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On the ·basis of the "pure overcharge" model proposed by L. A. Sena, the drift velocity of 
ions moving in the respective gas under the influence of an electric field is calculated as a 
function of the ratio of the work done by the field over the length of a free path to the mean 
thermal energy of the atoms. The results of the calculations are in good agreement with the 
experimental data for inert gases, 

1. STATEMENT OF THE PROBLEM. 

THE KINETIC EQUATION 
must he of the order of the mean velocity of the gas 
atoms. 

In the present work, a method of successive ap-

T HE problem of the motion of positive ions in a proximations is put forward which permits one to 
gas is divided into two main parts. The first solve the second kinetic part of the problem on the 

part consists of the determination of the differential drift velocity of ions, on the basis of the model of 
effective cross-section for collision of an ion with "pure overcharge", for any ratio of the work done by 
an atom and must he solved by the methods of quan- the field over the length of a free path of an ion to 
tum mechanics. The differential effective cross- the mean thermal energy of the atoms of the gas. 
section of collision being know, the second part In the calculation, the concentration of charged 
consists in determining the velocity distribution particles is assumed so small that their interaction 
function for the ions and mean values, of which with one another and also the effect of their motion 
the most important is the drift velocity of the on the velocity distribution function of the atoms 
ions in the direction of the electric field. can he disregarded. 

At the present time, it can he considered estah- The calculation is carried out under the assump-
lished that the chief process of interaction with neu- tion that the effective cross section of overcharge 
tral atoms in the motion of positive atomic ions in does not depend on velocity, however the proposed 
the respective gas is resonance overcharge l-6. method of successive approximations is applicable 

Calculations of the drift velocity of ions moving also in the case where the cross section can not he 
in a gas of the same nature under the influence of a considered constant. 
constant homogeneous electric field, based on the The kinetic equation for the velocity distribution 
model of pure overcharge proposed by Sena, give function of ions moving in the respective gas under 
values which agree well with experimental data 1•4 •5 • the influence of a constant electric field E under 
These calculations, however, were carried out strict- the assumptions indicated above, has the form 4 : 

ly only for two limiting cases: for the case of a 
strong electric field, when it is possible to neglect 
the thermal motion of atoms of the gas 4, and for the 
case of a weak electric field, when the energy ac
quired by an ion over the length of a free path under 
the action of the field is much smaller than the mean 
energy of thermal motion of a neutral atom 5 • The 
results obtained in Ref. 4 for intermediate cases are 
based on the replacement of the real velocity distri
bution of the atoms by two opposite fluxes. The 
possibility of such a consideration requires substan
tiation. Furthermore, the velocity of the two fluxes 
remains undetermined, their being know only that it 

a/, ~f_ = n (v) \ f (v') i v- v'! d v' 
uVZ J 

·- f (v) ~ n (v') I v- v' I d v', (1) 

where a=eE/m is the acceleration of an ion in the 
electric field, e and m are the charge and mass of 
an ion, ~ l/Nq its mean free path, N the concentra
tion of gas atoms, q the effective cross section of 
overcharge, {(v) the velocity distributioft function of 
the ions, n(v) the velocity distribution function of 
the neutral atoms and d v' = dv' dv' dv'. The direc-

x y z 
tion of the field is taken along the direction of the 
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axis OZ *. We introduce the notation 

u0 = V2kTjm, 1 = ;:eEf-j4kT, 

u0 is the most probable speed for atoms of the gas 
and the dimensionless quantity y characterizes the 
ratio of the work done by the field over a free path 
length of an ion to the mean thermal energy of the 
atoms. 

