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The general form of the eigenfunction of an electron in a periodic electric and a
uniform magnetic field is derived. The equation of motion and the quasi—classical energy
levels are found for an electron with an arbitrary dispersion law in a magnetic field, The
broadening of the discrete energy levels of an electron in a. aystal in a magnetic field

is calculated.

T HE magnetic properties of a metal aredeter-
mined on the basis of the magnetic properties of
the electron ‘‘gas.’”” The latter isclosely con-
nected with the energy spectra of the electrons. To
elucidate the magnetic properties of metals, we can
go by either of two paths. We can make an as-
sumption on the concrete form of the dispersion law
and on the basis of this assumption construct a
theory, in the comparison of which with experiment
several numerical parameters are determined. The
approximations of weakly bound?:2 or very strongly
bound2~* electrons apply to such a type of as-
sumption. The second path consists of a search
for the connection of the magnetic properties of
the electrons with the law of their dispersion in the
general form. In thiscase the concrete form of the
dispersion law which holds in each separate case
can be determined from a comparison of theory with
experiment (in particular, with experiments on the
de Haas—van Alphen effect), although such a com-
parison is considerably more difficult than is
shown above.

Such a course of action was first pointed out by
I. Lifshitz and Kosevich, who determined the
energy levels of the electron and the magnetic sus-
ceptibility of an electron gas in the quasi- classi-
cal approximation.

In thisresearch, a central assumption is that
the Hamiltonian of an electron with an arbitrary
dispersion law £ (p, , p, , p,) in a magnetic field
can be determined by replacing p, , P, P, by the
components of the linear momentum operator
P,,P P,

The present paper is a continuation and devel-
opment of the work reported in Ref. 5.

.

The first Section gives the general form of the
exact eigenfunction of the electron in a uniform mag-
netic and a periodic electric field. Later, we give
an approximate equation of motion of the electrons,
which is shown to be identical to the Hamiltonian
constructed by I. Lifshitz and Kosevich.’ A quasi-
classical solution of this equation and the energy
levels of the electron have been found.

In the last Section, we consider the effect of
broadening of the discrete energy levels of an
electron (in a magnetic field) into narrow bands
under the action of the periodic field of the lattice.
The author has pointed out this broadening in
previous papers. '“ In these researches, a cal-
culation of the broadening of the levels was car-
ried out in the approximations of weakly coupled
and strongly coupled electrons. In the present work,
this broadening is calculated outside theframework
of the approximations pointed out; the results of
the researches of Refs.] and 2 are entirely sub-
stantiated.

2. EIGENFUNCTIONS OF THE ELECTRONS

Let us write out the Schrodinger equation for
an electron in a periodic electric potential ¥

and a uniform magnetic field # = #, [the vector

potential 4 = (=Hy, 0, 0)] :
+ (*H*y? [ 2mc? - V) b = E,

We introduce the translation operator of the electron

Twm, m=(ma, 0, mya,)is the vector of the lattice ,
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BEHAVIOR OF AN ELECTRON

which lies in the plape x, z, It is eyident from the
form of the operator H that T, and H commute:

N A s 2
TmH = HTm,

and therefore the eigenfunctions of the opergtor

are also eigenfunctions for the operator r,.

A faY
Application of T to such a function gives T ¢
=e ikm Y. Tt follows therefore that the eigen-
functions of the operator H have the form:

q) = ei (kxx"l'klz) u (x, y’ Z)’

where the functions u are periodic with the period
of the lattice along the x and z axes, but are non—
periodic in y. Equation (7) for the function u shows
that the third quantum number ought to be dis-

crete. Thus the function ¢ can finally be written
in the form

3)

Vs = € Bx Ry s (X, Y, 2),

(s is the number of the band). In the absence of a
magnetic field,the solution (Bloch function) can
also be represented in the form (3), where, how-

ever,
Us = Uys = ervyg (x, Y, 2), (4)

and v (x,y,z) are periodic in x,y,z. In the

absence of a periodic field,

(y + a(z,kl) )]
u= Pn ’
ag  /
where ¢ n (x) is the Hermite function and
ay="1Vhc/eH. (6)

