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In jarticular, along with the previously known
equation

Q2 = 3(g1— q2) 3 (pr— Pa)s

we have

o n (55)
Qs == (=)@ B,

Q5 = (=h) ™" cos (2A / b),

I 1 1

d1 92 g3
P1 P2 Ps

For the spin kernel (15) (s = %) we find
Q2 = (1/47)(1 + 3n,n,);
Qs =1/4(2%)""(1 4 3n;n, + 3n,n,
+ 3nyn; + 3V/3in; [nyns]);

A=

(56)

Qs= "4 (27) """ (1 * 3n,n, + 3nyn; + 3nyn,).
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Equations (54) and (55) are characterized by a
lesser degree of quantum degeneracy (correlation)
than Eq. (56), since Q , , and also the reduced

functions [Q,,; dg, ... dg, and [Q ) dp, .

dp,, have the ‘““classical’ form (are equal to &-

functions), which is not true of the functions with
spin.

1 J. Moyal, Quantum mechanics as a statistical
theory, in the collection Questions of Causality in
Quantum Mechanics, edited by Ia. P. Terletskii and
A. A. Gusev, Foreign Lit. Press, Moscow, 1955.

2 G. Wick, Calculation of the collision matrix, in the
collection Newest Developments of Quantum Electro-
dynamics, edited by D. D. Ivanenko, Foreign Lit.
Press, Moscow, 1954.

3. P. L. Kuznetsov and R. L. Stratonovich, Izv.

Akad. Nauk SSSR, Ser. Mat. 20, 167 (1956).
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The Fokker-Planck equation for a many-component plasma is derived by the method
of N. N. Bogoliubov, and the coefficients are calculated in explicit form.

T HE Fokker-Planck equation is usually derived
from Smoluchowski’s equation for stochastic
processes, ! and thus the dependence of the coeff-
icients in the Fokker-Planck equation on the law
of interaction between the particlesis left undeter-
mined. For a plasma the Fokker-Planck equation
can be obtained from a known kinetic equation of a
form given by Landau.? In this case divergences
appear for large and small distances, owing to the
long-range nature of the Coulomb forces, so that in
Ref. 2 the integrals are cut off at the limits of small
and large distances.

The method of Bogoliubov3 makes it possible to
derive the Fokker-Planck equation on thebasis ofthe
mechanics of an assembly of molecules and to cal-
culate the coefficients in explicit form for a given

interaction law. In the case of a plasma the diver-
gence of the Fokker-Planck coefficients at large
distances is disposed of by cutting off at the Debye
radius, which is not introduced from outside, as in
Ref. 2, but follows automatically from Bogoliubov’s
method. In the present paper we give a derivation of
the Fokker-Planck equation for amany-component
plasma with uniform spatial distribution, and study
the asymptotic cases of the behavior of plasma par-
ticles at large and small energies of motion.

We consider the plasma in a state of statistical
equilibrium and investigate the behavior of a certain
individual particle belonging to the plasma ( or a
foreign charged particle projected into theplasma).
In the derivation ofthe equation for the distribution
function of such a particle we assume that its in-
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teraction withthe plasma does not disturb the statis-
tical equilibrium of the plasma. Let the plasma,
contained in the volume ¥V, consist of N charged

particles, which ¢ belong to M > 2 different kinds.
Let N, be the number of particles with charge e

andmass pt  a=1,2,...,M. TheHamiltonian of

such a system has the form3

H:

2 Ha (x:) (1)
1Sas<M
1<i<N,
+ D Qa(lgi—g;l),
(SN,
Hy (x;) = Z (5[)2 ;
(<ass 2
Das (1g:—q;1) = 2%
i q] ) lqi _q/' )

*; = (g, ,pi) are the coordinates and momenta of the
ith particle of the plasma.

Now let
Al xS;

Fa(X,1), Fy(x,t), ..., Fy (xs 1))

be the distribution functions of ¢ systems of parti-
cles composed of the chosen particle of kind a and
s other particles of the plasma of kinds by , ... b

These functions at an arbitrary instant of time
t > 0 are assumed to depend on the single particle
distribution functions for the kinds of particles in
question, F , F ..., at the same instant. Here
X=(Q,P) are the coordinates and momenta of the
chosen particle (or of the charged particle projected
into the plasma).