Taking account of the cylindrical symmetry of the 
problem, we introduce cylindrical coordinates in ve
locity space and transform to dimensionless varia
bles: 

(2) 

cpis the angle which the projection of the velocity 
on the plane XOY makes with the axis OX. Then 
for the velocity distribution function of the atoms 
we obtain 

n (v) dvx dvy dvz = W 1 (z) W 2 (p2) dz dp2 dyj2;:, (3) 
W 1 (z) = ;:-'12e-z'; W:?. (p2) = e-P'. (4) 

Considering Eq. (1) as a non-homogeneous dif
ferential equation it is easy to obtain. 

z 

f (p, z) = 2W~ (p2) ~ W1 (u) F (rJ, u) G (;,, u, z) du, 
-co 

G(p, u, z) = ~ exp[- :, ~F0 (p, u')du'], (6) 
II 

F (p, z) = ~ ~ f (r', z') g (;/, p, z- z') ;/ d;/ dz', (7) 

F 6 (p, z) 

= ~ ~ 2UI':l (p' 2) W1 (z') g (o', ;,, z- z') :/ dp' dz', 

(8) 
2TC 

g (p', p, t) = ~ ~ Vr, 2 - 2pp' cos 9 + p'2 + t:l d9 . (9) 
0 

*V. A. Fock solved the problem of the motion of ions in 
a gas in an electric field under the assumption that they 
emerge with a Maxwellian velocity distribution and disap
pear as a result of overcharge. It is not difficult to obtain 
Equation (21) of Fock's work7 from Eq. (I) if one regards 
the integral in the first tsrm on the right as independent 
of velocity. 

The function g (p', p, t) can he expressed through a 
complete elliptic integral of the second type: 

k (:/, p, t) == Vrr/ 1 E (k), 
4 I (10) 

k" pp 
- (p + p')2 + t". 

We note that the function g (p', p, t) is symmetri
cal with respect to interchange of the variables p' 
and p and is an even function of t. 

2. METHOD OF SUCCESSIVE APPROXIMATIONS 
FOR SOLUTION OF THE KINETIC EQUATION 

For an approximate solution to Eq. (5) we use the 
Gaussian type quadrature formulas 

<Xl N 

~ wl (z) 'fl (z) dz = ~ an'-?1 (zn). 
n~1 

(ll) 

-00 

00 M 

~ w~ (t) ?dt) dt = ~ bm?2 (tm), 
m=l 

(12) 
0 

where W 1(z) and W 2(t) are determined by Eqs. (4), 
Z 11 are the roots of the Hermite polynominal of de
gree N, tm are the roots of the Laguerre polynominal 
of degree M, a and b are the corresponding 

n m 
Christoffel numbers. The values of a and z for r n n 
N ~9, and of b and t for N <.5 were calculated by m m 
Reiz 8 • We observe that the coefficients a and b 
satisfy the condition 

n m 

M N 

(13) 
lll=l n=l 

Later, we shall have to evaluate approximately 
integrals of the form 

00 z 

~~:-I{~ lt\(z')?(z')dz'}dz. 
-oo --oo 

Integrating by parts and applying Eq. (ll) we find 

00 z 

\ ddcpzl {_ \ } J J W 1 (z') 9 (z') dz' dz = 

-00 -oo 

00 

~ wl (z) 'fl (z) 'f (z) dz =- ~ anh (zn) 'f (zn)· 
ll=l -00 



442 V.I. PEREL' 

It is easy to verify the same result is obtained if 
we set 

z N 

~ WI (z') 'f (z') dz' = ~ a, (z) q; (z,), (14) 

an (z) = 0 
a, (z) =a" 

n~-l 

when z< Zn, 

when z >z,. (15) 

The primary argument in favor of a method based 
on the utilization of quadrature formulas is that to 
each mathematical approximation here, there corre
sponds a completely distinct physical model. 

Actually it is not difficult to see that utilization 
of Eqs. (ll), (12) and (14) is equivalent to the re
placement of the functions If 1 (z) and W 2 (p 2) by the 
functions: 

N 

\V'~ (z) = h a, o (z- z,); (16) 

M 

W~ (p2) = ~ bm o (p2 - P7); p7,, = fw (17) 
11!=1 

The physical meaning of the quadrature equations 
(ll) through (13) consists in the fact that the real 
motion of the atoms with a Maxwellian distribution 
Eq. (14) is replaced by motion with distribution cor
responding to Eqs. (16) and (17). 

