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The general statistical method of the microcanonical distribution is applied to the problem
of the computation of statistical weights for the reactions of production of 7-mesons in
collisions of nucleons with nucleons. A general formula is derived for computation of the
statistical weight of a state with an arbitray set of particles, considering not only the laws
of conservation of energy and momentum, but also the different type of statistics for ferm-
ions and bosons. In allowing all particles to obey Boltzmann statistics, this general for-
mula reduces to the formula proposed in Ref. 2. In particular, corrections are found which
are due to consideration of the type of statistics for all possible collision processes of nu-
cleons with nucleons, in which not more than three mesons are created.

T HE statistical theory of multiple production of
mesons proposed by Fermi!, was made more
exact by a series of authors?#. The most general
formula for computation of the statistical weights of
processes of different multiplicity was put forth by
Lepore and Stuart2.

In contrast to Ref. 1, the authors of Ref. 2 took
into account exactly not only the law of conserva-
tion of energy, but also the law of conservation of
momentum for particles of arbitrary mass; however,
both in Ref. 1 and in Ref. 2, the different type of
statistics for fermions and bosons was not consid-
ered. For calculation of the statistical weights in
Refs. 1 and 2, a method was used which is suitable
only for a set of particles obeying Boltzmann sta-
tistics.

For calculating the probabilities of the states of
a system with different numbers of particles, taking
into account both the conservation laws and the
type of statistics, it is simpler to use the general
statistical method of Gibbs. In the given case, for
a system with exactly given total energy and total
momentum, it is obviously necessary to use the for-
mula for the microcanonical distribution. We shall
use this distribution to derive a more general for-
mula than that of Lepore and Stuart. We shall con-
sider the general case of a system in which there
may exist and be created particles of several kinds,
both bosons and fermions, having arbitrary masses.
Finally, after an analysis of the general properties
of the expressions for the probabilities of different
states with given numbers or particles, several ap-
plications of the derived formulas to the processes

of multiple production of 7-mesons will be consid-
ered.

1. THE MICROCANONICAL DISTRIBUTION

Let us consider a system consisting of v kinds of
noninteracting particles having masses My My, oo
The total energy E of the system and the total mo-
mentum P is given, but the total number of particles
of arbitrary kind is in no way limited. Let the dis-
crete set of vectors p_ (i.e., p/, p., ...) represent
all possible momenta of one particle of type s. In-
asmuch as the particles do not interact with each
other, the set of vectors p_ also represents the pos-
sible states of the whole system, while the set of
occupation numbers n_ (ps) completely determines
the state of the system under consideration.* The
probability of a given set of occupation numbers can
be represented in the form

w {nl (pl)» My (P2), I (Y (pv)}
=Ad {E_ 2 2 &s (Ps) 11 (PS)} 8 {P - E 2 Psts (Ps)}
s=1 Ps s=1 pg
N X Qs {ns (P}, (1)

where § is the Dirac §-function; 4 a normalization
factor; Q {ns(ps)} is the multiplicity of a state

*Particles having the same momentum p_ can be found
in different states of polarization; therefore it is neces-
sary to keep in mind that to each vector pg correspond g
independent states.
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with given P, € (ps) =(ps2+ mf)y’ is the energy of
this state*; the summation over p_ is taken over
all permitted values of this vector and over all
states of polarization.

Obviously, both in the case of Bose statistics and
in the case of Fermi statistics {}_=1 on account of
the indistinguishability of the particles. But in the
case of Boltzmann statistics,

Qg {n, (ps)} = [2 ns (ps)J ! H [ns (Ps’)”’hl, (2)
Ps

Ps

where the product is taken over all p_.

