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Polarization effects arising in the scattering of electrons or positrons by electrons 
are considered. A possibility is found for using Moller scattering in magnetized foils 
to analyze polarized beams of electrons or positrons. 

1. INTRODUCTION 

THE approach to several important physical 
experiments involves the production and study 

of polarized electron and positron beams. For ex
ample, a determination of the polarization of {3-par
ticles from oriented nuclei could provide informa-
tion about the interaction responsible for f3-decay 1 

experiments with polarized high energy electrons 
would be of undoubted interest; and so on. At the 
present time the main method for producing and 
analyzing polarized electron beams is scattering 

in the Coulomb fields of heavy nuclei 2 : a) if the 
incident beam is not polarized, the scattered 
electrons are found to be partially polarized; b) 
if the incident beam is polarized at a certain angle 
with the direction of motion, then an azimuthal 
asymmetry is observed in the angular distribution 
of the scattered electrons. We note that these 
effects are due to terms of the order (Z/137) 2 in 
the scattering amplitude, and accordingly are com
pletely absent in the first Born approximation. 

As an analyzer for polarized electron and posi
tron beams, the scattering by heavy nuclei has the 
following disadvantages: l) the polarization 
effects disappear in the limiting cases of nonrela
tivistic and extreme relativistic energies, i.e., 
in the high-energy region this method fails com
pletely; 2) the measurement of the azimuthal 
asymmetry in the scattering of a polarized beam 
gives the projection of the polarization vector on 
the normal to the plane of scattering; the presence 
of a longitudinal polarization can be detected by 

first deflecting the beam with an electric field 3 , 

but this is not always convenient to do; 3) for 
positrons the polarization effects are manifested 
considerably more weakly than for electrons; 4) 
double scattering in the foil with oblique inci
dence of the beam can strongly distort the result at 
small energies; just this effect held up the experimental 
verification of the theory for more than 10 years. 4 

In the present note, we consider the polarization 
effects occurring in the scfttering of an elec-

tron (positron) by an electron*. It can easily be 
shown that in the second apJroximation of the 
perturbation theory, which leads to the well
known Moller formula (cf., for example, Ref. 5) 
the scattering of an unpolarized beam by an un
polarized target leaves the beam unpolarized, and 
in the scattering of a polarized beam by an unpola
rized target (or an unpolarized beam by a polarized 
target) no azimuthal asymmetry appears. These 
effects show up first in the third approximation 
of the perturbation theory, which gives the radia
tion cor·rections to the Moller formula 6 • 

But also in the second approximation of the 
perturbation theory, the following effects occur: 
1) in the scattering by a polarized target (a mag
netized ferromagnetic substance) the electron 
beam becomes polarized; 2) in the scattering 
of a polarized beam by a polarized target the 
angular distribution departs from that given by the 
Moller formula (a different dependence on the 

angle 1J and an azimuthal asymmetry). Unlike 
those in the case of scattering of electrons in 
the Coulomb field of a rtucleus, these polarization 
effects do not disappear in the limiting cases of 
nonrelativistic and extreme relativistic energies; 
they are: of comparable magnitude for positrons 
and electrons (at nonrelativistic energies, however, 
they are: absent for positrons); the presence of a 
longitudinal polarization in the incident beam is 
directly manifested in the scattering; and the regis
tration of coincidences produced by the scattered electron 
(positron) and the recoil electron makes it possible 
to eliminate altogether the effect of double scat
tering in the foil. 

ThesEl properties of the Moller scattering in mag
netized foils lead to the idea of a new method for 
the analysis of polarized electron and positron 
beams, which for certain cases turns out to be 
useful. 