2. TRANSFORMATION OF THE EQUATION OF
MOTION OF THE ELECTRON

If Eq. (3) is substituted in Eq.(1), then we get
for the function u the equation

A 2
Lu=——%Au 7
; B2 Y\ __ h, Ou
_lﬁ(kl_*—Tg)ax lm/23 0z

B k3
2m

+ [2 Vgezm'gr -+
g

+i2(k1+—ay§>2]u—-Eu=0;

2m
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at the time when H = 0, the equation for the func-
tion (4) is

Ouy . h® 4 Ouy
i ky- 52

R VN R (8)

2m

n'ky B
2m 2m ] o

+ [ZVge2"ig‘ +
g

— E0(ky, ks, ks) uy = 0.

Below we shall omit the dependence on the
coordinates and write the solution of this equation
in the form

o =ty (ky, ky, ks). ©)

We shall consider further the limiting case of a
weak magnetic field. As a criterion of weakness
of the field we use the relation

e=alo, <& 1,

where a is the lattice constant. Conditions (10)
are satisfied in practice down to fields of
H~ 105 ~106 Oe (for H=10* Qe and a=2.5
x 10 -8 cm, e=10"2).
In Eq. (9), we make the formal substitution

k1*—>k1+y/°‘(2)

and seek a solution of Eq. (7) in the form

u= Zggs (Ry, Ry ks)

s

(10)

(11)

x uOS (kl + y / ag, kz, ks) dkz-
Subsituting (11) in (7), we multiply by

u;f (kl + y/atz)’ k;) k3)
and integrate over all space. Equation (7) has the
following form (see Appendix Al).

IPACH AN

s

(12)

[ s+ y /32, By k) — E) iy (k) s (k1)

hz

2
moco

» 02 ’ ’
it (k) 52 s (1) x| dk; = 0.

Here
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ES (Ry» ko kes) (13)

= 2 Ans exp (ikyn;) exp (ikyny) exp (ikgns).

Equation (12) was obtained by neglecting terms of
order ¢ 4 = (a/ o )4 [ see Appendix, Eq. (A-1)].
Below we shall neglect such terms everywhere.
The distance between levels is (in corresponding
dimensionless units) a quantity of order €2 ;
therefore, neglect of quantities of higher order of
magnitude is legitimate (in our case, such a neg-
lect does not change the character of the e quation).

As shown in the Appendix, Egs. (A2), (A3),
transitions between bands in (12) give terms of
order not greater than ¢ ; generally speaking, they
will be of order ¢4 . With accuracy up to terms of
such an order of smallness, Eq.(12) can be written
in the form

Z Aurexp {ikn — inyn, | 242} (14)

X &2 (kl’ ky—ny /“3’ ks) = E.g: (ky, ks, ks)-

Introducing the operator

A

Qn, = exping (ky— (1 /iog) 0/ Ok,),  (15)
we can write (14) also in the form
E? (R —(1 /i‘x(z)) 0 Oky, ks, ks) (16)

X g (kl.r k2’ ks) = Ergf (kl’ kz’ k3)

Here, by the product of the operators an and
exp (ikgyny) [see Eq. (13) ], one understands
the symmetrized expression

1/2 [I\theikzrlz + eikzan "1]'

Thus, the equation of motion of the electron
in the magnetic field is obtained by substitution
in Eq. (13)(which is for the energy of the electron
in the absence of a magnetic field) of the quantum

number & , for the operator & —(1/in,%)d/dk,

(under conditions of application of the order of
operation pointed out for non-commutative multi-
pliers).

3. SOLUTION OF THE EQUATION OF MOTION
OF THE ELECTRON

Let us transform Eq. (14) to the form (17), omitting
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the band index:

D) Anexp {ikn — inn, / 203} (17)

X g(ky, by —ny/ g, ky) = Eg (ky, ky, k).

'fl’he solution of this equation will be sought in the
orm

g (kys ko, k) (18)

= eXp {iagkl kg — iq) (k]_, kz, k3)}'

The function ¢ has a real and an imaginary part
b =0 +ip.

