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A many electron treatment of the motion of an electron (hole) is given for an ionic crys-
tal for the case of unfixed nuclei and the presence of vacancies of any ion. The theory

is developed in the close coupling approximat
can be used also for the states o

small radius.

ion using antisymmetrized wave functions and
A method of calculation of the deformation

of crystal and the energy of local self consistent state are described.

I N a previous work! we described a technique of
calculation of the local state of an electron
(hole) in a perturbed crystal onthe assumption that
the external field does not lead todisplacements of
the nuclei while deforming theelectron shells of
the ions. This means that only the polarization of
the lattice by the field of the electron (hole) was
considered. Since the Hartree approximation was
used, it was not possible to describe correctly the
motion of the hole and to take into account the ex-
change forces between ions which provide for the
equilibrium of the lattice together with the Coulomb
forces.

For a step-by-step calculation of the deformation
of the lattice, which certainly exists near the local
level of the electron and substantially influences
its energy, a many electron formulation of the prob-
lem should allow calculation of the exchange forces.
Therefore such a formulation should be based on
an antisymmetrized lattice function, i.e., the Fock
approximation. The present work isdevoted to this
generalized problem.

1. BASIC SIMPLIFYING ASSUMPTIONS

We shall consider a binary cubic ionic lattice
with one vacancy at the origin of the coordinates.
Let us assume that an extra electron (hole) is pre-
sent in the lattice if a negatively charged (posi-
tively charged) ion is removed from the lattice. We
shall denote by ri and Ri =r! +ul the equilibrium
and the displaced positions of the nucleus of the s thion
in the lth cell (s=1, 2 for + and — ion). By psl’\

we shall denote the totality of the 3NV coordinates
of the Ns electrons of the ion s, [ (A is an index of
the permutation of the electrons of the latticé), and
by Ps%s we shall denote the radius vector of the

ng electron (ng=1,2, ..., N).

The lattice function is taken in the form of a
linear combination of antisymmetrized products

¥ of the wave functions of individual ions. Let
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‘/’i (psl)\ ) denote a wave function of the normal ion

and iPsl (psl)‘) the wave function of an anomalous
ion on which an electron (s =1)or a hole (s=2) is
localized. We shall consider an electron to be
moving about the positively charged ions and a
hole about the negatively charged ions. Then

¥ = (V)73 (=D 5 6 [T 95 65, ()
A

sl

The wave functions of the individual ions will be
considered to be orthogonal in the sense that

(2)
) dr =8y,
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where 8yy =0 if A and \ * differ by an interchange

of only one pair of electrons between different ions

or by an interchange of only one electron between
ions s,/ and s’, [ “ so that

(p

(W Wl e = 3,4, (3)

It is evident that the wave functions of ions may
always be orthogonalized without a change in the
antisymmetrized product. In doing so we shall neg-
lect the interchange of l,lfsl and cPsl in displacing ions
by usl .

In distinction to the works of Pekar2 and Heisen-
berg® we shall include the effect of the electron
(hole) on the wave function of the remaining ions.
For a freely moving electron this effect is apparent
mainly in polarization of the environment; it causes
a slight change in the periodic potential and con-
sequently a lowering of the depth of the conduction
band.* The interaction of the electron with the di-
poles introduced by the same defect results in a
change in the potential of the defect (in the macro-
scopic approximation it decreases it by no2 times,
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where n is the optical index of refraction). We

shall include this effect only as polarization of the
surrounding ions, neglecting the non-uniformity of
the field of the electron and the defect within the
boundaries of each ion, and we shall assume that
the polarization follows adiabatically the motion
of the electron from one lattice point s, [ to another.
This is true if the kinetic energy of the electron

(hole) is small compared to the lattice excitation
energy.

2. THE WAVE FUNCTION OF THESYSTEM IN THE
ADIABATIC APPROXIMATION

A
The Hamiltonian of the lattice, #, is equal to,the
sum of the Hamiltonians of the individual ions // /!,

of the interaction energy of the different ions

’

Hslsl' and the energy of all ions in the external
field E© with the potential v (r):
il _ ol
H = E H
s, (4')

7
N

% e[zsv(Ri)“ Mo (0sn,) ],

N Ng=-1

where 2z _ is the nuclear charge of the sth ion.