* This problem was suggested to us by A. I. Akhiezer1 

to whom we express our indebtedness. 
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2. SCATTERING OF A POLARIZED BEAM BY A 
POLARIZED TARGET 

The state of polarization of a beam of nonrela
tivistic particles with spin ~ is described by a 
density matrix p = ~(l + (a), where (is the polari
zation vector <1'1 ::;_ l; for 1(1 = l the beam is 
completely polarized). For relativistic particles 
with spin ~and momentum p,the form of the four
rowed density matrix is given in Ref. l (cf. also 
the added note in another paper 7); but the writers 
of Ref. l did not notice that the cumbersome ex
pression found by them for p can be brought into 
a compact form by separating out factors ry<+>(p) 
on the right and left: 

Here 

and ry<+>(p) is the projection operator onto states 
of positive energy Po = e = V m2 + p2 > 0 , 

'YJ<+> (p) = (lj2e) (m- ip) j 4 (p = Pp."(p.)· (2) 

The polarization vector (is given by 

~ = ~i + (ejm)~~l, (3) 

where ( 0 is the polarization vector in the system 
of reference in which the electrons are at rest 
( I ( 0 I ~ I), and ( 0 1 and ( 0 U are the components 

of ( 0 perpendicular and parallel to the vector p. 

We note that in the relativistic case an unpolarized 
beam (( = 0) is described by a projection operator 
and not by the unit matrix. 

The analogous formulas for positrons with mo
mentum p and energy £ > 0 are: 

p<P (~o, p) =-r/Pl(p)lj2 (1-~I:j4)"fl(pl(p), (4) 

'YJfJl (p) =- (lj2e) (m + ip) 14· (5) 

In the case of e - e scattering the density 
matrix p. for the initial state is a "direct product" ' . 
of matrices PI and pi ,which describe respectively 
the incident beam (momentum pi) and the electrons 
of the target (momentum p1 ,): 

(6) 

Similarly, for the final state, 

The cross section for the scattering of a polar
ized electron beam by a polarized target is given 
by the ••trace'' 

where S is the scattering matrix, whose opposite 
element is given, apart from a factor, by 

(9) 

(u2,y ~'- u1) (u2Y .. u1,) 

(p2,- PI)2 

Substituting Eqs. (l) and (6) into the .. trace" (8), 

we obtain four terms: one of them, independent 
of (I and (!,agrees, to within a constant factor, 
with the Moller cross section; two others, de
pending linearly on the components of ( 1 or (I '• 
are identically equal to zero; the fourth term con
tains the components of the vectors ( 1 and (I, 
bilinearly, and is given by 

+ (P2' -Pit4 Sp r p.v (PI'• P2, ~I') 

X Sp f p.v (PI• P2'•~I)-2 (P2- Pit 2 

Introducing a rectangular system of coordinates 
with the unit vectors k, l, n, where k is a unit 
vector in the direction of the incident beam, n is 
a unit vector normal to the plane of scattering, and 
l = [n x k], and going over from (I, (I ,to (I0, (!i,, 
we write the cross-section for scattering of elec
trons by electrons in the form 

Here c0 (&) is the Moller cross section, {} is the 

scattering angle in the center-of-mass system, and 
e = £1 lab/m is the energy of the incident electron 
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in the laboratory reference system, expressed in 
units m. As the result of rather cumbersome 
developments we obtain the following formulas for 
the coefficients T ik: 

There is no azimuthal asymmetry, hut the depen ... 
dence on fJ differs from Moller's result. 

Tn ='t(~ • .&)[4~(2~-1)-(~-1)(~+3)sin2.&], 

T22 ='t(~ • .&)[4~+(~-1)(~+3)sin2 .&], (ll) 

Ta3 = 't (~ • .&) [4 (2~- 1)- (~- 1)2 sin2.&], 

T12=T21='t(~ • .&)(~-1)V2C~+ 1)sin2.&, 

T 31 = T 13 = T 23 = T 32 = 0; 

(12) 

The values of T ik at fJ = TT /2 are shown in Fig. I. 
In limiting cases, the cross-section (lO) can he 

represented by relatively simple formulas. 
a) The nonrelativistic case ( ~- 1 « I) 

FIG. I. The coefficients T ik in Eq. (11), 
at.&= 1t (2 

h) The extreme relativistic case(~» I) 

a (.& )1 ~ a (.&) { 1 sin4.& 
' rp ~ 0 - (3 + cos2.&)2 

x [( sin~.& - 1) (k~~) (k~~') + (I~~) (I~~') 

(I4) 

- (n~~) (n~~,) ]} . 