The equation for the distribution function of any
single particle of the plasma has the form3

(p“)z (2)

%'_Za - [E Gi+ Ua (Fas Q); Fa]

+ 3 %as (1Q — 91); gasl .
b

Q

Moreover, for the correlation functions g ,, we

have (cf. Ref. 3)

s*

899

Dugas = [ 3} (P / 20+ 3 (P2 200 @

+ U, (Fa; Q) -+ U, (Fb; q): gab]

+Z(ﬂc/v)8[¢’ae(|Q—q’l); Goe Faldx’
+2(”0/U)S[‘Dbc(|q~—q’|);

gach] dx’ + (I/U) [“Dab(iQ _‘q"); FoFy).

Here theintegration istaken over the entire phase
space {} ; U, and Uy, are self-consistent potentials,
v =V/N is the mean volume per particle, and n,

=N_/N are the concentrations ofparticles of kind c,
c=1,2,...,M. Bysubstituting into Eq. (2) the
solutions of the equations (3), one can obtain the
equation of motion of charged particles in theplasma
In the special case of a spatially homogeneous dis-
tribution of the plasma Bogoliubov’s equation has the
form:3
ow, (t, P)
ot

(4)

B 9 (09,(1%])
_gflbapjg 'aaT‘hab(t.a P;wa (t,P))dC,

hap (€, Py w,) = Sgab €, P, p; wa, wp) dp (5)

(o)
2_2”‘18“0%@)
¢ v 0 ap*

% 0Py, (18—q"—(P/u,—p/uy)T])

g
X hac (q', P;wa)dp dedg’
a
— i, w, (¢, P)
" op*
A 0Te 9 (18—g¢" —(Plug—plu) <))
X 4 S>S ar*
X boe (—q’, p;w,) dpdxdq’
_21‘8”86%,,(&—(13/%—;:/%)1|>
-3 v 0 aca
ow,, (¢, P) 9w, (p)
x{_ﬁ_ w0, (p) =~ wa (t, P)} dp dr.
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Here {=Q—g, and w_ (¢; P) and w;, (p) are the

distribution functions of the chosen particle of kind
a and of any other particle in the plasma for a uni-

form distribution in space. The first two integral
forms in the equations (5) produce the effect of the
Debye screening, which cuts off the correlation

functions k,;, at large distances.?
To simplify the calculations we apply to the corre-
lation functions &, an approximation of the form:3 °

h, (—q,pw,) =g (—q)w,(p)

(6)

where g, are the Debye functions:

8 (—q)=— () /r3)exp{—=x|q"|}/|q'|;
b =ey/V 4=Bn.el;

1/rh=4zEnel/Bv; x=1/rp.

For the solution of the problem we employ the
Fourier integral3

hao (0 Piwe) = (€9 Hap (3, P ) d;
ur (151) = 22§60 Yoo (9]
ge (@, q1) =V Ko (1)) v,

Yao (|v]) = O2i40 [ nrpy?;
Koe ([v]) = — (ohe/272)/(#r) + 1).

Applying the inverse transformation to the equations

(5), we find, in virtue of Eq. (6):

Hap (v, P; wy) @

+ 282 2 1Y (19) Bo (v, P) Hae (v, P; w)
= Lay (% P; wa);

Lop= —4& YarAp (v, P; wy)

i ow, (t, P)
14 ’
- Gc a_‘%‘}‘)j‘—' veneBpY o Kpe;

ow, (¢, P ,
Ap (v, Py wa) = }]M 22By (v, P)
c cP

&

—wq (¢, P) By (v, P);

S. V. TEMPKO

ce (8)
By(%, P) = Wy (2% ()
; v (S S op*

X €Xp {i’t (v (—Hp; — :—)a»} dpdr,

By (v, P) = S w, (p)

0(_/18

X exp {i'c (v (5; — —5))} dpd-.