Here the imaginary part is small (of the order ¢ )
in comparison with thereal. Considering the
function y to be slowly changing in a change of k,
by a/oc§ , we expand ¥ (k, --nl/ono2 )in a
series and, neglecting terms of order (a /o o) i

we get, after substitution of Eq.(18) in Eq.(17):

" (ky) L oy (ky) GEO (19)
Eo (‘E_(ﬁ_ L ko, B ) [ oL?
a2 2, Rg )+ 2 on
i [ PEY | 9E0 Gy,
+ 2a2 (axlakz 0k? 51?) =E.

Here the prime denotes differentiation with respect
to ke, % =¢"(k,) [ ag.

We so choose the function ¢ 1 that the terms in
Eq. (19) which are of order (a/(y.O )2 (the second

and third terms on the left) cancel each other. This
gives for the function ¢ |

1= — 110 |OF° Oy |. (20)

For the function ¢ we get a differential equation
of first order:

EO (xl, kz, ka) = E. (21)

Solving this equation for » | , we get (because of

its parity) two* roots: *| » | and therefore,

*We consider only the case in which the simply con-
nected curve x, =x,; (k) is double—valued.
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0 (ky) =+ 0'-3 S’ﬁdkz- (22)

Consequently, we can write the total eigenfunction
g (1, ko, ks)

in the form of a linear combination

g (ky, ko, kg)

= |0EY /0%, 1“"2ei“:"xh= (A exp {iag S xldkz}

+ B exp {— iog S xldka})
or in the form

g (ke by s (23)

= |00 | 9y |0tk sin (a?, S xudby - 7).

The function (23) differs from the usual quasi-
classical function of one—dimensional motion (the
coordinate in the given case is k, ) only by the

factor
exp (iogkky).

The quantity oc% % plays the role of the momentum

as was noted by I. Lifshitz and Kosevich.”
The turning points of the classical motion are
those points of the phase plane (x ;,k, ) in which

the derivative 9E°/9dx = 0. In particular, such
points are always points for which %, =0 or

+n/a,. (for %) = 0, tn/a,,

the d erivative dE® / 9, is necessarily equal to

Zero).
Let us consider the case in which the curve
%y =% (kz) is closed and double—valued, and

lies wholly inside a single cell of the reciprocal
lattice, while at the turning point, x, =0. In

order to find the phase y of the wave function (23),
we expand E 0 about the turning point in a series
i fru, —%% andk, —k°
in powers of x; — x; and £, -
Since
OE® /0%, =0 and 02E°/ 0%,0ky =0
at x, =0, Eq. (21) in the vicinity of the turning
point will be
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Eo (“1» kz’ ks) = Eg (24)
OE® (| 0%E®
+b—k:(k2"‘kg) +'2— 6x20 “i =E.
1
Hence
(25)

%y = = [— (OES | Oks) (e — K3) [/ (O°EQ / O)T™,

which must be substituted in Eq. (23),
The exact equation [ by exact is meant Eq. (17)

or Eq. (16) ] near the turning point has, as is
easy to show, the solution

ei*ghita sin [ag ledkz 4 /4], (26)
where by » | is meant Eq (25).
Thus if the curve i = %; (k) is closed,

double—valued, and located in a single cell of the
reciprocal lattice, then y = /4.

The rules of quasi-classical quantization are
based on the coincidence of the wave functions(23),
written in such form which guarantees the correct
value of the phase at the turning point. The factor

€xXp (i“gklkz)

here falls out from the condition of quasi-classical
quantization and has the usual form

mgixld@ == (n + 5—7)

a

(27)

The quantity
b
N 2h2 % Kldkz

for the case of a clgsed, double-valued curve in a
single cell represents the area of the intersection
of the surface of constant energy (in the momentum
space finy, hky, hky ), with the plane

k 4 = const; therefore, Eq. (27) can be written in

the form

¢S(E, k) /hle|H =n+2¢/, ()

which was obtained earlier by I. Lifshitz and
Kosevich. ® This condition also determines in
implicit form the energy levels of the electron

