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A fourth order expression containing three—body forces is obtained for a two—field
interaction Hamiltonian. An expression is obtained for the energy matrix element of triple
collisions between two electrons and an o-particle, and computations are performed for the
1! S state of helium. The resulting shift is found to be 1.02 £0.15 cm™! and does not re-
move the discrepancy between theory and experiment. Some effects which might be invoked
to bring the theory into agreement with experiment are discussed.

HE presence of a three—body interaction in a expression in which the same processes are de-

system of three particles does not lead to di- noted by terms of different structure. For example,
vergences and the Hamiltonian is conveniently the transverse part of the two—body interaction
written in the Schrodinger representation. In order between electrons and o-particles consists in this
to do this, let us apply Eq. (1.8) of a previous case of two terms.

article* for N=4 2. ; f ; tr
T [Sle’ Hla] - 3 [Sla, Hle]-
(ia/at -+ %3) ‘P (l', t) = 0; (1)
— Sy [ p—iS2 (p—1S1 57 0iS1) iSt] £iSs, The expression for the 4th order Hamiltonian
Ty = e—iS:[emi% (eI e™) e e may be rid of redundant terms and thereby sim-
plifiedin the following manner; instead of ex-

As in Ref. 1, the resulting Hamiltonian for the panding Eq. (1) in terms of S, S, - - - » expand

system

H=H,+ H:r n H; , ;t firstSin terms of S;, for example, then S, ,
2e?

two body interaction then becomes

20 and so on. The transverse part of the
contains the Hamiltonians for the free fields

(HO ), the interaction of the particles with trans-
t . . .
verse photons (le), and the Coulomb interaction — i [Sie Ht;].

1
(H2l ). Inthecase of helium, these terms (exclud-
Carrying out such an expansion of the phase
factors inEq. (1), leads to the following expression
the following parts: for H,

Hy = Hoe + Hoy + Hoy, HY = His + Hiy;
Sy =St + Sia» Hy= Hipo + Hayo + Hioa;
Sy = Ssee + Sona + Soeas where

where Hoe ’ HOO" Hoy » are respectively the Hamil- Hye = el [Slb” [Sle, Hzlee_ Zl [Sies H{;]H(‘L)
tonians for free electrons, o-particles, and photons; :
Htlre, Htlron and Héee ) Hzlwx’ h lzea are the Hamil-
tonian interactions for electrons and o-particles
with transverse photons, and the Coulomb inter-
action between electrons, between o-particles, and
between electrons and o-particles.

It follows from Eq. (2) that the 1st and 2nd
order Hamiltonians, even for two fields interacting i
through a third, consist of physically different -3 [Szacs Hzaa] (5)
types of terms. Thus, expanding the phase factors
in Ns intoS,, S, , ..., leads to a complicated

ing their operators S} (see reference 1) consist of

H4=H4ge +H4za+H4£’°" (3)

- % [Szeey Hzee],

Haxe = G2 [Stas [ Suas Hhwa— £ [Sua 11|

describe the interactions of electrons and o-parti-
cles among themselves and with transverse photons

(H d . . I . .
*Here and below, we use the notation of Ref. 1, without gee 0 H4O(ot differ only in their indices); the

further comment. term
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quired matrix element

A3E, = <nj: Hyo:|n, (10)
which represents the correction to the nth energy
level of a helium atom due to three-body forces.
Expression (3) is too complex and cannot be solved
exactly. Therefore we shall take advantage of

the smallness of the effect we are investigating,
and we shall simplify (10) by replacing : H

seal
by its nonrelativistic approximation. It is con-
venient to use the diagonal representation of the
field operators, wherein the Hamiltonian for the
free photons is indiagonal form.*

Carrying out the required transformation, we find

—7q%

ME, = i del dx, dx, (11)
. 9 s i)
x {4 dx,; Vs (X2s Xa1) Oy, by (X1, Xy)

OxO
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1

x Uf’ab (x21, x4) x

o (43, (52, Xu) 15 [X00511 (s X))

X (i_i_)

\Xs  xg

0
3 (x24x)) }
2 b
*1
where § (a) is a delta function, ¢ (@) is a sign
function, and ¢ _, (x2 ) X, ) is the wave function for

a three particle system in the center of mass coordi-
nates. Its space part may be identified for the 1S
state of helium with the Hylleraas function or with
the screened wave function. There is no sense in
using Hartree’s method in Eq. (11), for although this
method yields the best value to the zero approxima-
tion Eno , it leads to nonorthogonal wave functions

and various potentials for the electrons thus ex-
cluding a consistent application of perturbation
theory.

