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On thebasis of the theorem of the center of mass in the general theory of relativity and
the principle of equivalence, there is proved for systems ofgbodies of astronomical type
an approximate theorem (with neglect of gravitational radiation, etc.) on the motion of the
center of mass of each body along geodesic lines in the gravitational fields of the other
bodies, which are regarded as point sources., This theorem gives thelaws of motion of
finite masses in the general theory of relativity. It provides the basis for a rather simple
derivation of the relativistic equations of motion of n-body systems, by substitution into
the equation for geodesic lines of the second-arder solutions of the Einstein gravitational
equations. Theresulting equations agree withthe equations of motion found in a more
complicated way ast he conditions for solubility of the gravitational equations in third
approximation.

The theorem reveals the cause of the agreement between the work of Einstein and that
of Fock and his coworkers based on different conceptions of the bodies of the system as
finite or point masses, and shows the fundamental and practical insignificance of the prin-
ciple of equivalence in the Einstein theory of gravitation.

1. INTRODUCTION

O NE of the most important problems of the
general theory of relativity is the problem of
the motion of n-bodies interacting by gravitational
forces only. Under certain conditions, of which the
most important is thesmallness of the velocity v of
their motion in comparison with the speed of light ¢,
such bodies form systems of astronomical type, such
as, for example, our planetary system.

Einstein and his co-workers =~ considered such
systems as sets of point masses giving rise to
gravitational fields surroundingthem, determined by
the well-known gravitational equations of the general
theory of relativity,

Rp.v'—l/zgp.sz ’—kTpv; (1.1)

where RFV is Einstein’s curvature tensor; T,

is the energy momentum tensor, which is taken to be
unequal to zero only at singular points of the field;

8y is the metric tensor; and k =87y /c2  where
y is the gravitational constant of Newton’s theory
of gravitation. Here also

(Tw), = 0. (1.2)

It was found that the equation of motion of such
masses are contained in kiq. (1.1) as the conditions
for solubility in one approximation or another; a
result, by the way, which cannot be accepted as
altogether natural, since Eq. (1.2) follows entirely
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from Eq. (1.1), and the structure of the tensor le

as point singularities is not fixed by any supple-
mentary equations.

Fock and his co-workers*™ approached the solu-
cion of the same problem, starting from more realistic
assumptions about the bodies of the system, which
they regarded as certain finite masses with their
distribution and motion given by a tensor T;w
different from zero in a certain spatial region of
spherical shape. A special feature of Fock’s
method was the imposition of coordinate conditions

(V=g /o =0Gm o =0, (13)

fixing the choice of special coordinates, called

by Fock ““harmonic’ coordinates. Despite the
great difference in the statement of the problem
and the methods of solution, the equations of motion
with inclusion of relativistic corrections, asfound
by Petrova® by Fock’s method, agree completely
with the equations of Einstein andhis co-workers?,
being obtained in both cases as conditions of solu-
bility of the gravitational equations (1.1) in third

approximation. . )
PII)n Fock’s opinion®'7 , the coordinates defined by

Eq. (1.3) are preferred coordinates, which is of

course in contradiction with the general principle
of relativity. In opposition to this, Infeld® showed
by direct calculation that the coordinate condition
(1.3) is not essential for the derivation of the equa-
tions of motion. Infeld’s pointof view can be sup-
ported by a number of other considerations of a funda-
mental character.?

At the same time Infeld continues to treat the
bodies of the system as point masses. It still
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remains unclear, however, why the treatment ot the
bodies as masses of finite spatial dimensions gives
the same equations of motion as forpoint masses.
We give below a new derivation of theequations of
motion of a system of bodies of the astronomical OSY/0xv = 0 OMBve/3x® = 0
type, providing an explanation of this fact and show- ’ )
ing the deep organic connection of the gravitational

equations with the general principle of relativity. of the v i
fieral principle ot T olume w of a b
Moreover, the newderivation is distinguished by a body, with account taken of the

v G
great simplicity in the calculations, since it leads fact that T # 0 only inside i, gives
to the equations of motion including relativistic cor- 9 . )
rections on the basis of the solution of the gravi- 5t {S (— g) (T 4 tio) dw’ (2.6)
tational equations (1.1) in only the second approxi- o
mation, while in the methods of Einstein and of Fock

and co-workers the equations of motion are obtained
as conditions of solubility of the system (1.1) only