The solution of the system (7) for fixed @ and b
taking all possible values from [ to M is given by
the ratio

Hab = Dab/A )
where A is the determinant of the system

A=1+42r% D\ nYe () Bo (% P)
c

and D,p is thedeterminant in which the bth column

has been replaced by the right members of the equa-
tions of the system

Das = Las (1 + 2% 3} ne¥eeBy)
c
— 2w2 Z‘, ncchBbLac-
4

The solution of the system (7) can now be written
inthe form

Has (v, P; wa) = HS, (v, P; wg) ©)

+ aHab (V, P; wa);

where Ha% describes the influence of the whole

assembly of charged particles of the plasma on the
behavior of the chosen particle of kind a:

Hap = — (i/4m) YabAb/<l + 2=% E ncchBc>
[+
and 8H ,; describes the influence of theplasma par-

ticles on each other:

i ow, (t, P)

am =y OP°

"”‘nb'yableb'B;z/A-

SHab =

Applying the inverse transformation to Eq. (4), we
find
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0w, (t, P)
ot

. d
=ll;r§ ”bgp—«(g) YYa ([v]) Has (v, P; wa) dv,
from which there follows the Fokker-Planck equation
for a multicomponent plasma

3
0w, (¢, P) ' 0 0
e 8 (P)— w, (t, P)(10
B a,gilame (P) 5 @a (t P)(10)

3
L
— N — A*(P)w, (t, P).
S i A Phan . )
Here A% (P) and B*B (P), the coefficients in the
Fokker-Planck equation, are given by

A% (P) = — 5 D) 1y S % Yao (1v]) B (v, P) dv;
b (v)
B=8 (P)
o {3 .
= 3 | VL () B, P)
(v)
+ 1_6275_2;}%, nbnbl
S ,
XS vAV Yao (1v]) Yaw (|v]) Kewr (|v]) By (v, P) dv.

(v)

Forthe determination of these coefficients it is
necessary to calculate B, (v,P) and B % w,P). In

statistical equilibrium of the plasma the distribution
function for each of its particles, with the exception
of the chosen particle, whose motion is assumed
nonstationary, can be taken to be a Maxwell dis-
tribution

Ws (p) = (2=pp8)—k exp {— Z (p*)? /Qp.b(“)} .

Substituting this into Eq. (8) and integrating over
p, we find

0 e i T ypyl
By(v, P) = t“‘b§ texp{ 50, i ™ (VP)I dr,

o

Ov? . T
By (v, P) = —s5—2— i — (YP)} dr.
b (v, P) §exp{ 2%1 i ™ (v )} T

Here it is convenient to make a change of the varia-
ble of integration

T = vt (O,)'h

and introduce the notation

901

tap (¥, P) = (us/tta)'s (YP/v 1 1a89).

It is noweasyto calculate* Bb and By’ , and the

resulting expressions for A% and B*B are

w o
A= (P) =_vlé;+‘;)wz; ", (12)
X S }?Y:zb(lk’)uab(k, P)
(i)
X exp {— /5 uzs (k, P)} dk;
(13)

Y ( ®y ‘)‘lz

B®P)=p —32 M, (L
) 16r2r3r,0 <370\,

pe B
v g _f_’% Yas ([ k) exp {— Ysuzs (k, P)}dk
(k)
. RN ey \Me
v 16m2r ¢, © ,;'7,' Mlolter (@: >
)3 3

x {5 Yan (&) Yap (£1) Ko ()
(k)

X exp {— 1/2“31; (&, P)} dk.

Here

1 + 2=2 E e (1 4 Yac) Yee (lk’)/@’

c

f=

Tae (k, P) = tac (k, P) % =12 sin ug, (k, P) tdr,
;

We have taken as the unit of time by =rp 2uq /@Y%

k is a dimensionless wave-number: & =vrp .

Let us examine the coefficients of the Fokker-
Planck equation for aplasma. We note than B
=0 for o (. If theenergy of the selected particle
is small, much smaller than the average energy of

the thermal motion of the plasma particles, i.e., for
P2, << 6,

expansion of A% and B%B in series gives (since here

Nge(k,P) << 1)

*B and B’, respectively, are given by the absolute
values of the real parts of the expressions (11).
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A% (P) = —/sp (P/uab) B 40 (1/62); (14)

Be#(P) = 1/3pB— (1/48=%) p BL™ + o (1/6)(1)

B =4z D\ (neel/u,) L,

c
u, is the reduced speed of particles of kind ¢ in the

plasma,

U, = 274 (20/7ue)'l,

p is themean density of the plasma, p = N/V, and
L is a logarithmic factor:

kma.\:

1=

0

kdk (16)

B

The upper limit of the integration, &k ., =7 /ry .

is introduced because of the divergence of L at
small distances r < r, , which correspond to large
wave-numbers. At large distances and at small

wave-numbers the Debge screening, which follows
naturally from Bogoliubov’s method, assures the

good convergence of the coefficients 4% and B“IB
Indeed, choosing r | in the form? r=e2/@, we

find
L=1nV1 + (r502/e).