Following the adiabatic approximation, we shall
determinc the wave function of all ions for an arbi-

trary position of the anomalous site s,l. One can
use thevariation principal by minimizing the average

A .
Hamiltonian , /, constructed from thetrial functions
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s
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In view of the orthogonality condition of Eq. (2),
it is sufficient to retain in the product ¥ Sl* y !

only the identical rearrangments and rearrangements
which differ by one transposition. In the
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latter case it is necessaryto retain only thoseterms
of the Hamiltonian which contain the coordinates of
the transposed electrons p “and p *. The exchange
integrals will be retained only for the closest
neighbors, whose number we shall denote by n. The
sums denoted by primes are carried out over all
terms except those where s 7, [ '=s”; 1”. Fors’,
l’=l,sors””l”=s,l it is necessary to change
Yiby !,

We shall assume that the difference between

‘/'sl' and the wave function of the ground state of the

isolated ions_‘_/{slro is small. In theexpansion

Slesilr=1,

i=0

(==}
14 I 14
KA N
Vst = ch’i"‘.’s’h (6)
i=0
where ‘/’S li are the wave functions of theexcited
l’
states, we shall assume that the first term ¢ _ -
= 1 plays the mostimportant role. The coefficients
€s% »t 2 1 will also serve as parameters of the

approximation. Inserting the expansion of Eq. (6)
into Eq. (5) we shall retain only the terms to the

’ ’
second order in csl'i in the integrals for H Z and
S

in the Coulomb intefl‘als. For those states which
give a contribution for the dipole moment of the ions

Pi_:x = — GNS./

. @)
X SH(O[x i) el 4 (0] x| )]l

i=1
where
. v ’
(O] xli) = vooptlsdeh.

Thus the dipole-dipole interaction between ions is
taken into account, In the exchange integrals and
. : 7 .

in theintegrals of hso} , we shall retain only the

first order terms. In Eq. (7) it is sufficient to

retain theterms linear in csl,i since only the pro-

duct of Psl,’ and vacancy fields of the excess

electron and E° (all considered small) enter
into the energy. If this condition of small fields
is not met it is not lpossible to consider the dif-

" and v !0’ small. Then Eq. (5)

ference between -

takes the form
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H()=(M—1)(Exp+ Ex) + Ex  (8)
+ S 1P (B — o)
+ 1, é';es::” /R —2esPuR/R?

4
+PLPL /R —3(PLR) (P4 R)/RY|
+eqv(RL) — PLEO(RS) — (Z)‘ [os0 (R)

qlll”

ml l/ ll‘

+ 2 (cs’iws’i (R) -+ Cs’i
i=1

@wmw

where for thesake of brevity we write the radius
vector Rs ;ls 4" simply as R. E+ is the ith energy
level of the s’thion, e = e (z ;- — N -) isits
charge, M is the numberof cells in thelattice, Eso

is the energy of the anomalous ion in its ground
state;

"

2 l" ’ l 4
wgi= G No N (00 (7o) bt (p00) ©

1 1% ” 154 ’ ’ 7"
i (enp”e ) gro(e . p LA AT
\pl____p” l VS l( P )q) 0( p ) Tat

and g% has an .analogous value but contains only

the zero order functions and is multiplied by a
factor of 1/2. In particular, the sums over s’, 1’
s’ 1" contain terms for the anomalous ion for

which the charge e ; , the dipole moment, and the

coefficients ® ;) , o, have different values:

— —l pu— hp—
€s, pss Wgo, Wsi.
It js convenient to find the minimum of Eq. (8) in

Cq 1,' , by the method described by one of the

authors,5 in two steps: first, one finds th/erelative
minimum of # (Slsl ) for arbitrary fixed Psl' , i.e.,

under the conditions of,Eq. (7), and then one mini-
mizes H (/¢ ) over P, . In the first step,

u 1 v
Hss = 2 [zu—s'(ps’)z

s’