The probability of a state in which there are N
particles of the first kind, NV, particles of the sec-
ond kind, etc., is clearly equal to

Wawn,..n, =
2wl @) ] 3{V— S},
ny, N, ... s=1 Ps

3)

where § {N}=8N0 is the Kronecker symbol; the sum-
mation is carried out over all occupation numbers,

Sinei=23. fw, ...,

n (P) n’ n”

i.e.,

whereby in the cases of Boltzmann and Bose statis-
tics all n*/ run through the values 0, 1, 2, 3, ...;
in the case of Fermi statistics, however, only the
two values n(*/=0, 1 are allowed. Obviously from
the normalization conditions

o
2 Waw,. N,

Ny, N, ... =0

= Z w {ny (py), - .

ny, N2, ...

.5 Ny (Py)} = 1, (4:)
and, consequently, according to Eqs. (1) and (4),

1Nv)/

/

s(E,P; Ny, ...

W, N, =0 (E,P; Ny, ...

x » V), 5)

Ny, Na, o..=0

where o is the statistical weight determined by

*Here a system of units has been chosen in which the
velocity of light ¢=1.
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S(E,P; Ny, ..., N,
= 3 sle— 2 ) es (po)}
ny, Ng .. s=1 Pg
m@-jzmmﬂﬁqm—zmwf&
s=1 pg s=1 Ps

X Qs {ns (ps)}.

Noting that the §-function and the §-symbol can be
represented in the form

L e o

— i 1 .
5(x) =3 S ei*xda, 8 {N} = o g e”PNd@,
—m—if 0

where 3 is a small, positive quantity, set equal to
zero in the final equation,* we get

+oo—if  +oo
c(E,P;Nl,...,Nv)Z—(zﬁr 8 SS
an e e
% S . ‘Sexp{i (ocE + bP 4+ écpsNJ )]
\—6,— §==1
+ i“ D («, b, cps)}dmdbd:p1 code,
Se=]

ePs (P9 — 2 H exp {— ins (ps) [xes (ps)

ng Ps

+ bps + 1} Qs {ns (ps) ]} (8)

The last sums can be easily calculated both in
the case of Fermi and Bose statistics and in the
case of Boltzmann statistics. For Fermi and Bose
statistics, Qs =1, but it is necessary to sum over
all ng‘)=0, 1 in the former case and over all ns(k)=
0, 1, 2, 3, ... in the latter. Carrying out these sum-
mations we get

D (x, b, p) = + Zln {I d=exp(—i[ez_(p,)
Ps

+ bp, 4+ 2)1}.(9)

Here as in what follows, the upper sign refers to the
case of Fermi statistics and the lower sign to the

* The introduction of a small parameter 8 enables one,
in integrations to come, to avoid a pole, analogously to
the way this was done in Ref. 4.,
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case of Bose statistics. But in the case of Boltz-
mann statistics, according to Egs. (2) and (8), we
get

D, (V" b, ?5) = Eexp {_

Ps

iz (py):
(10)

+bp, + 7,1} + In N

Expanding the logarithm after the summation sign
in Eq. (9) into a series and interchanging the order
of summation, we obtain for the Fermi and Bose

cases*
Zk’

Re-1

+ bp, +

(2, b, 3,) = F )T Nexp {— oz, (p,)

Ps (ll)
el kY,

from which it is seen that the case of Boltzmann
statistics corresponds to a limitation of the series
(11) to only the first term, with addition of a term
InN_!

If the linear dimensions L of the volume of space
V=L3 occupied by the gas are sufficiently large, or
if, in a finite volume, the energy is sufficiently large
that the de Broglie wavelengths of the different par-
ticles are small compared with L, then the summa-
tion over p in Eq. (11) can be replaced by integra-
tion and instead of (11) one can take the approximate
expression

(b, 2) = DA (T DL (exp (—ilee, (p)
k=1
+ bp, + ol £} dp,, 12

where w=(27%/L)? is the volume of the elementary
cell in momentum space. Introducing the notation

Bs (kmg, o, b) =

k3 1
gjo Sexp{—i[a(p§+m§)’*
+ bp 1k} dp,,
we have in place of Eq. (12)
@ (x, b, o) = S &~ (1), e By (kms, a, b).
ket (14)

It is possible to carry out the integration over the
angular variables in the space of the vector | J
a result of which we obtain

(13)