Expanding the integral (16) in series, we find a
formula agreeing with that of Landau?

L =10 (kmax/ky), (17)

where the lower integration limit ko =rp /r2 is

introduced because of the logarithmic divergence
of L at large distances r > r, and small wave-
numbers.

\ From a comparison of Egs. (16) and (17), we find

0"

o= (1+ k;ix)—’/z_

S. V. TEMPKO

If the temperature ® of the plasmais sufficiently
high the screening radius r 2 isequal to the Debye
radius rp:

ry=rp/ky=rp V1 + e4/r},02

=rp (1 +e42r}0° —. .

The factor L can now be expressed by theordinary
Landau formula. At high plasma temperature the
second term in Eq. (15), which takes account of the
mutual influences of [the plasma particles, can be
neglected.

For the very slow particles of the plasmawe have

from Egs. (14) and (15)
| A% (P)| < | B*#(P)],

-)f—tfr).

so that the equation for the asymptotic behavior
of the distribution function of such particles can be

taken in the form
awa (t,P) . S‘ d
dt ;—a-' 9P*

I3}
B*® (P) 5 wa (t, P).

For large energy of the selected particle of the
plasma, i.e., for

P2/200 > (pa/it) O,

we find from Egs. (12) and (13), since n __ (k,P)=1,
*l2

Ax (P = — 2 LB ()"

(e, o\
B (P) = oz M7 (fg) ‘B
PJ w >
where p isthe average mass of the plasma particles.
For the very fast particles of theplasma

| B8 (P) | <A™ (P) ],

in consequence of which the equation forthe asymp-
totic behavior of the distribution function of the
high-energy charged particles takesthe following
form:

a’ZU(l,P) ' 0
el 0 A (P w, (¢, P).
i 2o AT (P)mult, P)

For the stationary motion of the selected particle
of the plasma we get the Maxwell distribution in
each of the cases considered.

In conclusion I express my deep gratitude to
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Academician N. N. Bogoliubov for suggesting the ~ 3 N. N. Bogoliubov, Problems of Dynamical Theory
problem and directing the work, and to D. N. Zuba- in Statistical Physics, State Tech. Press, 1946.
rev for a discussion of the work.
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SOVIET PHYSICS JETP

VOLUME 5, NUMBER 6

Other Errata

DECEMBER 15, 1957

Page Column Line Reads Should Read
Volume 4
. ® mrepet, wripe,
38 Eq. (3 T, )
1 or o
196 Date of submittal May 7, 1956 May 7, 1955
377 1 Caption for Fig. 1 8s5 = n— 219 835 = —21°7>.
377 2 Caption for Fig. 2 ay = 6.3° 7 ag = —0.3%9
516 1 Eq. (29) s s/c
516 2 Egs. (31) and (32) Replace A;s2/¢? by A,
497 Date of submittal July 26, 1956 July 26, 1955
ow, (t, P) Q
L A L 2wt oL
900 1 Eq. (7) it e 0P* ’;—;

(This causes a corresponding change in the
numerical coefficients in the expressions that
result from the calculation of the effects of
the plasma particles on each other).

804 2 Eq. (1) cexp {—(T —V")} . exp {—(T — V)1
Volume 5
59 1 Eq. (6) Ui (10F,/0x) +. .. (VOF,/0x) + ...
where E; is the pro- where the bar indi-
jection of the electric cates averaging over
field E on the direc- the angle 0 and E; is
tion 1 the projection of the
electric field E along
the direction 1
91 2 Eq. (26) A =0.84(1422/4) A =0.84/(1+22/A)
253 First line of summary T1204, 206 T1208, 205
318 1 Figure caption . e?mc2=2.8.10-23 cm, |...e2/mc? = 2.8-.10-1% cm,
398 Figure caption .+ to a cubic relation.

1339

A series of points etc.

...to a cubic relation,
and in the region 10
~20°K to a quadratic
relation. A series of
points ®, coinciding
with points O, have
been omitted in the
region above 10°K.





