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bnlma-r == b (q), b+ (q) 

destroy and areate nucleons in the state q .. In 
the new representation, the vector of state IS given 
by the sets of functions 

C A (qt, q2··· qA), 

depending on a sets of indices; the Hamiltonian 
is of the form 

fl 

=~ - ~ b+ (qt) z,+ (q2) <qt q2 I fl I q~ q;> b (q~) b (q~). 
q,tj,q~q2 

No assumptions are made about the convergence of 
the matrix elements 

<qt q2 I Hi q~ q~> 

in terms of the oscillator quantum number n. 
Only a small part of these elements will be inde
pendent and non-vanishing; in an interaction be
tween a pair of particles, the total momentum 
of both particles, the coordinates of their center 
of gravity, the total moment and the isotopic 
spin, their projections, and parity are conserved. 
In order to make use of the above conservation 

laws, one can express the matrix elements through 
the matrix elements 

A 

<viHIQ'> 
in terms of the oscillator wave functions of the 
relative motion of the two particles (Q and Q' are 
the sets of quantum numbers describing the 
relative motion of the _..!:wo particles). 

The operator fl (or V) does not act upon the 
coordinate of the center-of-mass of two particles 

(rt + r2) I 2. 

The matrix element 

<Q I vI Q'> 
is diagonal in respect to the total moment and the 
isotopic spin of the two paticles and is independ
ent of their projections. If, in the expansion of 
the wave functions, we limit ourselves to the 
fY.st two oscillator states with n = 0 and n = l, then 
there will be only 16 different matrix elements 

<0 I vI Q'> 

We can hope that it will he possible to describe, 
by means of these 16 values, the ground and the 
lower excited states of nuclei up to oxygen. 
The actual computations in this approximation 
require the use of computers. 

We shaH present the results of computation in 

the most crude approximation -(n = 0, i.e., all nu
cleons in the ls state) for the H3 , He3 and He4 
nuclei. In these approximations, there are only 
two matrix elements 

for which we obtained the following system of 
equations: 

(31i2 I rnr~) + (2e2 I v;:;-r0 ) 

-3 (At+ A0 ) = -7.73 .mev, (He3 ) 

(91i 2 I 2mr~) + (2e2 1 v;:;-r 0 ) 

- 6 (At + A 0 ) = - 28,27 mev, (He4) 

This system of three equations contains two 
unknowns r 0 and A 1 +A 0 • The equations are sat-

isfied for 

A1 + .42 = 10.83 mev, and r 0 = 2.27 .1Q-I3 em. 

The Coulomb energy 

2e2 1 Vrrr0 

e quais to 0. 716 mev, while the experimental value 
is 0.764 mev. 

1 J. Blatt and V. Weisskopf, Theoretical Nuclear 
Physics. 

Translated by H. Kasha 
36 

Scale Transformation and the Virial 
Tlheorem in Quantum Field Theory 

Iu. V. NovoZHILOV 
Leningrad State University 

(Submitted to JETP editor October 4, 1956) 
]. Exptl. Theoret. Phys. (U.S.S.R.) .32, 171-173 

(January,1957) 

U NDER the term "scale transformation" we 
shall understand the transformation of the 

scale of coordinates, accompanied by an inverse 
change of the mass scale 
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where A is a real positive number, m is the mesonic 
mass, and M the nucleonic mass. Neutral meson 
and nucleon fields will he considered for the sake 
of simplicity. Two facts pertaining to the group 
of scale transformations will he noted below: 
a)the invariance of field equations with respect 
to this group of transformations and the relations 
following from this, and h) the virial theorem, de
duced by means of scale variations. The variation 
of the length scale was earlier studied by Fock 1 

and then by Demkov 2 in connection with the virial 
theorem in quantum mechanics. The variation of 
the scales of length, time and mass for the Dirac 
equation were studied by Infeld and Schild3 in 
gravitational theory. 

The field equations for the meson and the nucleon 
fields are of the form 

D (x, M) ljJ (x, M) := i (y I" a I ax~" + M) ljJ (x, M) (2) 

=gy5tp(x, m)ljl(x, M), 

(0- m2) q> (x, m) =- g~ (x, M) y51ji (x, M)- 4hq>3 (x, m). 

It is easily seen that E qs. (2) are invariant under 
scale transformation (l), if the field operators are 
transformed according to the formulas 

~Ji' (x, M) = t.'l•lji (t.x, MIt.); 

cp' (x, m) = "Atp ("Ax, m I "A). (3) 

It should he noted that the term containing cf in 

Eq. (2) is the only non-linear term which can he 
added to the meson equation without impairing the 
scale invariance of the field equations. The 
creation operators 

a+, b+, c+ 

and destruction operators a, b, c for free fields, 
which satisfy the commutation relations 

{a* {p, M), a (p', M)} = [b+ (p, M), b (p', M)) 

""'[c (p, m), c+ (p', m)] = 8 (p•- p') 

are transformed, according to (1), in the following 
way: 

a'+ (p, M) = "A -'l•a+ (pIt.,. MIt.), (4) 

c'+ (k, m) ="A -'l•c+ (k I "A, m I "A). 

