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An iteration method is proposed for finding the wave function and binding eneq~y of 
a three body system for the case of short range forces. The method is applied to the 
ground state of H3. 

l. METHOD 

I N Ref. I, an integral equation was obtained for 
the Fourier-transformed wave function of three 

identical particles 

F (k1, r 23) = ~ e-ik,s,'P' (s1, f2a) ds1, 

which, for the case of a bound state, can be written 
in the form 

(I) 

~ exp {-V C£2 + 3k~/41 r2a-r I} V F k ) d 
= 1 1 (r) ( 1r r 

r2a- r 

Here 

X cos (r, k1 +k/2) F (k, r) dr dk 
(21t")3 • 

S1=r1- 1/2(r2+ra); T2a=T2-ra 

are the variables describing the relative motion; 

V (r) =- MU (r)j47en2 ; 

U(r) is the interaction potential between any pair 
of particles; a. 2 = - ME /1i2, E is the energy of 
the system. 

From Eq. (l) it follows that if the potential V(r) 
has a finite range r0 , then to determine the wave 
function over all space it is sufficient to know 
F(k, r) for r < r 0 • This makes possible the develop­

ment of an iteration method for finding the eigen­

function F anc the eigenvalue a. for the case where 

the characteristic dimensions of the system far 
exceed the forcr range r0 • 

We shall assmue that V(r) is practically zero 
for r > r , while for r < ;· , V(r) >> a.2 , where a.r0 
<< l. T~e quantity I/a. ~etermines the effective 
linear dimensions of the system. 

In addition, we shall assume that there is a 
single bound state for two particles with small 
binding energy ((as for the deuteron). The wave 

function cro of such a system satisfies the integral 
equation 

cr; (r) = \ exp {- y I r - r'l} 
• 0 J lr-r'l V(r')cp0 (r')dr', (2) 

where 1 = VMsjh, 

where 

It is not hard to see that with these assumptions 

concerning the structure of Eq. (I), the second 
term on the right is smaller than the first by a 
factor of order a.r 0 when r 23 < r0 • This enables 
us to apply to the solution of Eq. (I) a method of 

successive approximations analogous to the usual 
perturbation theory. 

In fact, let us rewrite Eq. (I) in the following 

form: 

F (k r ) = \ exp {- Y I r23 - r I} V (r) F (k r) dr 
1' 23 ~ I r 23 - r I . 1' 

+ ( exp {-V C£2 + 3kif41 r23- r I} - exp {- y I r2a- r I} 
~ I r2s- r I 

x V (r) F (k1 , r) dr 

cos (r23 , k1/2 + k) 

C£2 + ki + k2 + klk 

X V(r)cos(r, k1 + kj2)F (k r) dr ~ 
' (21t")3. 

(3) 

From this expression it is clear that for r23 < r 0 
the last two terms on the right are smaller than the 

first by a factor of order a.r 0 , since 

~ V(r)dr.-..-r0 , 1 ' 3 

and the last two terms unlike the first do not 

contain a denominator of order r 0 • In addition we 
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must take into account the fact that in the integral 

over k the essential region of integration should 

be the region k~ o:., since for large k the function 

F(k, r), (r < r 0 ) decreases rapidly. 

Therefore the solution of Eq. (1) when r < r 
23 0 

must coincide, to terms of order o:.r0 , with the 

solution of the equation 
(4) 

\ exp {-y I r2a- r I} V (r) po (ki, r) dr. 
~ I rza -· r I 

The solution of this equation, corresponding to 
an S-state of the system, will be 

(5) 

where X is an as yet unknown function and cp0 is 

determined by Eq. (2). 

Thus the wave function in zeroth approximation 

has the form (5) in the region r23 < r 0 • Using this 

function, we can determine the zeroth approxima­

tion wave function F 0(k 1 , r .2 3 ) over all space by 
substituting (5) into the right side of Eq. (l): 

(6) 

\ exp { - V oc~ + 3kif41 r2a- r I } 
X j I rza- r I V (r) ({lo (r) dr 

+ 87t \ cos (r2a. krf2+k) 
J oc~ + ki + k 2 + k1k 

)( V (r) cos (r1 , k1 + k/2) (00 (r) dr ~ ' (27r)3 . 