: ; 1ub1l a[e¢
in the third approximation. 5 [S (— g) (T'00 + to0) dco] 2.7

2, ON THE LAW OF MOTION OF RELATIVISTIC
CENTERS OF MASSOF BODIES IN AN ISO- X
+ @ (—g) t"%dfr =0,
LATED SYSTEM OF ASTRONOMICAL TYPE ; s

Mpvo = xp§% — x3Spo 2.4)

satisfy the conservation laws

(2.5)

Integration of the relations (2.5) over the surface

*Sﬁf (— @) tidfy = 0;

ters of mass of the bodies of the system move as if ot
they had appéied tfo therﬁ allhtlx(ebca>:ite1'nalf f(;lrces that ©

act on each body from the other bodies of the sys- . .

tem. Since the concept of center of mass exists + §f (— &) (xitht — xkti)df; = 0;
also in the general theory of relativity andthe theo- 3

rem of the center of massis strictly valid, 10 jt can 5i (g M,f.oodw) (2.9)
be supposed that according to this theorem the : :
centers of mass of the bodies move according to a

quite definite law, containing in itself as a special + § (— g) (xitor — yotit) df; = 0
case the law of classical mechanics stated above. f )

We confine our consideration to systems of astrono-
mical type, which we take to satisfy the following
conditions*

In classical mechanics this law states: the cen- a [S Mihodm] (2.8)

(5]

The second of the conditions (2.1) allows us to
neglect the change of the gravitational energy, i.e.,
to tak? t‘(; = 0. (Iin virtue of the third of the condi-

. tions (2.1) , inside a given body, the change of the
a<l, v<e R<L, gravitational field dueg to the Ot)}’lel‘ bodiesgcan be
neglected, and therefore we can choose a system of
reference such that inside the body the gravitational

field is produced only by itself. In such a system of
reference

a=ym/c? isthe gravitational radius of a body of
mass m ; L is a length characterizing its linear

dimensions; v is the speed of the body or of its

parts; and R is the distance of the body from any

other body of the system. § gtitdfy, = 0.
f

We note also that according to the virial theorem (2.10)
3 > 0 ymom Consequently, in this system, in virtue of Eqgs.
21 Mglg = _a"b | ’ q
2, mav; (a%) e 2.2) (2.6)= (2.10)
P .0, ==
Here a and b are indices numbering the bodies P S Stde = const,
of the system. @ (2.11)
The total energy-momentum tensor, including also Mey = R Mevde = const.,
the tensor (——gt#" ) of the gravitational field, a
S8Y = g (T 4 twv) ©.3) But then, by the theorem of the center of mass,1°

in this system of reference there will exist a four-
and the corresponding angular momentum tensor vector of the center of mass of this body
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Y = MwP,/P P*, (2.12)
satisfying therelation
d2Yw/ds? = 0. (2.13)

Making a transformation now to a system of ref-
erence connected with the center of mass of the
system as a whole, we get instead of Eq. (2.13)

(d@®Y* | ds®) + i (dx® / ds) (dx® | ds) = 0. (2.14)
As is well known, the quantity Fg transforms in

the following way when we go from one system of
reference to another:

Ax* 10X’ X't g c2x'®
55 o T F i) - 21)

Taking the coordinates x ° to referto the system

I‘{:-B =

of reference of the center of mass of our body, in

which by Eq. (2.13) F,}'_g = 0, we get instead of
Egq. (2.15) the simple relation

I'Ys = (0x» [ 0x'°) (0°x'° | 0x*0xP).  (2.16)

This shows that the symbols F#B occurring in Eq.

(2.14) owe their existence only to the transformation
of coordinates leading to the appearance of the
gravitational field at the center of mass of the body,
produced by all the bodies of the system except
the given one. Therefore, in using Eq. (2.14) in
what follows, we shall substitute into it ther‘i‘B

calculated for the center of mass of the given body
from the quantities 8w corresponding tothe external

gravitational field of the other bodies of the system.

The relations (2.14) also express the law of mo-
tion of the relativistic center of mass of the given
body in a reference system connected to the center
of mass of the system as a whole, providing a gen-
eralization of the law formulated above for the motion
of the center of mass in the external force field of
classical mechanics.

The new relativistic law can be formulated in the
following way: the center of mass of any body of
the system moves along a geodesic line in the gra-
vitational field of the other bodies. This proposi-
tion can be used forthe direct derivation of the
equations of motion of finite masses from Eq. (2.14),
as will be done below. For this purpose it is first
of all necessary to transform Eq. (2.14) into a form
closer to the usual one.
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The expression for the square of the interval be-
tween two infinitely close points has the well-
known form

ds? = g, dx*dx". (2.17)

We shall suppose that in the Galilean approximation

ds® = c%dxg — dx} —dx; —dx%  (2.18)

where x ) = ¢ is the time coordinate.

