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The propagation of nuclear-active particles in matter is computed from the cross sections 
for the elementary collision act, obtained on the basis of the hydrodynamic theory of mul
tiple particle production. 

T HE experimental data 1 show that the process of 
multiple particle production occurs in nuclear 

collisions in the high energy region ( "-'10 12 ev and 
higher). The secondary particles of high enough 
energy can, in their collision with the nuclei of the 

matter, lead to additional multiple production (we 
will call such particles nuclear-active). In this 
fashion not only absorption, but also multiplication, 
of the nuclear-active particles occurs as they prop
agate through matter. For the solution of the prob
lem of propagation of nuclear-active particles, we 
will start from the expression for the energy distri
bution in the elementary act, obtained on the basis 
of the hydrodynamic theory of multiple particle pro
duction 2 •3 • We use the following formulas 3 for the 
collision of a pion or a nucleon with a nucleus: 

dN = C1 (2.-:L )-'!, exp {- L/2 + 11 L2- /,2 } di,; (l) 

E=C2 exp{%L+I,+ ;:> 1lL2 -/,2}. (2) 

where dN is the number of particles produced in the 
interval d A.; ,\ is a parameter related to the energy 
E of the particle by the relationship (2). Formulas 
(l) and (2) give the particle distribution in a para
metric form. The parameter ,\varies in the range 
-y 3L/2 <A. <y 3L/2. The magnitude L is related 
to the energy of the primary particle. 

As shown in Refs. l and 3, the collision of the 
particle with the nucleus can be considered as the 
collision of the jlll'ticle with a "tube" cut out from 
the nucleus, of cross section equal to that of the 
nucleon; the length of this tube varies between the 
nuclear diameter and a length of the order of the nu
cleon's size. In the center-of-mass system, the di
mensions of the impinging particle and of the tube 
are subject to a Lorentz contraction in the direction 
of motion. The quantity e·L represents the ratio of 
the transverse dimensions of the system at the first 
instant after the collision, to the longitudinal dimen
sions: 

e-L = [2Mc~i'.(l) / £ 0 ]'12 , z (/) = l (I j l + !) 2 • 

(3) 

where M is the nucleon mass; E 0 is the energy of 
the impinging particle in the laboratory system; l is 
the average length of the tube in units of the nu
cleonic radius; 

- " ,, 3 ( 1'1 1 )" l = 2 [A- (2A ''- 1) "l /, ; '- -, (4) 

where A is the atomic number. For air, for instance, 

A =14.8, l =2.25· In what follows we will use this 
value of l. 

The coefficients C 1 and C 2 in Eqs. (l) and (2) 
are determined by the energy conservation law and 
by the normalization of the number of particles. 
The total number of particles, in the case of the 
collision of a nucleon (or a 7T-meson) with a nu
cleus, is taken to be 3 : 

(5) 

where k"' 2. The coefficients C 1 and C 2 are equal 
to: 

Cr = kAo,l9 fz (!)]'1'; 

c2 = 5 V5 Mcz fz (i) j'f· I 2 }r:n~Ao,lo. (6) 

Making use of Eqs. (l) and (2), we assume that the 
energy distribution in the collision with the tube 
does not differ much from the energy distribution in 
the collision with a nucleon. Equations (l) and (2) 
also do not take into account the fact that not only 
7T-mesons, but also particles of different kinds, 
occur in the stars. Furthermore, the nuclons present 
in the tube which collide with the primary particle 
acquire a substantial energy, and are active in the 
further nuclear-cascade process. A production of a 
certain number of antinucleons is also not impossi
ble. In the present paper we shall not account for 
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the nucleons, which do not play a very substantial 
role at the very high energies ( > 10 14); we also 
shall-not consider the influence of the heavy mesons 
and hyperons- this will be the object of another re-

• port. 
Let us consider now the kinetic equation which 

determines the distribution of the nuclear-active 
particles. If we assume that only IT-mesons are pro
duced in the elementary process, we have the fol
lowing equation: 

co 

iJP(y,t) _ ) 2 \ oN 
-at--- I (y, t) + :3 .l P (ylh t) iTii dYo· (7) 

y 

where P(y, t) is the number of particles in the in
terval dy, y=ln E; tis the quantity of matter trav
ersed by the particles. The quantity of matter is 
measured in units oft, where t is the "nuclear mean 
free path" of the particles in the considered matter; 
y 0 =In E 0 , where E 0 is the energy of the primary 
particle. The factor 2/3 is present because not all 
the IT-mesons are nuclear-active. A number of 
IT 0-mesons, equal on the average to 1/3 of the total 
number of mesons, decay before any interaction with 
nuclei. The decay of charged IT-mesons is already 
negligible at energies of "- lO 12 ev, and is therefore 
not accounted for by our equations. 