(10)
()
+ Pl
snin
+ (M — 1) (Eso + Eso) + Eso + {ew v(R)

sl

— PLIEO(RY) + /2 E' (Re)]

smm+w“x“»

ELECTRON 885

+1/2 D) les esr | R — 2, PLR | R},

st

where
%y = 2e2N5 Re B[ (0]x[i) 2/ (Evi — Eqy)
i=1

where the coefficient of polarizability of the s th
ion

2e > L
Bs/snx = 0‘_87 Re E (0 I X i l)(l)sli (R)/(Es’t —_ ES’O);
i=1
where U(. . .R .. .) is a function depending on the

separation R of the ion s’, /" from its n closest
neighbors and isapproximately equal tothe sum of

n))
2  u(R). Since

77,77
l

the central pair interactions U=
S
normal ions have spherical symmetry, then o _ is

a scalar and B _/ /- has the direction of R and de-

pends only on its modulus, while 8 12 and B8 21

are different (for anomalous ions Fl2 and le ).

E'(R¢) = N(3(P#R)R/R*—PL /R (17
S”l//

determines the field of all dipoles Psl 7 at the point
R}

s ° . ?

Thus the problemof finding the function l/li ,
results in theproblem of determining the dipole
moment P °. which may be solved by a method
pointed outpreviously ! and already carried out in
the work of one of the authors® for the particular
case of the absence of vacancies and displacements.

3. EVALUATION OF THE IONIC DIPOLE MOMENTS

We shall expand # (USQ in orders of the displace-

ments of the ions usL , Tetaining thequadratic form

relative to the dipole moments of the displace- |
ments p sl/ =e - “sl" and the electron shells Psl' .

Completing Eq. (7) for the energy of an ideal crys-
tal, and taking into account that

Xr/r =0,
st (12)
B (r, ue)r/r* —ug/r}] =0,
sl’.lll
(n) (n),
2 ﬂsmn (I‘) = Zﬁs/snr/r = ()’ r Ersl:;"’

" srn
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we introduce a displacement field E”
by means of P

(11) for E”. Then usingthe condition
u 1S .
011(88)/ 8P+ =0 we obtain
Po = ay{(E' + E")

expressed

analogously to the formula of Eq.

RL,
(n) ’ (13)
— 3w — ) VBow e +-Gs,
s"*
where
GL =E°(rh) + (es — ey) ros /— irvtP o (14)

— €5 rs’ / | l's' “'3 + ps o gs’o’ pss — pos) 5s s

Ilere weneglect the small change ofthe field G
which isdue to the displacement of the ion s”,
[”by u ", The type of ionic vacancy is desig-

nated by o and the symbols ‘ysl,sl and ysl,(;) are
equal to unity if the ion s "/’ is the nearest neigh-

bor of the corresponding ion s, [ and of a vacant

lattice site, and equal to zero in the opposite case.
For an ideal lattice, where Gl =0, Egs. (13)

are solved by expanding the quantities Psl, and pslz

and the fields E’, E””in plane waves. The pre-
sence of avacant lattice site and also of ion s,/
with a different polarizability and a different g __~

disturbs the translation symmetry. It isevident
that in the first approximation one may write the
system of k. gs. (13) in thesame way for all lattice
sites, express it in the form of a Fourier expan-

sion G !, and find all P +, then specify P and set

Pg = 0. It is convenient to transform to new varia-

bles g « , RSE instead of psl; and Pslf:

péi_ﬁ X “qacexp {ikrk};  (15)
ka
Pl =5 “[3‘ " gasc - RY]exp {ikrd),
K

where g <k are the normal coordinates of crystal,
LX;.k k
P > are theamplitudes of the lattice vibration

of an ldeal lattice normalized so that
_ Lk _afh—Kk __
Mpsps P = % an
e
S
where po =my / p; p=mymy/(m +m,)is the

reduced massof an ion pair, « istheindex of the
branch ofoscﬂlatlons Similarly the fields acting

on the dipole P

are expanded in Fourier series:
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vl e [ P 1

