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An explanation is given of ‘‘temperature hysteresis’’ which accompanies phase
transitions. The temperature dependence of the dielectric constant in the vicinity of
phase transition points has been found. Expressions are found for the coefficients in-
volved in the thermodynamic theory; these are determined in terms of easily measured
quantities. The relaxation time has been estimated.

INTRODUCTION

T- HE thermodynamic theory of piezoelectric phe-
nomena in barium titnate 17 is built on a con-
sideration of the thermodynamic potential (or the
free energy), and on a search for those conditions
_under which it takes on minimum values. In this
way the presence of four different phases has been
established and the transition conditions from one
phase to another have been made clear. Here it has
been assumed that thetransition from one phase to
another takes place at that temperature for which the
value of the thermodynamic potential becomes identi-
cal for both phases under consideration. In essence,
this approach implies a neglect of metastable states,
which are characterized by a relative, and not an
absolute, minimum of the thermodynamic potential.
It is known that in a number of cases, the relaxation
time is so large that the metastable states are prac-
tically stable. Neglect of the metastable states
allows us to make clearthe chief features of the
phenomenon, but it does not allow a satisfactory
look at a number of details, including hysteresis
phenomena and the piezoelectric properties close
to the transition point.

In order to carry out such an analysis, we must
(in addition to a consideration of the metastable
states) make a definite hypothesis on the tempera-
ture dependence of the coefficients inthe well-
known expression of the thermodynamic potential

DO = @y 4 aP? 4 1/,p,P* - 6, (pi’,Pi 1)

+PyP; + PIP3) + /1, P?
+ 12 [P (PS -+ P2 + Py (P + PR
+ PL(PL+ PO+ 1, PiP3PL.

In the case of a second order phase transition, we
can regard (1) as an expansion in a power series P.
It isevident that not only o but also 8, , 83, ,y;,
Y2 » Y3 are in this case functions of thetempera-

ture and pressure. In the case of a first order

phase transition, it is no longer possible to regard
Eq. (1) as an expansion in a series, but only as
a more or less successful approximation. It is
evident that in this case also, there is no basis
for considering the quantities 8, , By s Y1, Y20 Vs

as constants. Moreover, the fact of thetemperature
dependence of these coefficients is immediately
evident from the independence of P (as observed ex-
perimentally) of temperature in the orthorhombic
and rhombic phases.* While, in the literature (for
example, Refs. 2,3, 8), all the enunerated coeff-
icients are regarded as constant. In the present
research, the following approximation is used: the

quantities y, , y, , y; are considered constant, but

the quantities o B, B, are considered as linear

functions of the temperature. This approximation
permits an explanation of the order of the phase
changes observed experimentally, andreduces to a
series of relations which are easily tested experi-
mentally.

Unfortunately there is a lack in the literature
today of data on a sufficiently complete investi-
gation (if only of a single specimen) which in-
cludes the temperature dependence of the polariza-
tion and the dielectric constant in both phases,
on the consideration of temperature hysteresis,
heat capacity, elastic modulus and piezomodulus.
Such a complete investigation would permit a
quantitative comparison of theory with experiment,
which would be the more desirable in that the theory
of other piezoelectrics with “perovskite’” structure
ought to be built in analogy with the theory of barium
titanate.

*Actually, in the orthorhombic phase, for exampl
p?is givez’by therelation4 P e

P2=[2 v, -3/ yo| 72 [—E1—"/2B2)

T > r
YV (B1+ Vafse)*— 4o(y1 - Yave) |-
For aincreasing linearly with the temperature, and for
constant P2 increases monotonically upon a decrease in

temperature, and does not remain constant. (For details,
see Sec. 2).
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1. CONDITIONS FOR THE STABILITY (METAS- correspond to I) nonpiezoelectric (cubic), II) tetra-
TABILITY) OF THE DIFFERENT PHASES gonal, III) orthorhombic, IV) rhombic phases,*
AND THEIR INTERPRETATION where the equations that are satsfied by nonzero
components, their solutions, and the conditions
As is well known, the thermodynamic potential that the extrema be minima, have the forms:#4

