation of the function, we obtain*:

*We assume for the present M, =M,=... M. The gen-
eralization for different masses is carried out without dif-
ficulty (see Eq. 13 below).
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where T0 = Eo -
tem. Making use of the results obtained in Ref. 5,

mM is the kinetic energy of the sys-

we write (2) as

Wi, o (Eg) = — 2 700 [
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Let us evaluate the integral:

4m T2 exp [i72 7] 14y

I_S (P — 13" de = i dn
(4)
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Let us further construct a differential operator
from Y such that in the final analysis it is deter-
mined by the simple integral

o

{ explistnlde = (/2 (1 4 0) 25,
0
Making use of the relationship

ary. m §°T2'" exp [it*n]
dn™ (72—}

we obtain
2
n T
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The characteristic equation corresponding to (5)

’

14

an’z - (5)

o i/ dn(2n—h)
is
2n 2 \k
)3 1 —k .
; Czn <T) {)2n == (() — l’Cf)2n =0. (6)
=0

Therefore, p=i 12 is the root of a characteristic

. 1
equation of order 2n; the general solution of the

exp [imM=? j 27,] d=
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homogeneous equation corresponding to (5) is

Yo= P (q) exp {ixjn}, ©

where P (7) is a polynomial of degree 2n—~1. We
write the solution of the non-homogeneous equation
in the form

Y = D (m) exp {ix} 7}

For the function D (7)) we have the following
equation:

d> D (n) [ dnen

b (1 4 i) = exp [—is2y). (B

= (~r2-
From this

D (1) = (— 1y (F)" 5

L[ (o,

.,]‘Iz

+ Dl’fizn_l -+ D, 72n—2 :{- «vo =+ Dy, ©

where D |, D2 . Dzn are constants.

Analysis of the asymptotic behavior of the func-
tion Y shows readily that ¥ (7)) - 0 when 7~ o.
Therefore, D D =... —D =0.

Let us expand the integral ’(9) in powers of 17
After simple but tedious transformations we obtam

- e exp [— iTiy]
D(n) = (— 1>n(.§) S
(10)
xSk, (k=) v
kZO C’ +en—1 k+‘12 (LTZ)k+2n
and finally
. (E) h 440
B \2 Zt (__1/2
an
RO

o0
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D Chian
k=0

Inserting into (3) and computing the residue at
T,=0 we get:

(mM 2)h+‘12 T§n+h-—’lz

Wi, n(Eo) =

=93 (2 )'3 (m—1)/2 MSmIZ ( M)-—-’lz T3'1+3 (m—1)/2—1
. (12)
(— 1D (2k 4- H! (19_>

4
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The series obtained can be readily generalized to
include particles of different masses:
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m ¥z m -3z
H Mi> (2 Mi) ’Tgn+3(nz—1)12—1

i=1

i=1

It should be noted that the first term of expansion
(12) was obtained by Fermi . However, it follows
from the nature of the series (12) that it is not well
converging (especially at T ~ml{/2), and therefore
the first term represents the entire series only very
roughly.

2. In this section we shall give an accurate ex-
pression for the statistical weight in the general
case. We shall rely on the expression obtained by
Lepore and Stuart* (in the final state there are

m k
(— D) (26 4+ 1! . 13
- (& + 30+ GmiD) — ) (TO / 2'1’”') ’ a9
m
To= E,— 2 M;.
i-=1
Ytz y—z. M
T, = Eo ) - 2 s 1 — "‘E—o_ ’
then
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S e (I 4) 33 - ke
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x | | gerevasetein T (A" 23 a5y
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formed N particles of arbitrary mass):

W (E,) G K§ dryaV gimiFo
N o) — (ZTE H M S 1 €
—o (14)
= QWWM@—ﬂ%
=

where integration is to be understood in the sense
of Cauchy i.e., the integration path is taken to be
a straight lme parallel to the real axis and ap-
proaching it from below*; H(z) is the Hankel func-
tion.

Let us introduce new variables:

*A relatively simple derivation of Eq. (14), different
from that presented in Ref. 4, can be obtained. Write
equation (1) in the form:

-+ ==
Wy (Eo) = (2m)-¢ g e~ iEwm Sggdrzdrsdn
—0 -0

N +oo
X Hl {S { S exp (1Y p2 + M2 +(cp))] dpjxdpjydpjz} :
j=1\—oo

Using the singular functions A(l), A introduced by Dirac’,
it can be shown that
o

S S SeXP [71 Vp? + M2 + (p))l dp;  dp;, dpj,
- _(ZEX’i[NU (M)s <2 — %) HiA(M,, 2—2)].