We choose the following for the boundary condi
tion for Eq. (7): 

P (y, 0) = Be-Yu, (8) 

where Y= 1.5 -1.75. This corresponds to the fact 
that the nucleons falling on the atmospheric bound
dary have a spectrum of power form 4 • In addition, 
the atmospheric boundary is subject to a cascade of 
nuclei of different elements, with a predominant part 
of a-particles. 

The solution of equations of the form (7) have 
been obtained numerically by Zatsepin and 
Guzhavin5 by a modified method of successive ap
proximations 6 • Analogous numerical calculations, 
starting from the expression for the elementary act 
obtained by Fermi, have been performed later 7 • In 
the present paper we propose to obtain an analytic 
expression for the dependence of the number of 
nuclear-active particles on the energy and depth. 

In the first place, we make the substitution 

P (y, t) = e-1cp (y, t). (9) 

Equation (7) then reduces to 

co 

O? J~_,_!_) = ~ cp (Yo. t) ~j dyo , (10) 

y 

which can be written in the form 

r):p (y, t) jclt = 2 [cp(tj, !)] , (10) 

where £ is a linear integral operator. Let us exam
ine some of the properties of the operator £. Let us 
assume that the operator £ operates on a function 
which has a power dependence on E and an exponen
tial dependence on y, i.e.,afunction cp(y,t)=Be'YY. 
Substituting the expression for dN / dy under the in
tegral sign [see Eqs. (l) and (2)], we get 

'·max 

B1 \ 
Lmin 

(ll) 

Lrnln = 0,536 (y -- ln C2), 

Equation (ll) obviously, has to be completed by Eq. 
(2), which we write in the following form 

y = In c2 + 5L;6 + i, + v L2 - i.~ I 3. 

It is not difficult to see that the function in the 
exponent under the integral sign of (ll) has a sharp 
maximum. Let us recall that the formulas giving the 
energy distribution in the elementary act are them
selves derived with exponential accuracy, and the 
factors of the exponentials are determined by the 
normalization conditions. It is natural, therefore, 
to limit the evaluation of the integral (ll) to the ex
ponential accuracy. Let us expand the function in 
the exponent of formula (ll) in a series, around the 
maximum, including terms up to the second deriva
tive; the factor of the exponential will be put equal 
to its value at the maximum. We obtain: 
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(12) 

S ('() = 4/a kA 0' 19 [X (/)]';• JF 1- v2 (y) (V 1- v2 (y)- v (y) I 3] CYH (y)(2Mc2· (l)]-y 
5 16 + v (y) + V 1 - v2 (y) 1 3 2 X ' 

(13) 

'1() =- -(2yf3+1)+ (2y+If2)V (2yf3+1)2+(~y+lf~)2-1 
I (2y + lf2)2 + (~y I 0 + 1)2 

(14) 

0 ("() = (2y + 1 / 2)- V 1- v 2 (y) _ T· 
5/r. + v (y) + V 1 - v2 (y) 1 ;) (15) 

In the evaluation of the integral in (lO), L . and 
mm 

L have been replaced by- oo and +oo. The cal-max 

culation shows that the quantity o ( y) for y= 1.5-2 

is small, and therefore the factor e kr )y leads to a 

y dependence, small compared to e-·-yy (see Table 1) 

TABLE I 

yc~1,5 1,G 1,7 1,8 19 2 
a(y)=0,07 o,o8 o,o9 0,1 o;11 o,12 

It follows from (12) that the operator £ operating 

on a function having a power dependence on the en

ergy again gives a power spectrum, only slightly 

smoothed with respect to the primary one. Bearing 
this result in mind, we seek a sol uti on of Eq. (10) 
in the form 

cp (y, t) = Be-YY f (y, t), (16) 

we will consider {(y, t) as depending weakly on y. 
Let us substitute the expression (16) in Eq. (10). 