The Gaussian method applied for a choice of 
points of subdivision likewise permits of a simple 
interpretation. Let us examine, for example, Eq. 
(ll). For points of subdivision chosen according to 
the Gaussian method we obtain, using this equation, 
explicit values for the integrals 

with k = 0, 1, 2 ... (2N- 1). These integrals repre
sent the mean values of the various powers of z, 
i. e., of the projection of the velocity of an atom on 
the direction of the field. The more points of sub
division we take, the better will the distribution of 
Eqs. (16) and (17) convey the actual character of 
the motion of the atoms. 

The method of successive approximations used 
by us is analogous to a method developed by 
Chandrasekhar9 for the solution of a radiative trans
fer equation. In Chandrasekhar's method, however, 
use of quadature formulas is equivalent to the prior 
introduction of an approximate expression for an 
unknown function (the radiation density), while in 

the method set forth here, the physical model itself 
is approximate. Within the framework of this ap
proximate model the problem is solved explicitly. 

We note that in the case where the work done by 
the field over the length of the free path of the i()ns 
is much larger than the mean energy of thermal mo
tion of the atoms, all the approximations lead to one 
and the same exact result. Actually, the various 
approximations differ one from another in the· char
acter of the motion of the atoms in the correspond
ing physical models, but if the field is large, the 
atoms can in general be regarded as immobile. 

Using the quadrature equations (11) through (13), 
in other words, replacing W 1 and W 2 in the expres
sions under the integrals by the functions (16) and 
(17), we obtain [instead of Eqs. (5) and (8)]: 

f (p, z) = 2W2 (p2) ~a, (z) F (p, z,) G (p, z,, z),(18) 
n 

F 0 (p, z) = ~ g (pm, p, z - Zn) a, bm. (19) 
n, m 

Here and further on, the summation over n is car
ried from 1 toN, and the summation over m from 1 
toM. 

In Eq. (18) we replace p and z by p' and z', mul
tiply both parts of the equation by g(p', p, z- z') 
p' dp' dz' and carry out integration over p' and z'. 
Then using Eqs. (12) and (7), we obtain 

m, n 
co 

X l a, (z') G (pm, Zn, z') g (pm, p, z- z') dz'. (20) 
--00 

Taking account of Eq. (15), we introduce the nota

tion 

(21) 
co 

as bh ~ G (pnz, Zn, z') g (pnz, Pk· Zs- z') dz' = c'k""· 
z s n 

(22) 

Assigning now the values pk and zn to p and z in 
Eq. (20) (k=1, 2, ... M; n=1, 2 ... N), we arrive at 
a system of equations for the quantities xmn: 

X - "\1 cmnx "'hs- .L.J hs mn' 
tn, n 

which in a given ap!I"oximation replaces the integral 
equation (5). 
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The homogeneous system Eq. (23) can have non-zero 
solutions only if the determinant of its coefficients 

- li
Vz = v 2al,j-::. (30) 

is equal to zero. Using Eqs. (19) and (22) and the 
properties of the function g(p', p, t) we find: 

OJ 

~ c;;zsn = ~ G (Pm, Zn, z') F 0 (pro, z') dz', 
Its Zn 

whence, if Eq. (6) is considered: 

(24) 

From the relation Eq. (24) it follows at once that 
the determinant of the system Eqs. (23) is equal to 
zero and, consequently, non-zero solutions exist. 