E=E(@,k, ).
We note that upon the introduction of the phase
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y, in addition tothe double-valuedness of the
curve

“ =% (kz)’

we have implicitly assumed the fulfillment of the
following inequalities (in the neighborhood of the
turning point b):

apey (b — ky) > 1 (29)
[which is necessary for writing cut the Airy
function in asymptotic form],

dry | dhy << a2y | @ (30)

(quasi-classical condition), which has, in the
neighborhood of the turning point, the form

b—ky>a/o (30 )
and, finally,
0E) 1 &%E) . (
0 — 0 — 31)
Ok (b—Fky) > 2 o (b—ky)

which was used in the expansion of Eq. (24).
The first and second inequalities do not contra-
dict each other. However, (29) and (30) or (31) are
contradictory if OE%/0k, is small. For strongly
coupled electrons, for example, it takes place within
1/3 of the zone. The inequalities that have been
shown are also contradictory for the lower levels
of the zone.
The function (23) takes place in the limits of
theregion of classical motion. Outside of the
limits of this region, the eigenfunctions decay
exponentially and have the form
ioa2k k

g (Rykoks) = € "0"1"2 f (k) (32

.2 —1z
— e‘“oklkz 1

2

OE®

0%y

exp{-—— o« S [ |dk2} .

The functions are discussed by us in a subsequent
section.

For sufficiently large filling of the band, curves
of constant energy have the form of closed tra-
jectories surrounding the points —-m/a; and
irr/a2

In this case we can also obtain the energy levels
from Eq. (28), if we make the transformation

xlzu; =+ w/ay; k= k;iﬂ:/aw

in (6) and then write

G. E. ZIL’BERMAN

Eo (X;iﬁ/ a17 k’2 i._r‘:/a27 k,}) = Ew (x;, k’2, k3).

If the curve in the new coordinates lies in a
single cell of the reciprocal lattice, then the equa-
tion of I. Lifshitz and Kosevich (28) is valid. In
that equation we must understand by S(E % 3 )

the cross section of the plane k , = const, not

with the surface £ © = E, but with the surface
E°’ =E (the dispersion law

EY (x, k), k)
differs from the dispersion £° (%, kz’ ka ) by
in Eq. (13)

1h2 3
are substituted for the coefficients (— [ )utn:4

the fact that the coefficients 4,

ﬂxnz”z)‘
, = % (k) is multiply connected
and consists of closed contours which have the

%y and % , axes as axes of symmetry [where the

If the curve »

individual contours do not abut on one another, but
intersect, and the function x»; (%, ) is doubly

valued in the limits of each contour], then,
shifting the origin to the center of each curve

(97,

the form (28), in which S denotes the cross section
of the surface

k,°) we get the quantization condition in

E° (q + ), ky + ki, kg) = EO(xq, ky, k) = E

with the plane & , = constant.

4. DISTRIBUTION OF THE ENERGY LEVELS OF
THE ELECTRON

In the preceding Sections, it was shown that the
eigenfunction of the electron in £ space, g(kl,k2k3),

is determined by the equation Ec’ g=Eg [Eq.(17)].
The energy £ was shown to be dependent on the

two quantum numbers n and % t had been

shown earlier? that the electron’s energy should
depend on all three quantum numbers % , , =, k3 s

where the dependence on k& 1 leads to a broadening

of the discrete energy levels of the electron in a
narrow band. This broadening has, generally
speaking, the order of magnitude ¢4 . However,
there are special cases when the broadening be-
comes appreciable. This takes place when the
energy surfaces in neighboring cells of the recipro-
cal lattice are almost in contact, and also for
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open trajectories (which will be considered in later

research). A penetration is then possible from

one region of quasi-classical motion* into another

through the ‘“potential barrier,” by virute of which

the discrete energy levels merge into narrow bands.
The eigenfunction ofthe electron in periodically

arranged regions can be written in the form

Y, = Dexp fiazhy (b — %’i m)} i (k2 _ -i-’:— m)

Substituting (33) in Eq. (17), multiplying by
g (ke Ry k)

and integrating over k , , we get an expression for
the energy levels of the electron with their
broadening taken into account:

2na[2)k1 (34)

Ek,nh, = Enk, + Enk,-]nh, CcoS PR

Here E nkg are the levels obtained from Egq. (28),

Enn, =0%Enn, [0k
is the second derivative at the point k ,=n/a,,
and

27

Jug =\ fon (os) Fon, (e — ) (35)

27
Qay

x (s —

Here fnka (k, ) is defined by Eq. (32).