*Here (i‘l)s=-1 for all s designating particles obeying
Fermi statistics, and (il)s=+l correspondingly for the
case of Bose statistics.
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B, = %% E‘..T k(bp —aVp® + m? 1y pd
s= 5 | eXp{ik[bp—a}V p*+m2 ]} pdp
2n2g  (kmg)%a (15)

= HY [kmg (a2 — b2)™,
where H(zz)[x] is Hankel function. (For an analogous
transformation, see Ref. 4),

To compute o, according to Eq. (7) it is necessary
to calculate the intermediate integrals

27
Is (x, b) Sexp {thcpS+ D (x, b, o)} dop,,

(16)
where @_ is determined by means of Egs. (14) and
(15).

Carrying out the change of variables z=e
get, according to the calculus of residues,

=¥, we

. NS
J—gz_Ns_le‘D‘(z)dzz—— ! [d e

I - 5 (z)]
S - ,
S 27'5 & NS! dz s

z2=0

(17)

where the cymbol C* denotes that the integration is
taken counterclockwise along the contour |z |= 1.

Putting Eq. (17) into Eq. (7), and integrating over
all directions of the vector b, in analogy with Eq.
(15), we get

9 o +oo—if inbP
Sin iaE
O’(E,P;le-">NV):(z_7t)-3—S S bP
| 0 —oib (18)
1 d O (2)
— e b2dbde.
XEI[NS! dz" L=o i

On account of Egs. (14) and (15), the last formula

can be written in the following final form:

o Joc—i
. 2 sin bP ia
S(E,P; Ny, ..., N,) = 21r)38 S L E
0 —oo—if
2r’ga X2
xH[ XeXP{WZk 4(—}— ]):+1
§==1 k=1
X(km )? HE [km_ (o« — b2)'""] zk}] b2dbda.  (19)
2=0)

Inasmuch as it is necessary in the case of Boltz-
mann statistics to limit oneself, according to Eq.
(10), to only the first term in the sum over & in the
exponent of the integrand, and to add InN,! to it in
this case
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3 : __2 eV
o(E, Py Ny, .00 Ny = T W
oo +oo—
sin bp oM el*E
x§ mS P (20)
X H {gem3H® [mg (a2 — b2) Vs b2dbda,

s=1

where N = E N _ is the total number of all particles
in the system For P =0 this formula agrees with
the corresponding formula in Ref. 4.

In this way Eq. (19) is a more exact formula, cor-
rectly taking into account the type of statistics for
computation of the statistical weights. But the for-
mula of Lepore and Stuart is correct only for the
case when all particles obey Boltzmann statistics.

2. STATISTICAL WEIGHTS FOR REACTIONS
PRODUCING MESONS IN
NUCLEON-NUCLEON COLLISIONS

We shall apply the general formula (18) to the de-
termination of the statistical weight of the reactions
of meson production in collisions of a nucleon with
a nucleon. Since the greatest interest in connection
with experiments on the cosmotron is provided by
the cases in which 1, 2, or 3 mesons are created, we
shall limit outselves to particular expressions ob-
tained from Eq. (18) when at the end of the reaction
there are formed not more than three identical par-
ticles of each kind.

The factors entering into the integrand of Eq. (18)
in the cases N_=0, 1, 2, and 3 are, according to Eq.
(14), respectively equal to

L o] g [4 o]
[dz" e s ]z=o-—— 1, [dzl e ]2=0— Bs (ms)’
42 — 1
[‘dz—z ebs® Lo: [Bs (ms)I* = 55 Bs (2ms),  (a1)
3
[ ZT e ] = (B, (me)’ F ° B, (2my) By (ms)
Z2=0

2
+ -33_ Bs(3ms)a

where as before the upper sign refers to particles
obeying Fermi statistics and the lower sign to par-
ticles obeying Bose statistics.

From Eqgs. (18) and (21), it is seen that in the
case in which all N <1, Eq. (18) does not differ
from Eq. (20), obtained for Boltzmann statistics,
which in the notations of Egs. (18) and (14) takes

the form
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S (E,P; Ny, my; .. .5 Ny, m,)
2 T P sinop @22
sin la 0
Z(ZWS S ik fﬂ [Bs (ms))Vsb*dbde.

