LEVEL SHIFTS IN HELIUM

corrections contained in (13), were computed with
a simple Hylleraas function instead of the eight—
term function; thus there is no guarantee that the
value of some of these terms would not change if
they were evaluated with an eight—term function.
This is especially true of the orbit—orbital part
of the 2nd order relativistic correction,® where not
only the magnitude, but even the sign depends on
the choice of wave function. Furthermore, one
should evaluate more correctly the Lamb shift in the
electric field of the nucleus; this has been done
so far using screened wave functions.

As for the relativistic corrections whose sign
does not depend on the choice of wave function, for
example the spin—spin part ofthe two and three—
body interactions, it may be expected that the use
of an eight—term Hylleraas function instead of the
simpler one will not produce a noticeable change
in the numerical values of these small quantities;
this is indicated, for e xample, by the fact that in
computing EO with various Hylleraas functions, the
results were found to differ only in the fourth place.

On the basis of this analysis it may be expected
that including the effects discussed above will lead

to agreement between theoretical and experimental
value for I within the limits of experimental ac-

curacy.

SOVIET PHYSICS JETP

VOLUME 5, NUMBER 2

In conclusion the author wishes to express his
gratitude to Iu. M. Shirokov for his continued interest
in this analysis and to V.N. Ts’itovich for check-
ing the formula.
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Non-Linear Theory of Betatron Oscillations
in a Strong Focusing Synchrotron
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J. Exptl. Theoret.Phys. (U.S.5.R.) 32, 316322 (February,1957)

A new method has been developed for investigating betatron resonances. Parametric
resonances are investigated.

1. EQUATIONS OF MOTION

T HE equations describing betatron oscillations

about some plane periodic orbit in a strong

focussing synchrotron! have the following form:
oy L(Lyor
@ TP \2x) or " 1

- ()

__oH
022

anH rn rn—2z2 rn—4z4
“2 Efi[rﬁ"m«(n——z)! An—4al ]}
n>2

(2
dz 1 (1\20H 1Ly o
w7 () =7 () (et 2(5)e
oH *H [ r" 7t G
—‘07’+n§2—ar—"[(nr—1§! _3;(n—z3)!+ ]}

where r denotes the radial and z the vertical devia-
tion of the particles from their periodic orbit; p(6)
is the radius of the orbit. The ‘‘angle’’ @ changes
by 27 over a period length I; dH/dr is the gradient
of themagnetic field, 5 (3H/dr)) is the error in the
gradient; 1/P = e/cp, where p is the momentum of
the particles. The series of unessential terms in
(1) and (2) are discarded; we neglect Hg in the fre-

quency.
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Let us set

®3)
r = x (9)®7 (9) exp (iv/0) + x* (6)D, (6) exp (—iv,0),

’ d(pr . * d
ro =x(8) —75-€XP (iv:9) + x* ()

(Df‘ .
76~ ©XP (—iv/);

(4)
2=y (6)D; (0) exp (jv.0) + y* (8)P; (8) exp (— ivh),

.

do . \ . d®
zy = x (8) 5~ exp (v:8) + 4" (B) d;

exp (—iv0),

where ® _ are the Floquet functions with well-

known properties
®, ; (0 + 27) = D, (0) exp (2niv,,z),

v, , is equal to the number of betatron oscillations

in the length /. This yields

2 i =i () fr 0 ®

x {5 (P — oty —3(3) 6oF; + £°F1)

OH , o« o onH [l +x*f,)"
— 57 Wi, +y fz)——gz-;,[-——;;_,—— }}

% + ivyy (6)
=i (&) o 1 O {Ho, + 3(57) WP + 472
x 2L (xf* + 2°f,)

G+ el +eth)

+ 374

!

Lo =11
do, . do,
- iwr.z =¢I’,Z de,z —(Dr.z de’z > (7)
D, (0) = fr.2 (0) exp (ivr,29); ®)

frz(8) =fr(0 + 2m).

It is important to note that Egs. (5) and (6) have
periodic coefficients with maximum period 27 M,
where M is the number of periodic elements.

IU. F. ORLOV

2. FIRST RESONANCE APPROXIMATION

The distance between linear resonances is equal
to 1/2M in the », v, plane. One of the main

problems of the theory is to locate the boundaries
of the so-called safe region between these reso-
nances, i.e., a region where the amplitude does
not exceed a certain given value. It is therefore
of the greatest interest to know the values of

v, ,v, which lie on the boundaries of the safe

region, i.e., sufficiently near to the exact reso-
nance values. This allows us to single out the
resonance harmonics in a disturbance and to neg-
glect non-resonance ones in the first approximation.
Since the disturbance is generally small, this
operation gives agood approximation. We shall
show in Sec. 4 how the non-resonance harmonics

of a disturbance must be treated. The resonance
equations obtained in this simple fashion in the
first approximation coincide with the so-called
‘“abbreviated” equations obtained by the method of
Kryslov and Bogoliubov.?