For ~23 < r0 , the function F 0 (k 1, r23 ) thus de­
termmed must reduce (up to terms of order o:. r ) 

0 0 
to the product x(k 1) cp (r ). 

It is easy to show t~at2 the difference 

F 0 (k1, f23) -X. (ki) 'fo (r23) lr •• <r, = ~ (kl, f23) (7) 

=X. (kl) 

xrexp {- Voc~+3ki14lr2a-rl}-exp {-rlrza-riJ 

j I rza- r I 

XV (r) cp0 (r) dr 

+ Sr.:\ cos (r23 , k1j2 + k) 

J oc~ + ki + k 2 + k1k 

dk x V (r) cos (r, k1 + k/2) cp0 (r) dr (2 1r)3 

when expanded in powers of (o:. 0r 0), contains a 
term proportional to (o:. o' 0) 

{<r- V a~+ 3ki/4) x. (k1) (7a) 

, 8 \ X (k) dk } \ 
-r rr joc~+ki+k2+klk (27r)a jV(r)'.Po(r)dr, 

which does not depend on r 23 , and also terms 
proportional to higher powers of (o:.0 r 0). x(k 1) and 

0:.0 ( the eigenvalue in zeroth approximation) are 
as yet undetermined. To determine them we 

demand that, for r 2 3 < r 0 , the difference 

~ (kl, rn) = Fo (ki, r23)- X (kl) !flo (r23 ) 
shall vanish on the average: 

~ V (r2s) !flo (r23) ~ (k1, r23) dr23 = 0. 
(8) 

Since for r 3 < r 0 the term in Ll (k 1 ,r ) pro­
portional to Co:. 0r 0) <Ioes not depend on ~: 3 , and can 
be taken out from under the integral sign, this re­
quirement means that when r 23 < r 0 the function 
F 0(kl'r23 ) reproduces itself up to terms of order 
(o:. 0r 0 ) inclusive. Since the function F(kl'r ) 
is determined over all space by F(k 1, r ) {gr r 

. 23 23 
<r0 , the functiOn F 0 (k 1, r 23 ) determined in this 

way will satisfy the integral Eq. (l) to this same 
degree of accuracy. 

However, we cannot simply equate to zero the 
term (7a) in the difference il(kl'r23 ), which is 
proportional to (o:. 0r 0), since such a requirement 
leads to the equation for x(k 1) which was obtained 1 

on the assumption of zero range of the forces, in 
which case it is known 2 that a bound state of three 
particles cannot exist. 

It is therefore necessary even when we deter­
mine the zeroth approximation to the eigenfunction 
and eigenvalue, to treat the force range r 0 as fi-

nite; we then effectively include higher terms 
of the expansion of il(kl'r23 ) in powers of r 0 • 

The condition (8) gives an integral equation for 
determining x(k 1) and 0:. 0: 

X~) M 

X\' exp {- V oc~ + 3kif4 i rzs - r I - exp {- y I r23 - r I } 
j I rza- r I 

X V (r23) V (r) !flo (r23) tp0 (r) drdr23 

+ S1: \cos (r23 , kr/2 + k) X (k) 
J oc~ + ki + k2 + k1k 

X cos (r, k 1 

+ k/2)V(r23)V(r)rp0 (r23)cpo(r)drdr23 (;:)3 = 0. 

We note that for k 1, k small the kernel of the 
integral equation (9) does not depend on the specific 
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form of the potential, while for large k 1, k, because 
of the cosines in the integral, the kernel decreases 
rapidly. The manner in which the kernel decreases 

also depends very little on the specific form of the 

potential and is determined only by the effective 
range of the forces. 

According to formula (6), the determination of 

the eigenfunction x(k 1) and eigenvalue cx. 0 of Eq. 