It follows from the invariance of the field 
equations with respect to the homogeneous space
time "expansion" x _, 'Ax and the proportional 
mass construction that the transformation function 

ul2 = ('¥ (cr2), '¥ (cr!)), 

is invariant. 'I' (a) denotes the Heisenberg vector 
of state, determinedLy means of the field opera
tors on the space-like surface a. Indeed, accord
ing to the Schwinger action principle 

the variation o U is determined by the variation 
12 

of the action operator oW 12 which, however, does 

not change under transformation (l). The variated 
and unvariated actions 

a, 
W12 ~= ~ L (x', m, M; ljl, 1)1, q>)dx', 

a, 

are equal, if relations (3) are satisfied. In the 
expression for W1 12 , A a denotes the space-like 

surface obtained from a as the result of replacing 
X by AX. 

In the special case when a 2 _,+CD and a 1 _ ro, 

the transformation function U 12 becomes the scat

tering matrix S = ('I' (2 ), 'I'. (1 l ). If we 
12 out 1n 

limit ourselves to scattering problems in which 'I' out 

and 'I'. describe free pa-ticles, we can make use 
In 

of the relations (4). The relation S ; 2 = 5 12 

is then equivalent to 

(6) 

_ , -'I• <n+n') S (Pl Pn . P~ p~,. m 
- A 12 A ••• A ' A • • • A , ): ' 

where the unprimed values correspond to the 
initial state, and the primed values to the final 
one; Pi is the momentum of the i th particle, and 

n is the number of particles (nucleons and mesons). 
For a uniform change of all the masses and mo
menta of the particles, the transition matrix ele
ments is therefore multipled by the normalization 
factor 

A -3 (n+n')/2. 
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In the case of the Bethe-Salpeter equation, a 
relation concerning the kernel Q of the equation 
follows from the invariance of the field equations 
with respect to the scale transformation (1). We 
write the Bethe-Salpeter equation in the form 

D (x, Ma) D (y, Mb) f (x, y) 

= ~ Q(x, y; x', y'; Ma, Mb, m) f (x', y')dx' dy', 

where M a and M b are the experimental masses of 

the particles, and the kernel Q can he regarded 
as already normalized. 

The relation in question is then of the form 

(7) 

The Virial Theorem. The invariance of the field 
equations (2) with respect to the scale transfor
mations (l) is disturbed in the presence of external 
fields. The variation of the scattering matrix oS 12 

does not vanish in the presence of an external 
field. In order to find its value we shall make use 
of the action principle (5). It is evident that, in 
the absence of an external nucleon field, the varia
tion of a matrix element of the scattering matrix 

will he determined by the variation of the part of 
the action ope1~ation We' depending on the external 

meson field ~> e : 

We= -ig ~ ~ (x) Ys'Pe (x) ljJ (x) dx. 

The varied action W' is obtained from We by 
e 

putting x =A y and the introduction of variated opera
tors tjJ '(y) = A 3/2 tjJ ( Ay) and tjJ (y) =A 3/2 t/J(Ay), 

which yield 

w: = -- i g). ~ IJ;' (y) Y 5'Pe ().y) ~Jl' (y) dy. 

Putting A.= 1 + l , where l is infinitesimally small, 
we find the relation 

n 
~ iJS12 
£,JP1 iJp. 

i t 

(8) 

where the .summation is extended on the incident 
particles (total number n) and the scattered parti
cles (total number n '). The expression under the 
sign of the integral in the right-hand side of 
Eq. (8) is of the form typic.al for the virial theorem. 
The relaltion (8) can he therefore regarded as the 
virial ihe:orem of the quantum field theory. 

If we consider the case when we have an external 
nucleon field t/J e (x) instead of the external 

meson field, the nucleon field being characterized 
by the current 

je =- ig ~e (x) y 6 1J;e (x), 

we find in an analogous mannerthat the right-hand 
side of the equation (8) will be equal to 

· ( . (2) \ [ · iJj, (x)] II)) (9) 
t '~"out• j cp (X) 3Je (x) +XI'- ox-;: dx 'Yin • 

The generalization of the above ideas for the case 
of other fie Ids is straightforward. 

Note added in proof: After the paper had been sub
mitted to the editor, I. M. Shmushkevitch drew the atten
tion of the author to the fact that the sG:ale invariance 
of the equations of quantum electrodynamics is ~n
tioned in the book of Jauch and Rohrlich.4 The conse
quences of this fact and the virial theorem are not, 
however, studied there, 

l V. A. Fock, Z. Physik 63, 855 (1930). 
2M. N. Demkov, Dokl. Akad. Nauk SSSR 89, 249 (1953). 
3 L. Infeld and R. Schild, Phys. Rev. 70, 410 (1946). 
4 J. Jauch and F. Rohrlich, Theory of Photons and 

Electrons, Cambridge, Mass, 1955. 
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J T is known that the electret represents an elec-
tric analog of the magnet. It is a dielectric char

acterized by a "constant" electrification with op
posite charges at its ends. Usually electrets are 
obtained hy cooling a heated dielectric in an elec
tric field. 