The integrals in (11) are very complicated and can

*As is well known, the transition to this representation
can be made in thecase of spinors with the aid of the
unitary transformation.
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only be evaluated approximately. They were com-
puted graphically for the 1S state of helium ma}clng
use of the three—term Hylleraas functions and it
was found that

ASE = (1.024-0.15) en™, (12)
which is beyond the present limits of experimental
uncertainty.

The main contribution to this quantity arises from
the third term of (11), and is due to the spin—spin
part of the interaction. It contributes 1.1 £0.13 cm™!
to A3 E.

The first term in (11) represents the orbit—orbital
part of the interaction, and yields a small correc-
tion to this quantity, viz., —0.09 +0.03 cm.”! The
second term of (11) represents the spin—orbital
part of the interaction and cannot contribute to a
shift of the stationary levels.

The experimental value of the ionization poten-
tial for the 115 level of helium is [, = 198313 *

5 cm™! , while latest computations8.? ]ead to
theoretical value [ *= 198304 cm™! if one uses the

best value of E’? obtained from an eight—term Hyl-

leraas wave function.

The correction (12) computed in the present arti-
cle decreases the value of Io' to

Iy =1y —A3E ;s = 198303 cm! (13)

and cannot bring theory in accard with experiment.

It should be noted that (13) does not by any
means contain all 4th order relativistic corrections:
Thus, we have not included the effect of the inter-
action of the atomic electrons through vacuum po-
larization [ see Eq. (4a) ] which partly explains
discrepancy with experiment. A second important
reason for the difference between experimental and
theoretical values of I, , is that while the Ritz

variational method which was used for finding £ ©
. . n
leads to an increase in the absolute value of

Eno , there is at present no way of estimating the

degree of discrepancy between the value found for
EO and the actual minimum of the Ritz functional.

n
Thus, when comparing the theoretical and experi-

mental values of the 1'S energy level of helium, it
seems in order to use the results obtained with the
eight—term function and the corresponding minimal
|E°|.

In connection with this, there is another important
effect which may be responsible for the difference

between the experimental and theoretical values of
10 . It consists in the fact that the relativistic
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(6)

Hyeo = gz—,l)z [Sle, [Sle> Héea— —«3" [S1es Hlto:]”
+ (—i)? [SM, [Sle, Hé — % [Sley %H{Z + Hﬁ]]]
+ (—2-—'!)—2 [Sias [Siay Hoee + Hyed]]

b l [Sgge, H2ea + H2a°<]

— i [Suens g Hoea + Hasa |

describes the interaction between electrons and
o-particles, and free photons among themselves.
Note that the particular nature of the fields e, o y
have not yet been specified in e quations (3) to 6),
and these expressions may be used for describing
the general interaction of two fields in the 4th
order.

We shall now make use of the Hamiltonian H

to obtain therelativistic corrections tothe terms of
the helium atom. As is well known, the wave
functions for He and the zero-order approximation
eigenvalues E0 of the Hamiltonian operator are

obtained in the Coulomb interaction approximation
(see for e xample Ref.3). We must therefore omit
from Eqgs. (3) to (6) all the terms which include only
longitudinal components as these have already been
included in the zero order approximation. This may
be achieved by replacing everywhere S, by §,%" .
The Hamiltonian H; obtained in this fashion repre-
sents a small correction to (1‘10 +H21 ) and is of

the same order of magnitude (~ 1 cm™!) as the ex-
perimental uncertajnty. In computing the matrix
elements < n| H, | n>,itis justified to keep

only the largest terms in H; , specifically those

terms which contain the time component of the cur-
rent of o-particle, in as much as the terms contain-
ing the space components of the current of o-par-

ticles lead to a correction A E, which is far below

the limits of experimental detection.
Accordingly, we can write the following approxi-
mate expression forthe component of # capable

of producing in helium a measurable change in E ’:
(42)

, )2 ;
Hyee = (_Z'l_) [Sles [Sie, Héee }‘“ _;‘ Sége, Héee];

dp,dp.dk _
x | B (k
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Hywu =~0; (52)