(9) gives us the zeroth approximation to the eigen­
function F(kl'r23 ). ex. 0 is the zeroth approximation 
to the eigenvalue ex.. Thus the solution of the 
multidimensional Eq. (1) reduces in zeroth approxi-

mation to the solution of the one-dimensional 

integral Eq. (9) and the quadriture in (6). 

In finding the higher approximations, we can 

make use of the following iteration method. The 

higher approximations to the eigenvalue ex. will be 

determined from the equation 

XV (r) Fn-1 (k1 , r) dr 

where ex.,. is the nth approximation to the eigen­
value, and F n _ 1is the (n -1) st approximation 
to the eigenfunction. 

{10) 

It is easy to see that this determination of ex. 11 

(and consequently of the energy of the system in 
nth approximation) is equivalent to computing the 
matrix element of the Hamiltonian using the 
wave function of the (n - l)st approximation.* 

After having determined the nth approximation 

to the eigenvalue ex., by substituting the (n- 1)st 
approximation to the eigenfunctiom and the nth 

* It can be shown that the difference between the 
binding energies (0 and (I' calculated in zeroth and 
first ap2roxim~ions, respectively, is a quantity of 
order (0 (cx. 0 r0) • 

approximation to the eigenvalue on the right of 

Eq. (1), we get the nth approximation to the eigen­

function 

)( V (r) F n-1 (k1 , r) dr 

X cos (r, k1 + k/2) V (r) F 11 _ 1 (k, r) dr (:~) 3 . 

Thus each successive approximation is ob­

tained from the preceding one by_ a .multiple in­
tegration. If ex. 0 r 0 << 1, we can limit ourselves 
to the zeroth approximation for a practical solution 
of the problem. 

2. APPLICATION TO H3 

The method we have presented is easily gen­
eralized to the case of a system of three nucleons 
0-13). The operator for the interaction of the nu­
cleons in the H3 nucleus will be assumed to be a 
sum of interaction potentials between pairs of nu­
cleons. 

In addition we shall assume that the interaction 

potential between a pair of nucleons is central 
and that the nuclear forces are charge indepen­
dent. The most general expression for such a 
potential is 

+ ("=i'~"k) U3 (! ri- rk j) 

+ ( ai~k) (-ti'tk) U, (j ri- rk 1). 

Under these assumptions concerning the nuclear 
forces, the spin S and isotopic spin T of the three­
nucleon system are conserved. In the ground state 
of H3, S = T = ~. The wave function of such a 
state can he written as 1 • 4 

The spin functions <I> were determined in Ref. 1, 
which also gives a detailed description of the 
transformation properties of the space functions 
'I' under permutations. 

Using the Green's function 1 



THREE BODY PROBLEM 913 

(13) 
G _ \ exp {- V oc2 + 3k2/4 I r- r' I} eik(s-s') ~ 

- ~ I r- r' I (2,.)3 

we write the Schrodinger equation in integral form: 

function under permutations we find as the result 
of very messy hut (in principle) simple calcula­
tions, the following system of integral equations 
for the Fourier transforms 

fl A A ", (14) 
'¥ 112. 112 = ~ G {\I 12 + V 13 + v 23} '¥ 112. 112d-c • 

V;h = - (Mj4d2) () ih· 

If we multiply Eq. (14) by <I>*)oc = s, a, 1, 2) and 

sum over the spin variables, then by making use 
of the transformation properties of the space wave of the space functions: 

\ exP{- Voc2 + 3kif41 r23 - rl} 1 
fs (kl, f23) = J · I r 23 _ r I {;r Wt (r) + Vs (r)] fs (ki, r) 

+; Ws(r)-Vt(r)]f2 (k~>r)}dr+81t(' cos(rza.k1/ 2 +k) cos(r,k1 +k/2) 
~ oc2 + ki + k 2 + k1k 

xg Wt(r)+Vs(r)Jfs(k, r)+ ~ Ws(r)-Vt(r)]f2 (k,r)}dr<::) 3 ; 

exp {-V oc2 + 3ki/41 r23 - r 1} 1 
fa (kl, r23) = ~ I rzs _ r I {;r [Vq (r) + Vr (r)] fa (k1, r) 