According to Eq. (2.17) we have, along the geo-
desic line followed by the center of mass of the body

ds = dt Vgik).Ci).Ck -+ Qg;(,x,- + Qoo = th, (219)

where x; = dx; /dt and 4 will be functions of the
time. Then after eliminating 4 we can write Eq.

(2.14) in the form

%+ (Dh— 2Th) ek (2.20)

+ 2 (Il — [ox;) i + T — Thox; = 0.

3. DERIVATION OF THE RELATIVISTIC EQUATIONS
OF MOTION FROM THE SOLUTION OF THE
GRAVITATIONAL EQUATIONS IN SECOND
APPROXIMATION, FOLLOWING FOCK*

For convenience in the calculations and in com-
paring Fock’s results with ours, we shall use the
notation of his paper.4 There, in the second ap-

proximation, proceeding in terms of an expansion
in powers of 1/c|, the solutions of Eq. (1.1) are

1 4U 702
Goo=_c__{_F-{—~——c5 + ...,
o AU; &S, 8.1
=tz t+

ik N 4S
G" = —cdy T‘:-—i—

The quantities appearing in these relations sa-
tisfy the equations:

OU = — 4=y (c2 4 1/, U) T,

_ 62
OU; = 4=ygT" = 4=y (c® + 4U) T,

OS;= —3(aU /at) (dU / dx,) (3.3)
+4(0U;/0x; —0U;/dx;) dU / dx;,

AUy = — 4=yc2T™, (3.4)
AVy = Yybu (grad Up — 552
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Sir = Ui + Vir. (3.5)

Here use has been made of the value of the deter-
minant g, which is given in second approximation

by the relation

g=—0—4U— (/) +4S/c?, (3¢

where
S = Syy + Saz + Sus-

We note that the GH¥ still have to satisfy the con-

dition for harmonic coordinates, Eq. (1.3).
By means of Egs. (3.1) and (3.6) and the use of

the formula

Gy = 1/_-——gg}LV = — min. G"’

we can find the covariant components of themetric

(3.7

tensor with accuracy to and including the order 1/¢2:

Goo =%+ 2U + (BU%/2c%) — 25/ c?;
g =4U;/, g,=—(14+2U0/c*35,.

(3.8)

We note that, to the required degree of accuracy
(c+2U/¢)
+ (3U%/2c%) — 25/ c3.

V -
(3.9

By meansof Egs. (3.1) , (3.8), and (3.9) we find
the Christoffel symbols of the second kind that
are nonvanishing in our approximation; substi-
tution of these into Eq. (2.20) gives

5. o
‘= , (3.10)
1 9, 0U , aS U,
“‘T<_?U‘a§7+b}7+47
au; . au, . HU .
T A T O X

6U~~)
i}

U
-+ &—id —45)7lx1x

=;62 +,‘G§ +,‘52 . The quantities U, S,

and U, are determined by the solutions of Egs.
(3.2) —— (3.8) for the point coinciding with the
center of mass of the given body a, with coordi-
nates a, .

The energy-momentum tensor in second approxi-
mation has the form:

T™ = (1/)p, (1) @, + (o), ()30 311

To0 = (1/¢%) (1 — U /%) p, (1)

where v2
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X {1+ (H2e?) (@2 — U7 ()5,
T =(1/¢®) (1 —2U /%o,
XL+ (oc?) (02— U (N}, + (fse) b, (1) .

Outside the body a its components are, of course,
equal to zero.

The potentials U%(a) and U7, (a) from the other
bodies at the center of mass of the glven body are,
in virtue of Egs. (3.2) and (3.11), given by the ex-

pressions
a roym
U (a)=2|a bb|{l+222( (b)} -
+ o [Z 7mb}a—b|] ,

Ut @ = 3 250 {14 g o+ 6U°(0)

1 5 , . 22 ’ Ysbi
+__S‘ wmpb;|a— b+ 3—5; l_ab__[ft’

2ct gtz «~
b

where

(0]

o0
= | % (r)do (3.13)
0
is the absolute value of the potential energy of the
Newtonian gravitational field of the mass of body
b. The symbol X ’denotes a sum not including
the term with the index b = a.
The solutions of the equations (3.4) outside
the masses are given by the relations