From Eqs. (23) the quantities xm are determined, 
obviously, explicit up to an arbitrary common fac
tor. This factor is found from the normalization 
condition: 

~ ~ f (p, z) pdp dz = 1, (25) 

-000 

which, according to Eq. (18) takes the form: 

~ AmnXmn = 1; (26) 
m, n 

OJ 

Amn = ~ G (pn, Zn, z) dz. (27) 
Zn 

If one determines xmn through Eqs. (23) and (26), 
then it is possible by means of Eqs. (18) and {12) 
to obtain the mean values of the various quantities 
which characterize the motion of the ions. For 
example, for the drift velocity we obtain: 

00 00 

z = ~ ~ f (p, z) Zp dp dz = ~ Bmn Xmn, (28) 
-00 0 m,n 

00 

Bmn = ~ zG (p,, Zn, z) dz. (29) 
Zn 

In order to obtain an idea of the closeness of the 
various approximations, we examine the limiting 
cases of small and large fields. In the case of large 
fields (y » 1), as has already been pointed out 
above, all the approximations give one and the same 
precise 4 result: 

Equation (30) differs from the formula derived by 
Sena 1 by a numerical factor. This is related to the 
fact that in Ref. 1 the difference in duration of the 
free paths of various lengths was not taken into ac
count. If this circumstance is considered, then the 
method used by Sena also leads to Eq. (30). 

For small fields ( y«l), the coefficients c~:, Amn, 
Bmn can be expanded in powers of y and restricted 
to terms of first degree in y. By such means, we 
obtain for the drift velocity : 

In the approximation M = 1, N =2, vz =0.452 a f../u0 , 

In the approximation M = 1, N =3, vz =0.496 a f../u0 , 

In the approximation M=1, N=4, vz =0.481af../u0 , 

For comparison, we quote values of vz obtained in 
Ref. 5 for the case of small fields by the method of 
Chapman and Enskog: 

In the first approximation vz =0.470 a f../u0 , 

In the second approximation v2 =0.481 a f../u0 • 

The case of small fields is the most unfavorable 
for the application of the method of successive ap
proximations based on quadrature formulas inasmuch 
as the smaller the field the larger must be the effect 
of the motion of the atoms on the drift velocity of 
the ions. Even in the case of small fields, however, 
the approximation M = 1, N = 2 already gives a fair 
result for the drift velocity of the ions. 

3. THE APPROXIMATION N = 2, M •I. 
COMPARISON WITH EXPERIMENT 

Let us examine in more detail the approximation 
N = 2, M = l. The velocity distribution of the atoms 
corresponding to this approximation is determined by 
the formulas: 

Wi2) (z) = 1/2 [o (z- z1) + 0 (z + z1)J; 

w~l) (p2) = o (r2- rJi), 
Zl=-Z2=1jlf2; 

(31) 

The mean energy of the atoms and the portions of 
it which come from motion along and transverse to 
the field calculated by means of Eqs. (31) coincide 
with the exact values of these quantities. 

In the approximation M= 1, N = 2, the integrals 
which enter in Eqs. (22), (27) and (29) were evaluated 
for different values of y and the drift velocity of the 
ioil'S was calculated. The dependence of z on yin 
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this approximation is depicted in Fig. 1 on a loga
rithmic scale. Points for which calculations were 
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carried out are marked with x' s. For comparison 
there are included in Fig. 1 the lines which give the 
dependence of z on yin the limiting cases of small 
and large fields. The values of the drift velocity 
calculated from the graph presented in Fig. 1 are 
close to the values calculated by Eq. (7) of Ref. 4. 
The maximum difference occurs for the case of small 
fields and amounts to about 10%. 

The results of the calculations can be compared 
with data on the drift velocity of ions, obtained in 
the experiments of Hornbeck 10 for He+ in He, Ne + 
in Ne and A+ in A and in the experiments of Varney 11 

for Kr + in Kr, and Xe + in Xe. Such a comparison is 
given in Figs. 2 and 3, where the points indicate the 
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experimental data and the solid curves give the re-

sults of calculations according to Fig. l. The val
ues obtained in Ziegler's experiments 12 (energy of 
the ions of the order of 1 ev) were taken for the 
cross-sections of overcharge. 
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From Figs. 2 and 3 it is seen that for all of the 
investigated gases, with the exception of He, there 
is good agreement of the results of the calculation 
with experimental data over the entire interval of val
ues of E/p 0 , attained in the experiments** (here 
p 0=p • 273/T is the reduced pressure of the gas). 