+ ~ [Vq (r)- Vr (r)] fdk~> r) }dr- 81t \ sin (r~s· k1/ 2 + k) sin (r, k1 + k/2) 
J a 2 + k1 + k 2 + k1k 

X {; Wq (r) + Vr (r)] fa (k, r) + ; [Vq (r)- Vr (r)] f1 (k, r)} dr (;~3 ; 

exp{-Va2 +3kiJ4Jrz3-rl} -1 
f2(k1,f23)=~ Jrzs-rl {;rWs(r)-Vt(r)]fs(k1 ,r) 

+ ~ Wt (r) + Vs (r)] f2 (k1 , r)} dr + 81t \ cos (r:3 ,k1/ 2 + k) {cos (r, k1 + k/2) 
~ a 2 + k1 + k2 + k1k 

X[~ (Vt(r)-Vs(r))fs(k,r)- ~ (Vt(r)+Vs(r))f2 (k,r)] 

-i sin (r, k1 + k/2) [ ~"3 (Vr (r)- Vq (r)) fa (k, r)- ~3 (Vr (r) + Vq (r)) 

X [I (k, r) ]}dr (::?; 
f (k )=\ exp{-Ya2+3k21 /4]r23 -rl} {_!_[V ( )-V ( )]f (k ) 

1 1• r2s J I rza _ r I 2 q r r r a 1• r 

+ ~ [Vq (r) + Vr (r)J fi(k,, r)} dr + 81ti \ sin (r~3 ' kd2 + k) {cos (r, k1 + k/2) 
- j a 2 + k1 + k2 + k1k 

rV3 V3 ] X !..-4- Wt (r)- Vs (r)) fs (k, r)- - 4- (Vt (r) + Vs (r)) { 2 (k, r) 

- i sin (r, k1 + k/2) [ ~ (Vq (r)- Vr (r)) fa (k, r) 

+ ~ (Vq(r) + Vr (r))f!(k, r)]}dr ~. 

(15) 

Equation (15) is the generalization of Eq. (1) to 
the case of three nucleons. The potentials V , V , 
V , and V are directly related to processes t 

8 

r q • 

occurring in the two-nucleon system: the potential 
V t is responsible for the existence of the deuteron 
as well as for the scattering of two nucleons in a 
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state of spin 1 and even orbital angular momentum; 
the potential V s causes the scattering of nucleons 

with spin 0 and even orbital angular momentum, and 
V q the scattering for spin 0 and odd orbital angular 

momentum. 

3. METHOD OF APPROXIMATE SOLUTION 
OF THE Et;lUA TION 

For an approximate solution of the system (15), 
we shall make use of the fact that the potentials 
vt' v v r and v are short-range' and that the s, q 
range of the nuclear forces,r0 , can be regarded as 

approximately the same for all four potentials in 

making rough estimates. From the transformation 
properties of the wave functions in coordinate rep­
resentation it follows that 'P (s I' r ) and 'P (s r ) ·. · h s 2 3 2 I 23 
are symmetnc wit respect to the permutation P 

. 23' 
w?Ile 'P)si, r 23 ) .and lpi(s 1 ,.r23 ) are antisymmetric 
With respect to this permutatwn. 1 Since the 
Fourier transformation of the wave function does 

not affect the variable r 23 , the functions foe have 
these same properties. 

Using the antisymmetry of the functions 
fa(k 1, r 23 ) and f 1(kl' r 23 ) with respect to a change 
in sign of r 23 , it is not difficult to show that, to 
terms of order (cx.r )3 , the system of integral 
equations (15) red~ces to the following: 

• exp {-V rt2 + 3ki/4! r2a- r !} 1 
fs(k1,r23)=~ jr2a-rl L fVt(r)+Vs(r)Jfs(k1,r) 

(16) 

+ ~ Ws (r)- Vt (r)] [2 (ki> r)} dr + Sn \ cos (r23 ' kif2 + k) cos (r, k1 + k/2) 
- .) 0(2 + ki + k2 + klk 