N\ Ymdvtzl &4 \
Uii=‘?_1<|r_al+|,.__a|)y (3.14)
Y2m2
Vii= E (m (3.15)
Yemgm, g21n § ve
+ d ———a—n) ’
DZ#:'I 2 0alabj |r —aj
in which e, is defined by Eq. (3.13) and
S=|r—al|+I|r—>bl+|a--0|. (3.16)

It must be noted that at distances large in com-
parison with the linear dimensions of the body

U~yma[|r—al. (3.17)

It is essential that, in accordance with Egs.
(3.14) and (3.15), the quantity S = U, + Vi de-

fined by Eq. (3.5) does not contain terms mvolvmg
€,» While at the center of mass of the given body
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(3.18)

2 2,2
v Ymey | vemd
S(a)_Z (]a—-b|"‘4|a—b,2>

Y mbm 021n 9
A+
2 Z ao dc
b¥c

We now introduce the potential energy of inter-
action of the bodies of the system,

Ql MM,
=772 Z < la—b|"
Multiplying Eq. (3. 10) by m_ and substituting
into it the quantities defined by the relations (3.12),
(3.18), and (3.19), we obtain the equations of

motion with relativistic corrections:

maa + gg) (3 .20)

(3.19)

1 (. 2 o - - 0D
+ 'C? ‘[va - 4Ua(a)] 5‘71 4alam ddm

o[ 7T oD
+Tm"%' [2]a—-b| 3,

(a;—b) (a,,— b,) o0
2]a—b" ob,,

1,5 #la—b| , (@—by

+ e (_ 5 bmbn 5z 30 5a, T Ta— b|“)
3

X(*Z“U

—b .o .. ..
Rl VPR ST S S 3bmai)]} = 0.
|

la—b

2 — 4Gy — U* (b))

They are in (‘omplete agreement with the equations
obtained by Petrova® by Fock’s method as the
condition of solubility of the gravitational equa-
tions (1.1) in the third approximation. It is appro-

priate here to emphasize once again that Eq. (3.20)

has been found on the basis of Eq. (1.1) in only
the second approximation.

The new derivation of Eq. (3.20) shows that in
the method of Fock there is essentially a re-
placement of extended bodies by masses located
at their centers of mass. We also get an under-

standing of why the relativistic equations of motion

turn out the same when obtained from different hy-
potheses about the bodies, either as finitely ex-
tended masses ™’ or as point masses,3
cases it is a question of the centers of mass of
the bodies, in which their masses are, as it
were, concentrated. The correctness of what has
been said can also be verified by direct calcula-
tion.

since in botk

4. THE RELATIVISTIC EQUATIONS OF MOT ION
AS A CONSEQUENCE OF THE SOLUTION
OF THE GRAVITATIONAL EQUATIONS IN
SECOND APPROXIMATION BY THE METHOD
OF EINSTEIN AND HIS COWORKERS?

In this work the bodies are treated as point
masses, for which the tensor g#V of the external

field is to be found in the form

Guv = My + Ay,

(4.1)
where 7 yy are the elements of the matrix
+1 0 0 0
0—-1 0 0
T 00—t o 4.2)
0 0 0—1

Here we have set x, = ct; the hl‘V are expanded in
series

hoo = 0—2{}00 + 0_4{1100 + .o

hon = ¢"3hon + cShgn+ .-+, 4.3)
3 5
hnm = C_2£lnm+ C_'4hnm+ cee
Use is also made ofthe quantities
Tp.v = hp.v - 1/2 ")pv"laphap, (4-4‘) '

which are also expanded in series analogous to

Eq. (4.3).

For the case of two bodies values of hI‘V and
¥, have been found in second approximation that

made it possible to obtain the value of the metric
tensor g ° , with, as before, X =t. At the

v
location of the particle with mass m_ , or, with

our approach, at the center of mass of the body with
have the form

mass m, , these values g’
pv
) 2ym 3ym,v?
g =t Y, Y%
00 la—b| c*|a—b|
(4.5)
4ym? Ym, @32 b
c'*’]a-—b[— c2 "(Wla— I’
4ymbbn N 2ym,
g0n=02|a—b|’ mnz_—,)mn(l-{_l)z[a——-bl).

It is not hard to verify that the relations (4.5)

agree precisely with (3.8), if in these latter relations
the values of U, Ui and S are substituted and the
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system is taken to consist of only two bodies. It
is obvious that substitution of (4.5) intothe equa-
tion of motion (2.20) and replacement of x, by a;

lead to the relations written for a system of two
bodies.
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