Using further the presentation of A ), A in terms of

Hankel functions (see, for example, Ref. 8) we obtain (14).

Since the Hankel function approaches zero as the
argument approaches infinity, it is permissible,
according to the Jordan lemma, to close the integra-
tion path from above by an arc of infinitely large
radius with a cut at point i «.

We next make use of the series form of the Hankel
function:

HP [29; (y2)™] = J, (29 (y2)"]
— (2i/7) J512v; (y2) "1 In [v; (y2) "]
(— 1) [v; (g2)' I P2

Vg2 = ARCEY
- 1 S
[QC~Z—,—27], (16)
r=1 r=1

where /, is the Bessel function and € = 0.577 is
Euler’s constant. Inasmuch as v;< 1, it is appro-
priate to use these quantities as small parameters
in which integral (16) is expanded. By comparing
series (16) with (15) we expect the expansion of (15)

to be of the following form:
N—1

E'{N 4 x

<) oo o )
{EW(0)+2W1+EW(%+ +$‘W,(¢A;/J}
=0

k=0 k=0

(17

where the terms W9 are proportional to v2* Int v.
EN prop
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To determine Wlm it is necessary to select from
the expansion (16), multiplied by N, the terms which
contribute to W’m , substitute into (15) as was done
in Ref. 5 for the computation of W N’ and determine
find the indicated coefficients by computing the
residues at y = z = 0. To determine certain coef-
ficients it is necessary to evaluate integrals of the

type ) .
I (k1) = Sy—ke‘y Inydy. (18)

The transformed integration contour starts from

ioo—8 (8 + 0), follows the imaginary axis, encir-

cles zero from below and returns to point i + 8.

It is easy to note, that

dl

Iy (k, 1) = { ewr—nnsdy
- (19)
dat ik
— (— 1)t 2=
= (=12 det T (k) "’

where I" is the gamma function.

For further computations it is convenient to re-
present (19) by means of the well-known logarithmic
.derivatives of the ["-function, which are in turn ex-
pressed through the Rieman ¢ function (see, for
example, Ref. 9). Thus,

(d/dk) [T (k) = — b (k) / T (k).

Making use of the expression

(20)

N
1) D) Cv(N
r=0

DAAN — 2 (A+2)]1 [2N

DY’ = (—

= (—

[2N —r — A}
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k—1 1
V) =—C+ 2+,

r=1
it is easy to reduce this problem also to an evalua-
tion of residues. In particular, at [ =1

(21)

_ o d it N R O 1}
I(k, 1)-——21» & T TR _2“""{1-‘2(/2) —-~2——l‘—(5)— .
(22)
fk=1,23...,
11 1 S
T (k) _ (k) _ _ NI
TE(k) ~ TR TR r<k>{ C+:’1 f}‘(zg)
fk=0,-1,-2 -3..
I (R) /T2 (k) = (— Y"M'T (1 —k); 1/T (k) =0.
(24)

In this manner, the problem is, in principle, com-
pletely solved.

Naturally, the series (17) is convenient for the
computation of Wy (EO), if the kinetic energy
T <Z M,. Otherwise it is necessary to use too
many terms of series (17) which, of course, compli-
cates the computation. Therefore, if T, <Z M. ;o it
is necessary to use expression (12)*,

We shall give next the values of the first several
terms of series (17). For convenience we introduce
the following symbols for the quantities found in the
expressions for the first terms of series (17):

0

— 2 +1)J[2N —r—(A+ DI IN+r—(A+2) =
—(A+ DI/BN—2 (A + 212N —(A+ 1)1}

FiP =

a[N+r—(A+2)]

2 Ol =g i

(NFr—A+2] "

L Py g VT

a[N+r—<A+m}
RN —=r—(A+2)

DSV {2[4N — 2 (A + 2)1! X

X [4N — 3 — 24]—2[3N — 2 (A + 2)]! « [3N — 24 — 3] — [2N—(A+1)]! X

X a[2N — A] —[2N—

(A+ 2N al2N —A— 13,

*If T,<<mM, it is permissible to use only the first term of series (11) or (12) or to make use of their generalized
representation, in the case when terms proportional to |# are computed for relativistic particles:

Win,n (Eg) = 23" (2m)3(m—DI2pg3mi2 ( py=

ch (=D r4-DI! (T,
2} Eten—1 (L4 3n + 3my2 — 3;,)! (
k=0

B/ w2 Q
mM) -+ <1~0/ > C'a!°n—"

’laTgn +3(m—1)j2—1

(—=D* @k + DN (T / mM)* | .
(k4 3n-4-3m)2—92)!
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where 4 is a positive integer;
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I (—l)z+1[z]' z2=0, 1,—2,...
«(z) = z2=1
=
N
. A T

r=1

A. All particles have the same mass:
/& =D, Wil = NvDY, Wil = N+t In S DR,

W,ég\} = ‘)4{[2— N +

145

=¥l [N(N—l)——]D“”

N (N —1)

2| DR+ 5 R

(25)
W = {[FE=LE=E L 2N W — 1) — g5 N | DY
NWN—1) N7 e
+ [_”z— — T] F N} )
W/EJ — 8 IHZ% ,jy_(NT*_QD%),
WH=wh=Wwa=...=Wi=0.
B. The derived expressions can be readily generalized for the case when all particles have different
masses.*
s N N N
W =(3) ) DY, Wiy = ('— Q7 2 S ; ) DY + 5 (Z ) FR,
\i=1 i=1 i=1 j=1 i=1
i+]
N /
W = (Z viln 1— ) D, W/d‘\r:( 31 vivi 1r1~ ——Z viln »—) DY,
i,j=1
, Y N, SN
Wil = (3_6 3 bbit g PHEVRELYY v‘?) Dy 20

where the primed summation sign indicates that the
term (i = j = k) is omitted.
3. The equations derived can be used to compare

*The value of WO(IS) does not depend on V and is the
same in all cases: the equations of the last line also
apply in either case.

i,j=1
1\'

i—=1

6 3
i> Ff\');

i=1

1
Z viviln— .In -~ ) DY
- l

L

the predictions of the statistical theory with experi-
mental data on multiple production of particles.
Leaving the detailed comparison for a later paper,
we are presenting now only a brief discussion of the
nature of the obtained results.

The expressions obtained were compared with

certain special values of W, (E ) computed by other
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FIG. 1 PN(EO) for the case of N particles of equal
mass M. (E0 is the total energy of all the particles, cen-

ter of mass system).

methods, namely: WZ(E0)3 and W3 (EO), W4 (EO) for
the condition #,# 0 and M,=M,=M, =0° Iden-
tical corresponding coefficients were obtained in all
cases.

In conclusion we present results of certain nu-
merical computations. Since Wy (E ) is a rapidly
increasing function of EO’ it is convenient to intro-
duce the dimensionless quantity

Py (E)) = Wx (Eo) | WK (E,),

where W"’I(E ) =(m/2)N-1 D(O)EsN * is the ex-
tremal relatxvxstlc expression for W (E,); obtained

earlier®’. Fig. 1 shows Py (E) for the case of N
4,)
10 n-0

n-1
2

0 n

8 g

FIG. 2. P (E ) for the case of two nucleons and

n 7 -mesons. (M denotes the nucleon mass, EO the total
energy of all particles, center of mass system)

particles of equal mass M; Fig. 2 shows P, (E )
for the case of two nucleons and n ﬂ-mesons The
first section of each curve is plotted from Eq. (12),
the remaining portion is drawn according to Eq. (17),
using 8 to 12 terms; the dotted lines show the sec-
tions of the curves which were interpolated between
the two equations.

A simple analysis of these curves shows that in a
very important case when the condition

12 E M’
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N
EO'\*_ElMi, is satisfied, the use of the extremal
1=

expressions may lead to completely incorrect
results.
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Note added in proof. It was determined, after send-
ing this paper to press, that series (13) can be sum-
med and written in closed form. Unable to present
here the derived expressions in general form we will
give only the most interesting case of two nucleons
and n 7-mesons (M = 1):
QAntarntl
“@n—D)T

Irﬂ.il (Eo) = {arctan \/E -2

3n n—=2
— 2 1

X P g (Eo— 2" " _VE—2. D) g (Es—2 [

k=1 =0

(= )"k — 1) 2n—34 — )
[(h—1)1]2 (3n — k)l 22k V'™ ’

where /yn—), =

Py -

N \i :
=2 =0 5
i=0
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