An important advance can be made in the method.
Specifically, it may be noted that with the proper
choice of variables the resonance e quation may be
written in the form of Hamilton’s equation. In all
cases of practical interest, these variables turn
out to be the squares of the amplitudes , 4 2 ,

Az2 , and some phase variables ¢ _, ¢, which

usually appear in the ‘‘abbreviated’’ equations.
This is especially useful for finding an integral of
the motion in the difficult case of many simul-
taneous resonances. A remarkable property of the
Hamiltonian is that it is independent of the angular
variable 0; ¥ = ¥ (Ar2 , Az2 s Pps P, ). This

opens up wide possibilities for analysis.
3. PARAMETRIC RESONANCE

On the left and the lower boundaries of the safe
region (Fig. 1), one can neglect the effect of all
resonances except the parametric one. Let us con-
sider, for instance, the left boundary. In that
case theresonace equations in the first ‘‘resonance
approximation’’ take the following form (leaving
out everywhere the index r):

dA2/db = 2g A2 cos ¢ = — 0FZ /D, ©)

do/dd = 2 (¢ + a A2 — gsing) = 0g7/d A2, (10)
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where, by definition,
A _ (e _nm ¥\ an
= [~ (- 3}

A=2|¢|m3xlx|y

n
e =" — o5 (12)
2t M
YO =y 2 g o[ ('aH/ar 4
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2 27 M OH 1
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8 Mw S °< Hopy )ED b,
0

2m
=~ 1 1 ¢ o°H
YT 4 op '78 5| @ftds. (14)
max 0

It should be stated that we have made use here of
the general non-linear property of a strong focussing
accelerator

0%H (8)/0r3 =~ — 0*H (6 + w)0rs. (15)

This is related to the fact that the frequencies v,

and v, are generally chosen near to each other

[ ¥ —V,

< Vr,ze (16)

Therefore,

132
4

(17)

\ 120, #db= | | D, s,

0

de—
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[ 100221 a5~ 0.

0

(18)

For this reason, in case of parametric resonance
(and also for the case of the simultaneous action
of parametric and external resonance for the same
degrees of freedom) the variables may be separated
inspite of the non-linearity of the equations. If
v, differs considerably from v, then we must use

e+ oy A + %, A7

instead of ¢ + « 42 in Eq. (10), where

2 1
oc2 = — ———E-—-
8n'w 4| DL (19)
ar

1 03H

X 3\ G| OO, do,

0
and the canonical variables are now oclAr2 , o, A2

A is chosen such that it coincides with the ampli-
tude of betatron oscillation. We have discarded in
(9) and (10) non-linear terms which arise from
derivatives 9" H/dr® of higher order than the third.
Computations show that such an approximation is
permissible as a rule.

According to (9) and (10), amplitude 4 sustains
beats of a much longer period than the period of
free oscillation 27/v. Thus the derivative 1/2dy/d6
which may be considered constant during the
course of a few periods of free oscillations) may
be considered as the difference between some

effective ‘‘instantaneous’ frequency

vo = Y 4 a A2 — gsine
and its resonance value n/2 M.

E quations (9) and (10) yield an integral of the
motion (20)

H =2 (s —gsing) A% + a A4 = const.

Note that the equations dA2?/d6 =0 and d ¢/ df= 0
determine a periodic solution for x since according
to (11) x is a periodic function of 6 if 4 and ¢
are constant.

Substituting these periodic solutions into Eq.
(20), we obtain formulas relating X and ¢ :

O —F=(142Y (21)
) (i3
©) H=0
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R
94 W g yy
FiG. 2
impossible above abc. As for the curves given by
ld,qz' (21), and which divide out the region, the situation
7 is as follows: The phase diagrams for the points
RN which lie on eb are simply points (which just
4 \\\__// correspond to periodic solutions); however char-
acteristic asymptotic motions appear on bc and cd.
Specifically
A—=0 foo =0, —1<e/g<<l; (22
7 z 2 !
Fic. 3 L7 LI (23)
g g
s sing— 41 for _ﬁ:(_i _1)2
'EL”. gz g ’
g
€
% e
2 24
Y ® ag - — (1 + 'e—) ’ ( )
T e g \ g
Fic. 4 i — —® (= )2
sin @ — 1 for g2 (g + 1 )
€
E quations (21) obviously define curves on the ?<— I, «>0.
plane (— o} /g2, ¢/g) which divide it into regions . _ o
which yield different types of phase diagrams, If the form of the phase diagram is known, it is
A2 = A2 (9, ¥, €). A simple analysis which we easy to compute Amax Besides the parabolas
shell . ey o v, Shows it T he gl 0, g, 2showe e v |47/ 1, = con
bounded (Fig. 3), while in the region inside ebcd, (solid lines). These lines maybe obtained in the

the phase diagrams are bounded (Fig. 4). Motion is regions of practical importance from the formulas
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. aX¥ -9 aA? (———E-—l>—-(aA2>2
g g Imax\ |a|g g® Jmax
aX a A2 ac

g =2 g mm<”la\g+l)—

a¥ a A2 / ae

g~ g |max (_la_ﬁﬁ_
_w® _g|2AT (___ as

g 7| g lmin\ Jelg

It should be noted at this point that in addition
to the main solution given by formula (25) in the
region — ae > 0, there exists a second solution
which has considerably larger amplitude (dotted
lines in Fig. 3). If (25) corresponds to d ¢/ d6