( 1 1 } dk 
X t 2 Wt (r)+ Vs (r)] fs (k, r)+ ;rWs (r)- V, (r)] [2 (k, r) dr (21r)3 ; fa (k1, r23)=:.0; 

exp{-Vrt2+3ki/4jr23 -rl} 1 
f2(k1,r2s)=~ jr2a-rl {:rlVs(r)-V,(r)lfs(k1,r) 

+ ~ Wt (r) + Vs (r)]f2 (k1, r)} dr + Sn \ cos (r23 ' kJ!2 + k) cos (r, k1 + k/2) 
j 0(2 + ki + k2 + klk 

{ 1 v v 1 } dk X 4 [ t (r)- s (r)] fs (k, r)- 4 [V1 (r) + Vs (r)] f2 (k, r) dr (21r)3 ; 

f (k ) 8 . ~ sin (r23 , k1 /2 + k) k k/2) {V3 V ( ) V 
1 1 , r 23 = 'ir:t 2 cos (r, 1 + -4-[ t r - s (r)] 

0(2 + kl + k2 + klk 

V3 } dk X f 5 (k, r)- - 4- Wt (r) + Vs (r)] [ 2 (k, r) dr (21r}3 • 

Thus in this approximation we have obtained a 
system of two integral equations for determining 
the functions ( 8 and (2 , while ( 1 is determined from 
f and ( 2 by integration. It is Sln essentijtl point 
tfiat only the two potentials V ~r) and V s~r) appear 
in (16), while it is precisely ttese potentials which 
determine all processes in a two-nucleon system 
for low energies of relative motion. 

It is convenient to introduce in place of the 
functions ( 5 and ( 2 the functions 

for whose determination we obtain the following 
systems of integral equations: 

(k ~ exp {- 1/-rt2 + 3kiJ41 r23 - r 1} (18) 
"'11 1• f2a) = 

I r2a- r I 

X Vs (r) "''t (ki, r) dr + Sn \ cos (r2a. ki/2 + k) 
.) "'2 + ki + k2 + klk 

X cos (r, k1 + k/2) { ~ Vs (r) "''I (k, r) 

+ ~ Vt (r) "'12 (k, r)} dr (:1r~ 3 ; ''idk1, r23 ) 

. exp {-V IX2 + 3kiJ4! r2a - r 1} 
=~ lr 2a-rl V,(r)"''2 (kt,r)dr 

~ cos ( r 2 k }2 _I k) + 8"' 3 ' 1 ' cos (r k + k/2) 
(J(2+ki+k2+klk 'l 

{ 3 v 1 v } dk x 4 s (r) ''It (k, r) + 4 t (r) "'12 (k, r) dr (2rrJ3. 
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To solve the equation system (18) it is neces­

sary to know the functions only within the range 
of the nuclear forces. In complete analogy to the 
case of three identical particles, we may assume 

afproximately that, within the range of action 
o the nuclear forces, the wave functions 7] I and 

77 2 can be represented in the form of products 

(19) 

for r 3 < r 8 and r23 < rt, respectively; cpi and cp2 
are tte wave functions within the range of nuclear 
forces for two nucleons in singlet and triplet 
states. 

The wave functions CJ1 and cp satisfy the foi-
l . . I 2 owmg mtegra equations: 

(20a) 

=~ 

where C(. 5 and C(. t are defined in terms of the loga­
rithmic derivatives at the interaction radius*: 

d 
OCs =- dr ln {r~1 (r)}r=rs ; (21) 

OCt = - .!!:._ ln {rrD (r)} dr . 2 r=r t· 

From here on the procedure is completely 
analo_gous to the ca.se of three identical {larticles. 