E'(ry) =—4in EES’ exp {ikr5}; s/ Yol

K
2ie =
= — 37w > Yk exp {ikry,) (16)
K
m=1 for s"=s
and m=2 for s’ =ts;

2!6

lzc/c > Agexp {lkl‘s ¥

ps'c Tsto = —

2 L
os Gs ) s/ls -
(Bos — Bos)

Here

© Ahgs 3 Ay exp {ikrly.
k

W’

2ie

’ a?
Gi" = T Ma? Z Gs' exp {lkrs’} /ls’c = ry {jS'O‘II’=a1

k ok €y —
Gs’:Es + . e

s ‘I—’),nk exp {— ikrl} (17)

— STk + hyoA — Mg exp {— ikrl) Ag.

e

(Ex+ E) =

Ma* _J exp {Ikrs } (18)
k o, k k
s"y o
(n)
‘\_‘J ( s’ _us”) Vps's x
s""
4 a o, k . ’
= Ma® E (ps";g?’lx + ps”::(gls(’zx) Jak €Xp {lkrsl’}-
akx

For a lattice of the NaCl type the quantities ¥,

and ¢ _ - xyvere calculated by us previously6'8
over 1/8 of the reciprocal lattice cell for all

oblique-angled components of the wave vector k.
For this lattice a direct calculation yields

Ax = e,sinak, + e, sin aky + e,sin ak,;

(19)
2a3dBggr
g?’lx = ees’ [4/15'5 -+ ei or ] )
e
gi.‘,zx = —,_ 2hg (cOsak, + cosaky, + cos ak;)
s’ -
-p;‘ 20" dﬁ s
+ L,S,[ Qhgrgr —- ;r }LOS ak,.

As was shown previously,® a fairly good agree-

ment with experiment may be obtained for a series
of alkali halide crystals if one neglects the quan-

tity B, compared with By, - Then
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ghx = 0; (197
Goe = g = — 4hy — (2a% [ €) dBy,  dr;

gizx = 0;

g§2x = [— 2hy; (cos ak, + cos aky - cos ak,)

-+ (g + 6hy) cos ak,].

In the notation of Eqgs. (17) and (18), the expressions
for the dipole moments in the Fourier components
can be written in the form: '

D PIMqa + RY,
: (20)

= Ao { Dby [ D03+ P g+ RSy

s"y
a, k a«
- (ps’x g‘ls{’lx —f“ psé kgls(’zx) qak - 2lGi"A}a

Asl = ogs,/a«?_

In the absence of the field Gsk, Egs. (20) give the
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k -~k
Z Cs's”xyRs”y = - QZGs’x,
s"y

where CX

N k
s"xy = Oxy')s/s” / Asl —_ ’?s's”xy

has the form

k - N ~—1k k
Rs'x = —2i Z Cs’s"xsz"y-
slly

(21)

In the same way in the dipole approximation, the ef-
fect of the position of the anomalous lattice site

on the form of the ¥ wave function of the remaining
ions istaken into account.

4. EVALUATION OF THEPOTENTIAL AND
KINETIC ENERGY OF THE EXCESS CHARGE

If we add the expression for the mean Hamilton-
ian of Eq. (10) taken for the wave functions WL

to the energy of ideal lattice we obtain

expressions for dipole moments of electron shells H (éé =T‘I.d
ior free lattice vibrations and are satisfied exactly ! (22)
or any gk . The solution of the remaining equa- rGr Il 1
tions for the ionic polarizability componentg 1 "§ (PBs + poFo) + V() + Hy,
U __ Fo l" —;s_es re es v 1 0Au (r) 1
Fo =E%(ry) + TeiTe Tsis T Ty o | " (23)
1 0u(r) v 3,8, — 1 - ;
+ E;;_ar— . | % + %’ll [ (es - es) EO° (l‘s) —l— Cs (es '—es) 'i—;‘ls?‘
_ s
1 0Au
T e ré] :
r=a
2 (e, —e)
V(s) = — Eaq -+ AEg + - — =" — nu(a) + nAu(a)
s (—e —e —
— ——87*1) + (es—es)v (ré) —eqv (0) + Auyé?,, . (24)
S
where H | denotes all terms of the second order in Eq. (22) can be written in the form
P } , Ps} which are due to the formatien of a de- H (1 o2 3 0
= 57 sz « o, —
fect and an anomalous ion and which will be neg- (e 2aM ‘k_] {2[ ko ko —k (25)