For the evaluation of the integral, let us make use 

of the assumption on {(y, t), and take the value of 

this function at the point where the function in the 

exponent has a maximum. We obtain the following 

equation for {(y, t): 

df (y, t) 1 at= L\ (y, r) t (YI· t), 

., ( ) -0 (y) y 
L\ (Y, 1) = ~ -r e • 

(17) 

(18) 

y 1 is the point at which the function in the exponent 
has a maximum. 

y 1 is related to y by the relationship 

Y1 == 2d (T) (y- ln C2) +In 2Mc2z (L), (19) 

d (-() = l''/G +'I (-r) t- V1 - '12 (-[) / 3r1 • (2o) 

Table 2 gives the values of y 1 and L\ (y, y) for 
y= l. 75 and 1.5 and for different y 's 

TABLE II 

y 32,2 34, fi 36,8 3\J,2 
1 __ 41-,~--

1.5 1,75 1 1,5 1,75 
--'----

y 1,5 1,75 1,75 1,75 1,5 1,5 

42,5 42.5 1 45 45 

----~---------+---------+--------~------

-1::,.-(y_, _r_\ _.__o_, 1_0_r_o_, oo ~-~·-~I-1--~~~~-~~5~~):181~~~- ~-o:3l~·-~-~~~ 

Yt 34,8 34,8 :J7 ,4 37,4 39,9 3\J,9 

For the solution of (17), let us make a Laplace 
transformation with respect to the variable t: 

e+ioo 
1 r 

= ~ e -,ot f (y, f) dt. 
0 

(21) 

f (y, t) == 21,( j eP1f (y, p) dp; f (y, p) 
E- ioo Taking the boundary condition into account we ob

tain, instead of (17), 
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pf (y, p) -- ~ (y, 1) f (yl, p) = 1. (22) 

It is easy to see that the solutions of this equation 
can be written in the form of the following series 

1 
f (y, p) = p-!;, (y, y) 

(23) 

' !;, (y, y) [l> (yl, y)-!;, (y, y)J 
T fJ [p-!;, (y, y)j [p-!;, (fi!, y)j 

+!;, (y, y)!;, (YL y) [l> (Y2• y) -· .6. (Yl• y)J . --1-- ••• + 
P2 [p- l> (Yl• y)] [p- t, (f/2, y)] ' 

l>(y, y)l>(yl> '(). · · l>(yrz, y) [l>(yn+l' y)-l>(yrz, y)] 
r!jl + ... 

P [p-!;, (Yrz• y)J [p-!;, (Yn+l' y)] 

Here y 2 is related to y 1 the same way as y 1 is re
lated to y. In this fashion, if y 1 = lji(y) according to 
(19) . 

Using the relationship (21) one can compute 

f (y, t) = fo (y, t) + f1 (y, t) + f2 (y, t) +... (24) 

fo (y, t) =ell (y, y) 1; f1 (y, t) = 

~ r e1l (y,, y) t- 1 e1l (y, ·r) t- 1 ] 
(y, 1) L -t, (YJ· y) t, (y, y) 

(25) 

r eil (y,, y) t- 1 e1l (~,, y) t- 1 ] 

X l 1;,2 (yz, y) - l>· (Yl> y) 

- t!J. (y, 'I)[~;, (yl, y)- I]. 
!;, (yz, y) 

It is easy to see that the series (2) converges. It 
can also be shown that f(y, t) does indeed change 
slowly with y; this justifies the transition from Eq. 
(10) to Eq. (17) for which the function f(y, t) was 
evaluated at the point where the function in the ex
ponent has a maximum. 

Let y=32.2 and 36.8 (E =10 14 ev and 10 16 ev and 
t = 10. In the first case (y =In 10 14 ) 

f1 (y,t) !fo (y, t) =- 0,09; 

f2 (y, f)/ fo (y, t) =- 0,02. 

In the second case (y=ln 1016): 

f1 (y, t) I fo (y, t) =- 0,065; 

f2 (y,t) I fo (y, t) = -0,005. 

The function P (y, t) can be written in the following 
form [see (9)]: 

P (y, t) = Be-YY ex p {- [1 - D (·r, y, t)] t}; 

D (j, y, t) = t-1\n f (y, t). (26) (26) 

TABLE lli 

y ~ ::'2.2 y = 315,8 

2 0' 1~) O,O!:l 
10 0. 12 0,08 
15 (): 11 0,07 

Table 3 gives values of D ( y, y, t) for different t, 
y and y=l.5. For y=l.75 and different y and t: 
D ( y, y, t) :::::--::: 0.05. For energies smaller than 10 14 

ev the results obtained are already erroneous. The 
investigation of the absoprtion of nuclear-active 
particles for these energies will be given in a fur
ther report. 
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