Usmg the approximate expressions (19) for the 
wave functions within the range of the nuclear 
forces, we construct the zeroth approximation 
wave function: 

(22) 
0 . ~ exp {-V Dt~ + 3k~/4l r23 - r 1} 

..,/1 (ki, r2a) =XI (ki) I V (r) c.r; (r) dr r 23 - r 1 s , 1 

+ 2 \ cos (r23, kJ!2 + k) 
'It J ()(2 + k~ + k2 + klk cos (r, ki + k/2) {XI (k) Vs (r) Cft (r) 

+ 3x2 (k) Vt (r) ~ 2 (r)} dr (ff"'~a; 

0 \exP{- v()(~+3k~/4lr23-r 1} 
'Yl2 (ki, r2a) = X2 (ki) J I r 23 __ r I V t (r) q;2 (r) dr 

+ 2 \ cos (r2a. k1/2 + k) ( 
'It.) ot2 + k; +- "2 +- k1k cos r, ki + k;2) {3XI (k) Vs (r) ?I (r) 

+ X2 (k) V, (r) cp2 (r)} dr (:~ 3 . 

As before, we determine XI, X 2, and C(.o so 
that the differences 'Yl~ (ki, r 23) - z1 (k1) q;1 (r23) 

and 'Yj~ (k1 , r 23) - Xz (kl) 92 (r 23) 
vanish on the average within the range of the 
forces: 

~ Vs (rza) 'f1 (rz3) {..,,~ (k1, r23) ( 23) 

- X1 (kt) ?1 (rz3)} drza = 0, 

~ V, (rza) Cfz (rz3) {..,,~ (kl, rz3) 

These conditions give a system of two integral 
equations for the determination of XI, x2 , and 
C(.o: 

* From experiments on neutron scattering in ortho­
and parahydrogen, we know that C(. is negative. 

. s 
Therefore for r 23 -> oo, equation (20a) has no physical 

meaning, since the wave function cpi (r 23 ) then tends 
to infinity. However, it is not difficult to show that for 
small r 23 < r s' the function satisfying Eq. (20a) coin-
cides with the wave function for two nucleons which 
are in a singlet state with low energy of relative motion. 
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exp {- V a.~+ 3kif4J r23 - r 1}-exp {-as I r2a-r I} 

X1 (kl) ~ I r2a- r I 

X Vs (r23) Vs (r) <p1 (r2a) Cfl1 (r) dr2adr 

+ 2'1t \ cos (r2a. k1/2 -t- k) Vs (rn) q;1 (r23) cos (r, k1 + k/2) {Xl (k) Vs (r) 1'1 (r) 
j <X.~+ ki + k 2 + klk 

+ 3z2 (k) Vt (r) cpz (r)} drdrza (;~3 = 0; 

\ exp {-V "'~ + 3k~/4l r 23 - r 1}-exp{-atlr2a-r I} 

X2 (kl) J I r2a r I 

X Vt (r23) Vt (r) <p2 (r23) cpz(r) dr2adr 

+ 2 '1t \ cos (r2a• k1/2 + k) Vt (r23) q; 2 (r23) cos (r, k1 + k/2) {3z1 (k) Vs (r) C?1 (r) 
j <X.~+ ki + k 2 + klk 

+ ;(2 (k) Vt (r) Cflz (r)} drdr 23 dk I (2'1t)3 = 0. 

(24) 

Thus in this case we obtain in zero approxi­
mation a system of two integral equations for 

two functions which deJ>end on a single vari~ble. 
The wave functions fO< of the zeroth approx1-

mation are determined, according to Eqs. (16) 
and (17), from the eigenvalue a. 0 and the eigen­
functions XI and x2 of Eq. (24), in the following 
form: 

To find the successive approximations, one 
can use a procedure which is completely analogous 
to that which was presented for finding higher 
approximations for the eigenvalue and the wave 
function in the case of three identical particles. 

(25) 
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THREE BODY PROBLEM 

1 G. V. Skorniakov and K. A. Ter-Martirosian, 
Dok!. Akad. Nauk SSSR 106, 425 (1956); J. Exptl. 
Theoret. Phys. (USSR) 31, 775 (1956); Soviet Phys. 
JETP 4, 648 (1957). 

2 L. H. Thomas, Phys. Rev. 47, 903 (1935). 

3 A. Akhiezer and I. Pomeranchuk, Some Problems 
of Nuclear Theory, Moscow, 1950. 

4 M. Verde, Helv. Phys. Acta. 22, 339 (1949). 

Translated by M. Hamermesh 
219 

917 