0 —oo—if

But in the case when any of the N_ are equal to 2
or 3, it is necessary to add to the statistical weight,
calculated according to E.q. (22) and multiplied by
(HN 1)1, additional terms which also can be cal-
culated according to Eq. (22), but for particles of
double or triple mass.

We shall compute o for all possible cases in
which at the end of the reaction there are 2 Fermi
particles of mass M (i.e. nucleons) and 1, 2, or 3
Bose particles of mass p (i.e. 7-mesons). We con-
cisely designate the statistical weights (18) and
(22) by means of bracket expressions, in which the
figures in the upper line denote the numbers of par-
ticles of each kind, while in the lower line below
each figure is correspondingly indicated the mass of

the particle, i.e.,
(Nl, Ny, ..., N, > (Nx, Ny o oo, N\,>
o= Oy = .
ml’ mz, . e ey mv /I o

My, My, - . . My

According to Egs. (18), (21), and (22), we obtain for
the statistical weights ¢, computed by the strict for-
mula (18) their expressions in terms of the statis-
tical weights computed according to the formula

[Eq. (22)] of Lepore and Stuart. In the table presented
below, expressions are given for o in terms of o,
and the corresponding concrete reactions are written
down.

From the table it is seen that corrections for the
type of statistics have a twofold character. Firstly,
there are the corrections which do not depend on the
difference between Fermi and Bose statistics and
are caused only by the indistinguishability of the
particles. These corrections lead to a decrease in
the statistical weight by a factor of N, 1... N !
Secondly three occur specific corrections, the sign
of which depends on the difference between Fermi
and Bose statistics. We shall call these corrections
“corrections of the second kind” in distinction to
the corrections caused only by indistinguishability,
which we call “corrections of the first kind”. From
the expressions presented in the table it is seen
that the corrections of the second kind decrease the
statistical weights in the case of the presence of
identical particles obeying Fermi statistics, and
they increase them in the case of the presence of
identical particles obeying Bose statistics.

Therefore, the calculation of exact statistical
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weights, with consideration of the type of statistics,
for all reactions at the end of which no more than
three mesons are formed and two nucleons are left,
reduces to calculation of statistical weights of the
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same reactions by Boltzmann statistics and of sta-
tistical weights of states with fewer numbers of
particles, but with double or triple masses, also by
Boltzmann statistics, i.e., by Eq. (22).

Type{ of reaction
Statistical weight
np pp nn
111 111
= np 0 n np —
(mat ) = (atar) P Pt 7
21 1721 1/1 1 nn 4 0 nn0
<Mu> =7 (Mu)‘, — (2M u)o pp— | PP
1111 1111
= — | np+0 —0
(MMuu)_QMMuuL et P -
<11 2 :r1<1 12) _3(1 11 ) np 00
MMu) =2 \MMul, T 228\MM2p),
211 1(211 17111 nn+0
= = —_—— nn +—
(MuQ*2 Myl %GMHJO pp—0 | PP +
22 2 2 1721 pp 00  pp— -~
- _ 1 2 — 00
(M u) = (M u,\f 2 <2M u) pX <M 2u>0 (ol
1 1 1 )
28\ 2M 2u/,
11111 11111
<MMuuu)=CMMuuul np+--0
1121) '£<1121> i<11 L e
MMyyp)™ 2 MMuuo'%fMM%uL
113\ 1/11 3) g_<1 1 11> _iﬂ<11 1) np 000
MMu)=\MMp), T2\ MM 2p ), T 38\ MM3p ),
(2111) __(2111) _1( 1111> pp+—0| nn4+—0
Mppp) = 2 \Mupp 20\2M popou /o
(221) __<221> _£<1 21) pp— 00 |nn 40| pp— —0
Muu)=7% Mupo_dszmuu0+ pp——+-
1 /211 1 ( nn - 00
'*?'MZMu% 5_2M2990 an =
23 4'(2 3 g_(z P4y, 1 ( 21 ) pp000 | nn 000
Mu)=13\M )yt 5\ Mg ) T 273\ M3
{13y "1 111) i( )
T 3.25\2M ), 28\2M2p ), 60