The reason for a certain discrepancy between the 
_theoretical and experimental results for the case of 
He+ and He (approximately 30%) is not clear. One 
should note that in this case the theoretical curve 
correctly conveys the course of the dependence of 
the drift velocity on E/p 0 • In order to achieve com
plete agreement with experiment, it is sufficient to 
take 3 x 10- 15 em 2 as the value of the cross-section 
for overcharge instead of the 4.1 X lQ- 15 em 2 value 
obtained by Ziegler . 

On the whole, the comparison of theory with ex
periment shows that the model of "pure overcharge" 
with cross-section not depending on velocity is a 
good approximation for the description of the inter
action of an ion with atoms of the same gas over a 
broad interval of values of E/p . 

I am genuinely grateful to Do0zent lu. M. Kagan 
under whose guidance this work was completed, and 
to Professor L. E. Gurevich for a series of valuable 
comments . 

**In comparing Figs. 2 and 3 of the present work with 
Figs. 1 and 2 of Ref. 4, one should keep in mind that the 
difference between them is related for the most part with 
the fact that in Ref. 4 values were taken for the cross
section of overcharge calculated according to Demkov's 
formulas13 , while in the present work the direct experi
mental data of Ziegler is used. 
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A study is made of the question of the uniqueness of quantum field theory involving a 
cut-off factor, and it is found that even finite (renormalized) expressions depend on the form 
of the cut-off factor. Examples are given in which the renormalized Green's function of a 
boson has no pole for finite momenta, but the critical momentum in the charge renormaliza
tion can be made arbitrarily large. In this connection difficulties with the vanishing of the 
charge and the existence of a pole in the Green's function are considered, and also the 
question of the domain of applicability of meson theory. 

l BECAUSE of the divergence difficulties inherent 
• in quantum field theory, use is often made of 

cut-off factors, which have the effect of reducing 
the part played by high-frequency virtual quanta, 
so as to secure the convergence of the expressions 
occurring in the theory 1 • 2• Upon completion of the 
intermediate calculations, the cut-off parameters 
(which play the part of effective limiting momenta) 
are let go to infinity, the cut-off factor (CF) ap
proaches unity, and, at least formally, the original 
"not cut-off" theory is recovered. This procedure 
corresponds to regarding a point interaction as the 
limit of a smeared-out interaction. 

In such an approach to the problems of quantun1 
field theory there inevitably arises the question as 
to its uniqueness, i.e., as to the dependence of the 
results obtained on the form of the CF used. The 
most important aspect of this question is consid
ered in the present paper: do the finite (renormal
ized) expressions depend on the CF? 

This question has been given partial considera
tion in Refs. 2 and 3, where it was answered in the 

negative; but it will be shown that this conclusion 
was essentially based on the use of CF' s that 
approached unity sufficiently rapidly with increase 
of the cut-off parameter. \'\e consider below a wider 
class of CF' s, for which the problem of lack of 
uniqueness takes on primary significan.ce. 

The study will be carried out in the framework 
of the asymptotic theory of Landau, Abrikosov, and 
Khalatnikov 2 (cf. also Ref. 4), with a single modifi
cation- replacement of the plateau-shaped cut-off 
factor by a CF of more general type (but still very 
close to the plateau-shaped). The basic relation
ships of the theory are the integral equations con
necting the Green's functions G and D and the ver
tex part 1', the integrands being certain combina
tions of G, C D, and the CF. In the calculation of 
the asymptotic forms at large momenta it turns out 
that essential parts are played not only by the prin-