)2 dk,.

Let us carry out an estimate of this integral.
We can write down the following expansion about
the turning point k ,

1 kg

2 Ox%

(36)

2 _ a 2
X = k2o—"—'%1 ’

2R

k2=k20+-

where R is a dimensionless radius of curvature of
the curve %y = %y (k) at the point (0, £ 20)-

We also introduce the small parameter x o as the

distance between neighboring trajectories (in units

of 1/a).
Making use of the Eq. (32), we get

*If such regions have such cells, then everything pointed
out below refers in equal measure to them.
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J~exp{—4 V2R %/ 3e2az 2 x5V xo/R (37)
For a fixed energy level, determined by the para-
meters R and x pate ~ 0, ] 0. However, for

each e there are other values of the small parameters
X, and R for which J ~ x02 . Usually, as xo—’O,
R also 0. If R ~ x, thenJ ~x lmeans x = € (just
as the quasi-classical approximation is invalid only in
the region ~ ¢2 around the turning point, so our
calculation is valid).

The author expresses his sincere gratitude to

I. M. Lifshitz for his interest in the present work
and for discussions.

APPENDIX

A
1. Application of the operator L of Eq. (7) to
the function  yo; (B + y/o2, by,  ky)

gives
) ) , (A-1)
Lugs = (Es (kl +5 e ks) — E) Uos,
0
he 0%uys h? 0%uys
2ma3 (‘)k% ma(z) 0yok,

We discard the second term since its value

The last term
into account.

9. The function (9), as is well known, can be
written in the form

~ k2 /mad ,and we take it

tos (R1s ky, kj) (A=2)

— eimy N exitthy, (ky, ky, ko).
i

The properties of (9) of interest to us, according
to which the expansion (11) is carried out, are
based on the following properties of the coefficients

bhs (kh k21 ks)

(tl}e se properties do not change under the substit-
tion foy — ky + g /a):

a) by, (kykyk;) are real and even functions of
the arguments k; -+ 2xh;; ;

b) for identical k, the coefficients bh are ortho-
S

gonal. We shall consider them to be normalized:

g bns (krksks) bur (Fykoks) = B, (A—3)
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c) Proceeding directly from the equation which
is satisfied by the coefficients b hs ?

Eg]

bis [g (k + 2<h)? — (A=4)

+ zvgbh—g,s = O
g

we can obtain the well known connection between
the current and the energy:

(ks + 2ha) Billslrke) = T2 OED [y, (A=)

e) from this same equation for b ps e can ob-

tain a much more general relation

(2m | 12) [EY (k) — ES (ka)] ) bns (k2) bur (k2) (A—6)
h
- ) bs (2) bur (Ba) [(ky + 2mhs)?
h

— (kg + 2mhy)?] = 0,

from which it follows, in particular, that for by = &, *

ab
E? — ES) 21bns —5—
( Z h (A7)
— 2 2 busbur (y + 2ehe);
by
? i bur (ks + 2xh,) (A-8)

m 0E°

~h ths 6

To obtain Eq. (14) and what follows it, use is
made of the properties that have been pointed out,
and of the expansion

% bhs (k;) Ony (kz) =0 -

. by,
+ (ke — ko) D= 1, .
h

3. Making use of the properties of the coefficients
b hs Ve can compute the integrals in(12). Neg-
lecting quantities of order ¢4 , we obtain the fol-

lowing equation:

G. E. ZIL’BERMAN

A—
D\ Anrexp {ikn — inyn, | 203} (A-10)