lected in the further calculation. The presence of
these terms destroys the translation symmetry and
makes a solution of the problem very difficult.
Substituting Eq. (15), and using the fact that the
amplitudes of p%:k , P 9%k are the solutions of the

system

— (ms ] &) waxps " = — 0Hyq | ps ¥

0= —0H;y /OP% ¥,

+ 4i (03 “F 74 PE*G5") gkl
+ 4i D\RY G;“} +V ) + H, + const,
sl

’
where F_ X" is the Fouriercomponentof theexpan-

sion of F )’
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S/=

FL = — —2% Z F's‘, exp {ikréﬁ},
k

e

k ok -
Fs = Eg + se

M
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(26)

% exp {—ikrl} — 2 ¥

+ ;[_eefi(l — Bo) AH exp {— i krl}y — H—* (1_3“,)] Ax

S e, —e r! ) e )

2siz [.az - S ey l_—ri—sj; exp {— ikrl} 4 —;— AHr!exp {—ikr!}
at(e,— e,) . 2 3

+ 2% B exp (— zkré}]  H=—5%0

where AH denotes the change in # if only one ion
is anomalous.

The expression (25) plays the role of the potential
energy of the excess charge which is present at
the lattice site s,l.

The wave function of the moving charge is sought
in the form of the linear combination

Igel
\Fs = Ebsq”.s: (27)

where the coefficients bsl will be evaluated from

the variational principle—the minimum of 4 :

H= gqf; H¥de = D66 H (1), (28)

1

H( = S‘I’é'ﬁ‘l’ﬁ'd'c, D6tz =1.

1

The matrix elements H (slé) 1”# 1 play the role of the
kinetic energy since they depend on two positions of
the charge near thelattice sites s, [ and s,/” anal-
ogously to the operator A . In view of the ortho-
gonality condition of Eq. (3) and the small overlaps
of the wave functions of the remote ions, it is
sufficient to retain only the subdiagonal matrix
elements # (; ! )yhen the sites s, ! and s,l” are

the nearest neighbors of the same kind. Further-
more, we neglect in them the dependence of the
wave function of ions ¥ on the position of the anom-
alous site and we shall consider them equal to x/'s %

and retain in the integrals of Eq. (20) only those
terms in which thepermutation in ‘Psl differs from

the permutation in ¥ ! by the transposition of one

electron from the anomalous site s,l” to the site
s,l (or convergely in the case of a hole). Then the
Hamiltonian H retains only those terms which con-
tain the coordinates of the transposed electron p.

This is the kinetic energy—(% 2/2:;;)Ap and the ener-

gy of its interaction with all electrons and charges
of the surroundingions. The potential of the ex-

ternal field can be neglected in view of its uni-
formity and the condition of Eqg. (3). Integration over
the coordinates of electrons o? the remaining ions
gives the sum of their potentials at the point p:

2 Ve (p —RL).
s
The result is
. e, 2
HE)=\pt of |— LA,
i " (29)
. . 2
—e ) Ve (p—Ra) + Z_e"?—‘
s "sl T Psng
2 ez
+ 2 I - s[
ngr | P—Psn | [P—Rg| .
ezzs' WU
— lm} Ysps d.

For the case of an extra electron in a lattice
constructed of ions with closed shells (for exam-
ple, NaCl), one may set cpi =lﬁ_ls)(‘s (p —Ri ). Then
the integration over the coordinates p i"s’ pl,

sn
gives the sum of potentials of these ions

V(e —Rs) +Vi(p—RS).
Since in the integrals over p the main role is played
by the terms with p =~ 1/2 (R +Ri' ), i.e., mem-

bers sufficiently remote from the remaining ions,
one may set

Ve (p—RE) = X'—ees [lp— R .

We shall add this sum to thepotential of all ions.