[ sin2 .& roro) J (13) a(.&)::::::;ao(.&) 1- 1+3cos2.& c~1~1' ; The scattering cross section for positrons by 
electrons is found in a similar way: 

a(P) (.&' rp) = O'~P) (.&) [ 1 + rlr> (~' .& ) Cfic~'k]; 
T~i' = 't<P> (~ • .&) [(~ + 1)2 (7~ + 1) + (~ + 1) (n2- 4~ + 5) cos.& 

+ (~- 1) (~ + 3)2 cos2.& + (~- 1)2 (E + 3) cos3.&], 

T~~> = 't<Pl (~ • .&) [(~ + 1)2 (~ + 7) + (~ + 1) (~2 + 4~- 13) cos.& 
- (~- 1) (~ + 3)2 cos2 .& - (~- 1 )2 (~ + 3) cos3 .& ] , 

T~f> = 't<Pl (~, .& ) [- (~ + 1) (~2 - 8~- 17) - (~2 - 1) (~- 11) cos .& 
+ (~- 1 )2 (~ + 3) cos2 .& + (~- 1 )3 cos3 .&] , • 

Ti~> = T~f.> = 't<PJ (~ • .&) 2 V2 (~ + 1) sin.& [2 (~ + 1) + (~- 1) (~ + 3) cos.&+ 
+ (!; - 1 )2 cos2 .& ] , 

T <v> - r<v> - r<P> - r<P> - o· 31-13-23-32-' 

't<v> (~ • .&) = (~- 1) (1- cos.&)[(~+ 1) (9~3 -- !;2-!; + 25) + 
+ 4 (~2 - 1) (3~ + 11) cos.& + 2 (~ - 1 )2 (3!;2 + 12~ + 11) cos2 .& + 

+ 4 (E- 1)3cos3 & + (!;-1)4 cos4 &p. 

The dependence ofT ik (p) on ~at f) = rr/2 is 
given in Fig. 2. 

(15) 

(16) 

(17) 

(I8) 

The limiting cases are: a) ~- I « I i.e., in the non relativistic case, the polarization 
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has no effect on the positTon electron scattering; 
h) ~» 1 

(19) 

We shall show how the relations obtained here 
can he used for the experimental determination 
of the polarization of an electron beam. All mea
surements are to he carried out in such a way 
that the normal N to the plane of the scattering 

[.(n) 

1,0 1/f 

FIG. 2. The coefficients T ik(p) in Eq. (15), 
at .It= 1':/ 2 

foil and the vector k form a fixed angle ex."" 45 ° 
(cf. Fig. 3). The electron counters 1 and 2 are set 
in the plane (k, N) at the angles 01 and 02 corre
sponding to the angles t'J and 11- t'J in the 

FIG. 3 

center-of-mass system ( t'J ""17/2), and connected 
to a coincidence circuit. The polarization of 
the incident beam is determined in three steps. 

1) The polarization ( 1°, of the foil is directed 
along the normal n to the plane of the scattering. 
We determine the number of coincidences D 1' re
ferred to unit current in the incident beam. Then 
we turn the foil and the counters through 180° 
around the axis k, so that ( 1°, is in the direction 
-n, and determine the number of coincidences D 2 • 

The ratio D 1 :D 2 gives the projection ((1 °n) by the 
formula 

= [l + Taa (~. &) C~, (~~n)J I [l- T33 (~. &) C~, (~~n)J. 

2) We carry out analogous measurements after 
turning the foil and counters through 90° and 180° 
around the axis k, so that the new normal n' coin
cides with our former vector 1. Obviously, 

D~/ D; 

3) Having thus determined (f.L , we turn the 
counters and foil around the axis k so as to bring 
them into the plane perpendicular to the vector 
Cf.1, then turn the foil around the axis N so that 
the vector ( 1°, lies in the plane of the scattering, 
and again carry out measurements. Then 

D~/D; = [l 

+ Tu (~. &) (Cf,k) (~~k)J I [l- T11 (E, &) (~~~k) (~~k]. 