Z 0, then this second solution corresponds to
d¢/ d6 $ 0. Faor this solution the lines

|ocd?/ g Imin= const have the form:

_%= 2 a_z‘—z mm(—izlag— 1)
_ (0‘22 ):in’ —xe >0,
0<_‘_"£§;<<1_ _;, )2, 27

i.e., they are just like (25) for Amax in the funda-

mental solution. This Amin , however,does not coin-
incide with 4___ of the main solution. It may be
m

easily verified that the line Am“ = const of the

main solution must stop at the point of tangency
with the parabola. Its downward continuation

turns out to be the line 4 .= const. of the second
mil

solution. This fact becomes more evident if one
considers for example the curve (Fig. 5)

TN
a0, >0.

The intersection of this parabola with the line

— a X /g? =const yields two solutions. The

larger one on the right gives A =A . for the se-
min

cond solution, while the smaller one on the left
gives A=4___ for the main solution. They only

coincide at the point |  A2/g| = (e/g) -1, i.e.
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(aA2 )2

g Jon ) >0 (25)
D)= (e | =<0
D)= (45 S | —e <0 )

on the line cd. It follows that if one draws the
line 4 = const for the largest possible ampli-

tude and continues it downward until it intersects
the abscissa, then the region to the left of this
line ( for —ae > 0) must be forbidden. Indeed
a large number of particles will be lost in the shaded
region of Fig. 6 as they reach the second solution
during the start of theacceleration ( and also
during scattering).

The range of the beat amplitude may be charac-
terized by the quantity E=A4* /A . The

max min

following relation between ¢/ g and ¢ can be ob-

tained from Egs. (25) and (26):

e | _E+1 | E41lad2|
g £E—1 2¢ g |max’ (29)
aX €
— oz >0, 0<-—Ez—<(l el
e | E41 E4d [ad?
T E=T T % g e (30)
—ae < 0; -—%’f—’<0.

Another criterion for determining the boundaries
of the safe region arises from the fact that the
quantity < ¥ 2 > 1/2 must not correspond to an
amplitude which exceeds some given limiting
value. In computing < ¥ 2 >, one must take
account of scattering by the residual gas.

The Hamiltonian form of Egs. (9) and (10) per-
mits one to calculate the change in amplitude
resulting from a slow (adiabatic)change inthe
parameters. The dotted lines inFig. 2 are adiabatic
invariants; more exactly, they are defined by

=12l S A?do = const. B1)

g
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The integral appearing in (31) is numerically
equal to the shaded area of Fig. 3 or 4. Figure 2
clearly shows the behavior of the amplitude for
slowly varying parameters. In particular, the oscil-
lations due to synchrotron oscillations in the mo-
mentum may be assumed adiabatic even at the start
of the acceleration.

Evidently passage through resonance can only
occur if o (de/d) > 0.

4. THE RESONANCE THEORY OF DISTURBANCES

The effects of non-resonance harmonics can be
analyzed by the so-called resonance theory of dis-
turbance. This theory is based on a substitution
suggested by Liuponov 3-4 Assume for example
thatthe equation

(dx /db) 4 ivx = F (8, x, x") (32)
has on its right hand side free, linear, quadratic,
etc., terms with periodic coefficients. We shall
seek solutions of the form

x=00)+s+a (0)s+a (B)s" (33)

+ by (6) 52 4 by (8) 55" 4 by (6) s2 4+ - -,

where @, a;, b, are periodic functions of 6 to be

IU. F. ORLOV

determined. As for s, this new variable must satis-
fy a first approximation resonance equation accurate
to terms which are quadratic in the disturbance on
the right side of (32). This re quirement, together
with the periodicity condition, uniquely defines the
substitution (33).

The procedure in the next approximation is clear.
The practical second order effects in the resonance
equations amount to corrections in the coefficients
of the equation in the first approximation. This is
essentially the effect of simultaneous oscillation
in the momentum Ap/p and other disturbances.

Non-resonance harmonics produce new resonances
in higher approximation because of the non-linearity
of the equation. In practice, however, they generally
do not play any role.

The author wishes to express his profound grati-
tude to professor V. B. Berestetskii, V.V. Vladi-
mirski and L.L.Gol’din for most helpful advice

and discussions.
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