X gr (R, ks —’11/0‘3’ ks) — E.gr (Ry, ks ky)
+ X (E.— E,)
S#r

x 85 (6) (ke — ko) For (3 (6 — n)) d (a2) = 0,

where g, 8> E, Es refer to different bands but to

one and the same quantum number, and

’ 2
—i(k ~ha)lu,

For (2 (K — k)= ¢ (A-11)

Al abhs bh ,dE )

o i(k;—kz)“:afax
e
X S O

E=al(kl+y/ag)'

In Eq. (A-10), there are small non-diagonal
terms in addition to the diagonal terms. Since the
sum in the integrand is periodic in & (with period
27 ), we can write:

>\ b, Obys | Oky= D) Bnme—i"%. (A-12)
h m
Then Fsr will be the sum of S-functions:
(A-13)

—i(k]—k)) hya

Fs,=§Bme '8(§(k;—k2)—m),

and the non—diagonal terms in (A—10)are written
as

(A-14)
ZZ(E ——E,)mB ___e—lk,a,mg <k2+mal>

m s+r 0

In view of the smallness of these terms, we can
regard them as a perturbation. Inasmuch as this
perturbation is of order €2 , it is necessary to

compute only the diagonal matrix element

ZZ(E - Er)

m S<r

mB ) ~ik,a,m (A—IS)

x (g (bt ) ! (o)

0
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Employing (18), we write the integral in the form

Sexp {— i (ks + may [ af) + io, (k) (A-16)

+ @15 (e + mal/“g) - 01, (ka)} dks

Since [ see Eq. (22) ]
R
or (Ry) = % S xyrdks,
c
kz+ma;!a:
ma
Ps <k2 + —;2—l'> =g S xy5dks,
0
4
then the imaginary part of the exponent is very
large (o, ~®) and the integral can be solved by

the method steepest descents. A saddle point will
exist if there is a point of the plane (x,, & ) in

2
which g, (k) = %15 (ky+ may/eg).
Since a;/ag << 77/0,2 , then the conditions given

above will be satisfied only if the curves %y, (K 2)
and », (k, ) intersect (more precisly, if they

SOVIET PHYSICS JETP VOLUME 5,

come very close to one another, or intersect). In
this case we can employ the method of steepest
descents. It is easy to convince oneself of the
fact that the integral in thiscase will be of order
€ while the entire matrix elementswill be of order

3
€ .

If %,, and %19 (which refer to states with identi-
caln and % 5 in the bands r and s) do not inter-

sect, the saddle points will not exist and the integral
will be of order ¢2 , while the matrix element will
be of order ¢4 .
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Acceleration of a current—conducting plasma jet by a magnetic field is considered. The
nature of the processes is preliminarily elucidated by examining the case of motion of con-
ductors possessing some resistance and inductance. Furthermore, the motion of ions and
electrons is studied under conditions where collisions , magnetic interaction of the particles

and excitation of waves are negligible, The

existence of a critical charge density in accel-

erators has been established for this case. Peculiarities of acceleration of very dense jets

are also considered.

IF a current is flowing in a plasma jet situated in a
magnetic field, there will be a force of the vol-
ume density f = [ jH] /¢ acting upon the jet and
imparting to it an acceleration. As an example,
we might consider the case of the motion of an electric
arc, burning between two electrodes connected to a
current sowrce, in a magnetic field. Such a process
was experimentally studied by Bron!:2 at atmos-
pheric pressure. In his experiments, the velocity
of the arc attained several hundred meters per se-
cond despite air resistance.

It is of interest to consider the motion of the arc
in the absence of theresistance of the surrounding

medium, i.e., in a vacuum. In that case, the pro-
cess of divergence of the jet can be prevented by
several means. In particular, we shall assume that
the time during which the jet is accelerated is suf-
ficiently small, or that the jet is contracted by its
proper magnetic field. We shall not consider the
processes of jet formation (consult, for instance,
Ref. 3)

1. ON THE MOTION OF CONDUCTORS

We can obtain a rudimentary picture of the motion
of a current—conducting plasma jet in a magnetic
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