The procedure set forth here is, of course, not 
a universal one: at energies ("" 10, where T 3 
changes sign (hut T 22 r;6 0), it must he changei 
In the case of scattering of positrons, it is assumed 
that counter l registers only positrons, and counter 
2, only electrons. 

A weak aspect of this method is that it gives 
not ( 1°, hut the product C1°· (1 °. If we take the 
number of "polarized" electrons per iron atom 
equal to 2.068 and assume that all of the atomic 
electrons scatter like free electrons (which is 
correct for sufficiently large energies If 1 ), then for 
C1°• we get the value C1°, = 0.08, i.e., the asym
metry is small even for C1 ° = l. The magnetized 
foil used as an analyzer must he calibrated in a 
corresponding way, i.e., the value of C1°, for it 
must he determined. 

3. POLARIZATION IN THE SCATTERING OF AN 
UNPOLARIZED ELECTRON BEAM BY A 

POLARIZED TARGET 

By the use of Eq. (l) it is not difficult to show 
that the polarization of the scattered beam (momen
tum p 2} is given by 
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(20) where p 1 is obtained from pi by means of the scat
tering matrix S: 

!Jt = 'Yl<+l (P2) 'tl<+> (P2') SpiS+yt<+> (p2) 'tl<+> (P2') /Sp [SpiS+yt<+> (p2) 'YJ<+l (p2,)]. (21) 

If the incident beam is not polarized (momentum 
pl' ( 1 = 0), and the electrons of the target are 
polarized (PI'= 0, ~1' = ~~' =F 0), then 
the polarization of the scattered beam 

t~ =~a + (mjz2) ~211 
can he written in the form 

C~; = Mik~~'k; 
The coe1fficients M ik are given by 

(22) 

(23) 

M11 = !J. (~, .&){8~2 - ~ (1 + cos.&)[2 (~+ 1)2 + (~- 1)(~ + 3) cos-lt 
+ (~2 - 1) cos2 &]}, 

(24) 

M22 = !J. (~, &){8~2 - ~ (1 +cos&) [~2 + 6~ + 1- (~-I)2 cos& 
-2(~-I)cos2 .lJ']}, 

Mss = (J. (~, .&){8~2 + (1 +cos&)[(~+ I) (~2 - 8~ + 3) 
-(~-I) (~2 + 2~- I) cos&]}, 

M 12 = !J.(~, &) ~(~-I) V2 (~ + 1) sin&(2- 3cos&- cos2&), 

M21 =- !J. (~, .&) ~(~-I) V2 (~+I) sin& (4 +cos&+ cos2 &), (25) 

Ma1 = M1a = M2s == Ms2 = 0, 
!J. (~ • .&) = (1- cos&){[~+ 3 +(~-I) cos&] [4~2 (1 + 3 cos2 &) 

+ (~-1)2 (4+sin2 &)sin2 &Jr1 . 

The values of M 'k for t'J = TT/2 and various 
energies g are shown in Fig. 4. (We recall that 
the vectors k, I, n are taken as coordinate axes). 

FIG. 4. The coefficients Mik in Eq. (23) for 3-=rr/2; 

M22 = 1/2Mu;M12 =- 1/2M21 

Equation (23) is decidedly simplified in the 
limiting cases: 

a) the nonrelativistic case 

~g::::::;-~~~(1-cos.&)cos&/2(1 + 3cos2&); (26) 

h) the extreme relativistic case 

~~::::::;- (i1_;c~~~!j2 {(2 +cos& +cos2&) 

X (~~~k) k +(I- cos&) [(~~~l)l-(~~~n) n]}. 

(27) 

We note that the polarization of nonrelativistic 
electrons is a purely exchange effect and is due 
to the second term in the expression (9) for the 
matrix element of the scattering. It is natural 
that in the case of positron-electron scattering 
the polarization effects vanish in the nonrela
tivistic approximation. 
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