3. STATISTICAL WEIGHTS FOR CREATION
OF SINGLE MESONS.

As the simplest example of the application of the
relations derived, we shall consider the statistical
weights of the reactions

p+p—>n+p+s ad p+p—>p+tp+=

Inasmuch as direct calculations by Eq. (22) are
tedious, we limit ourselves to only the simplified

particular cases when the 7-mesons can be consid-
ered ultrarelativistic, while the nucleons are non-
relativistic. In this case, according to Ref. 4, one
can approximately compute

98 [Msslz (zn)s(s~-1)lz

oV (sM)’l2
where s is the number of nucleons, n the number of
m-mesons, I'=F — E m N the kinetic energy. Ac-
cording to the table and Eq (23) we obtain

o3n..n TSsl2 +3n—=%,
T (s— 1) +3n°

Oy =

(23)
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s(pp—>pp0) _ 1
o(pp—>pn+) 2

[1 _ o ]
208V 2w (MT)l2) (24)

The last equation is valid for p<T <M. In this re-
gion, the change from summation to integration in
Egs. (11) and (12) can be considered justified.
Assuming, as in Ref. 1, L3=(47/3) (A/p)3 and,
consequently, w=(2 at/L)%=6n? p3, we get

5|1 —2.24 (%)I (Lr—)'] (25)

From the last formula it is seen that the correc-
tion caused by the difference between Fermi and
Bose statistics, in the region of its applicability,
amounts approximately to from 1 to 10%.

s(pp—pp0) _
o (pp—>np +)

4. SOME REMARKS ABOUT THE METHOD

The method of the microcanonical distribution ap-
plied in this article is most exact for computation
of statistical weights for a system of noninteracting
particles with precisely given energy and momentum,
but with arbitrary, unspecified total angular momen-
tum. In a system of colliding nucleons, the angular
momentum is not fixed in advance, but certain val-
ues of the total angular momentum of the final sys-
tem may be forbidden, which must lead to a change
in the statistical weights, as was remarked by
Fermi!'5. For evaluation of this circumstance it is
obviously necessary to change at the very begin-
ning the assumptions about the allowed states of
the system of noninteracting particles and to con-
sider not the states with given momenta, but states
of a system of particles with given angular momenta.
However, this requires special investigations.

Consideration of the conservation of charge and
of the relations between the cross-sections result-
ing from conservation of isotopic spin can be intro-
duced into the present method even in the final ex-
pressions (as was done in making up the table,
where the laws of conservation of charge were taken
into account).

In case of sufficiently large energy, one can use
the mathematically simpler canonical distribution
instead of the microcanonical distribution. Obvious-
ly the “statistical” weight, calculated according to
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the formulas of the canonical distribution (o) is
expressed in terms of the statistical weight by the
equations of the microcanonical distribution, as

o fo
og(Ny, ooy V) = —£i6s (E, P; A
o (/Vy 5_0 &_&ge 9 ( N, M)
XdE dP. (26)

The general relations for the statistics with con-
served charge, found in Ref. 6, are a particular case
of formulas which can be derived from Eq. (26). The
so-called thermodynamical method, applied by
Fermi!'5 for computing the average number of par-
ticles formed in collisions of nucleons with ex-
tremely high energies, is also a special case of the
method of the canonical distribution.

It is well known that in the limit of sufficiently
large energies, and correspondingly for large average
numbers of particles, the results given by the micro-
canonical and the canonical distributions practically
coincide. Thus the method of the canonical dis-
tribution and, in particular, the thermodynamical
method, applied in the region of small average num-
bers of particles, are approximate methods of com-
putation of statistical weights, which are more ex-
actly computed by the method of the microcanonical
distribution.
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