(62)

’ —i)? 3 . r
H4ea =~ gz—;)—' [51& [Sle; Hzlea]] - l[Séeb’i Héea]-
The effect of triple collisions of an ceparticle

and two electrons will be included in H4’ . As
eq

already stated, it does not lead to an “‘ultraviolet
catastrophe’ and can conveniently be written in
the Schrodinger representation. The operators
which appear in it have the following explicit form
(see Refs. (1) and (4):

S, = =9 (?)
1e 4im’l2

a; (k) ‘P;ai% — at (k) kp:aiq;l

P12 k—e + e ’
tr _ —q* ( dp,dp.dpsdp,
Sgee = 4u1(2m)3 S 1 12712 —+8 (P12 + Pss) (8)
X . ‘p:ai%‘l’;a,‘%—‘1’;“,'4’34’;“14’1 . 811—17(1)2;!7‘1)2]' + A
: €+ g4 —e;—¢eg Tpr—e+ e ’
— 742
Hipo = =22 9)

X S dpldpgzdpldp“z 3(P1z + Puo) : 10,00, : Ehei
Pi, 2V EE,

Here and from now on, a; (k) denotes an anni-

hilation operator for transverse photons with mo-
mentumk, polarized in the i direction (i = 1,2,3);

Via =¥y Pr) (@, = @, (P, ) denote annihilation

operators for electrons (o-particles) with momentum
P, (P, ); A which appears in S¢tr

2ee
photon operators; the two dot symbols denotes a
normal product of field operators;

contains the

Pap =P, — Py pg = pa/pa;

Ex=VPit+ M, ex==) p}+ m

M, m are the masses of the o-particles and the
electrons; o, B are Dirac matrices; ab, [ab]", [abc]
denote respectively scalar vector, and triple
scalar products; the units are such that ¢ =#
=1, q= \/-4?

Substituting operators (7) to (9) into Equation (6a),
and keeping only normal products, we find the re-
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corrections contained in (13), were computed with
a simple Hylleraas function instead of the eight—
term function; thus there is no guarantee that the
value of some of these terms would not change if
they were evaluated with an eight—term function.
This is especially true of the orbit—orbital part
of the 2nd order relativistic correction,® where not
only the magnitude, but even the sign depends on
the choice of wave function. Furthermore, one
should evaluate more correctly the Lamb shift in the
electric field of the nucleus; this has been done
so far using screened wave functions.

As for the relativistic corrections whose sign
does not depend on the choice of wave function, for
example the spin—spin part ofthe two and three—
body interactions, it may be expected that the use
of an eight—term Hylleraas function instead of the
simpler one will not produce a noticeable change
in the numerical values of these small quantities;
this is indicated, for e xample, by the fact that in
computing EO with various Hylleraas functions, the
results were found to differ only in the fourth place.

On the basis of this analysis it may be expected
that including the effects discussed above will lead

to agreement between theoretical and experimental
value for I within the limits of experimental ac-

curacy.
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In conclusion the author wishes to express his
gratitude to Iu. M. Shirokov for his continued interest
in this analysis and to V.N. Ts’itovich for check-
ing the formula.
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A new method has been developed for investigating betatron resonances. Parametric
resonances are investigated.

1. EQUATIONS OF MOTION

T HE equations describing betatron oscillations

about some plane periodic orbit in a strong

focussing synchrotron! have the following form:
oy L(Lyor
@ TP \2x) or " 1

- ()

__oH
022

anH rn rn—2z2 rn—4z4
“2 Efi[rﬁ"m«(n——z)! An—4al ]}
n>2

(2
dz 1 (1\20H 1Ly o
w7 () =7 () (et 2(5)e
oH *H [ r" 7t G
—‘07’+n§2—ar—"[(nr—1§! _3;(n—z3)!+ ]}

where r denotes the radial and z the vertical devia-
tion of the particles from their periodic orbit; p(6)
is the radius of the orbit. The ‘‘angle’’ @ changes
by 27 over a period length I; dH/dr is the gradient
of themagnetic field, 5 (3H/dr)) is the error in the
gradient; 1/P = e/cp, where p is the momentum of
the particles. The series of unessential terms in
(1) and (2) are discarded; we neglect Hg in the fre-

quency.
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