If one neglects its weak dependence on the displace-
ment ofions, then one may neglect it entirely in

view of the fact that this potential has a plateau near

p="1s(rs +r1i)
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and is equal to zero at its center because of the sym-

metry of thelattice. Then

H(”, s “—Rs _LA
J={re—Rr){— L& 50

—Vs(p—R) —eVs(p—RS)
ee eey L " oo
T T o e — RO
For the case of a hole one uses Eq. (29). As a
rough approximation one may suppose that
b = %575 (p— Ra)-

Then an expression similar to Eq. (30) is obtained,
only it is necessary to move the star from

xs(p— Ré) to  xs(p— R.sl‘/)v
and the potential V | replaced by the potential of
ions deficient in electrons:

Vs(p—Rg) =Vs(p—Ry)

l7s (P —RY |2
|p—p

(31)

—{—eS d<’.

Since the product

7 (p—R)x(p— RS,
is sensitive to the change in the separation be-

tween the ions R Slé , we shall expand H (” ) in

the powers of the displacements of these ions.
Transforming to normal coordinates we obtain,
using Eq. (15) in a linear approximation [suffl,-
ciently good in view of the small value of H(ss )1

g 2ie? \1 1

(ss) =I5 + aM & Squak:
o, k
o (i) (32)
Issozk = G [
2ieeg|rog | dR
ak 10/ - -
X Ps Tss (exp {tkrg} — exp {ikry }),
1”/ —H (ll ) R”/ i_lsl (3'3)

5. EVALUATION OF THE SELF CONSISTENT
ELECTRON (HOLE) STATES

In evaluation of the energy of the local state we
shall assume with Pekar4 that the displacement of
ions corresponds to the minimum ofthe average
energy H, i.e., we shall seek the self-consistent
state.
to limit oneself to the calculation of the interaction
only with the longitudinal optical branch of vi-
brations and neglect the dispersion, as was done

For states of small radius, it is not sufficient
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by Pekar.* Qur expressions allow us to calculate
the states of any arbitrary radius. We must mini-
mize the average energy Il of Eq. (28) both over
bl and over g xk. The latter may be carried out

in a general way. Substituting Egs. (25) and (32)
into kiq. (28) we obtain the_equilibrium displace-

ment from the condition 0///dq, _, = 0
Qo k=G, k = —Qiﬂizk[zlb' * (05 T°FS (34)
1

%, —kk NINLTITY
—+—P Gs’) + }dbs bslssor,——k]-
w
It is necessary to keep in mind that g °«k 'is de-
termined not by the instantaneous but the quantum-

mechanical average of the position of the anomalous
site [,s and thus the quantity

Q2kGakq«, —k

in Eq. (28) may be taken out of the summation over

é. Using Egs. (34), (25) and (32) we obtain from
q . (28):

(35)

{Z lb \“ pS' kFSI -T- :l‘ _kG:(/)

= (2¢%/ aM)

X D Qt
k «
+ Erbi.billils"«,_kl IZ | bg > (per

174

+ P2 *G7%) + D bé'bé'lis’;k}

—{»—%}lbéiz{zwg Z(/s_}c(cssxnyy_( V()
hs’s"
xy

AR
i
Minimizing Eq. (35) over bls , it is not pos-
sible to obtain the minimum of Eq. (35) over b .
for a general case. It is necessary to carry out mini-

mizing for eac ppartlcular case by numerical
method since 0l//db ! - 0 gives a system of cubi-

cal equations for bg . In order to solvethese

equations one must know all
“ k. JY

k
Qa k» Ps P S8 Issaks

and also the parameters

hes, AR, H, AH.

The problem may be simplified by makinguse of the
symmetry of the lattice and thus reducing the num-
ber of independent coefficients bé . For example,
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for the ground state of an F—center b; are identi-
cal for all ions equidistant from the vacant site
o and it is sufficient to limit bé to the first and

the third configuration spheres. Thanks to the nor-
malization condition

dlbp=1
l

only one approximation parameter remains.

The proposed method is useful also for the calcu-
lation of hole states of small radii for which a theory
is lacking at present.
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