(1) has extrema for the values P, P, P, which

Phase I px=Py=Pz==O, >0, (2)
Phase 11 7Pt 4 ?JIPZ +oa=0, (P=P; oo P, or Py), 3)
P2=[—8,47V pi_‘ doy11/ 27, 4)

By + 20,P2 >0, (5)

B2+ 12P? >0, (6)

Phase TII (1, %a 1) PS + (B + YaB0) P2 4 o = 0, (7)

=1/ (11 + 34 Yo) M — B+ /s 8s) + V(.Bl + /o B2)2 — 4o {11+ 3/472)1- (8)

(Pﬁ- = Pi, P, =0 or similar solutions),

(281 + B2) + (471 + 372) P2 >0, 9)

28, + (13 —12) P2 >0, (10)

B2 + 72P? < 0. (11)

Phase IV (1; -+ 2/572 + Yg73) P4+ (81 + 2/38:) P2+ =0, (12)

P2 =1/5(11 +3/st2a 4 /o 1a) !
X[ 0t + VG 28— a0+t 1)) (19
(7= Py — ),

(31 +2/382) + 2 (11 4 /312 + Yo 75) P2 >0, (14)
38, + P20 (15)
In order to give graphic meaning to these gener-
al conditions, which characterize the minimum of Bo+ 72P2 >0 1 3B P% + 57, P4 >0,

® relative to an arbitrarily small deviation from
the equilibrium position, let us consider some

concrete deviations. Withthis aim, we set Pzz() By + 1P2<C0, o+ 38,P? - 5, Pt

and the solutions III for

and introduce polar coordinates in the plane Px,Py. )Pt 41 pa

o - g 0.

Substituting Py =Pcos ¢ P, =P sin 9inEq. 22 + 5 1Pt >

(1), we get These conditions, By virtue of Egs. (3) and (7),
coincide with the conditions (9) and (11), which can

Q= Dy + aP? 4 1/,8,P% 4 1/, v, PS (16) then be interpreted as the conditions for a mini-
mum in @ relative to the value of the vector P and

. . the angle @
+ cos? g sin® ¢P* (B, + 12P?). In order to interpret the inequalities (10), (14)

and (15), let us consider small departures from

The extrema (16) are found from the equations equilibrium of another type. To be precise, we

9 ®/3p=0, dP/c ¢ =0, which have the solutions o'

DP=0,1I),P #£0,9 =0, Il) P¥ 0, ¢ =n/4,

which evidently correspond to phases I, II, III. *For brevity, we shall call these phases I,II,1II,1V.
Calculating the second derivatives of ® we find ** Another minimum condition is given in Ref. 4 for

that the solutions II (¥=0) correspond to a minimum the phase IV; however, it appears.as a consequence of
for Egs. (14) and (15).
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Py=Pcosl; P,=P,=2""Psinf,

which correspond to the position of the vector P in
the plane which passes through the x axis and the
diagonal of the yz plane. In this case, Eq. (1)

has the form

(17)

® =Dy + aP? 4 /o 2P+ 511 PO

+ B,P* (sin® O cos® 0 4 1/, sin* 0)

+ v, P8 [cos* 0sin®0 + 1/, sin® 0 (cos? 0

+ 1/5sin20)] 41/, v3P% cos? O sin 6.

Investigation of this equation leads to the follow-
ing result. The extrema of ® occur, for II), at
0 =0, for III) at 6=r/2, and for IV) at tan 6=2.
These correspond to the phases II, III, IV. The
necessary conditions that these extrema be minimal
are the satisfaction of the conditions ® @ >0,
®gp > 0. The first of these, which is applicable to
solutions of II and III, as should be expected, again
reduce to the equations (5) and (9), while that
applicable to the solution of IV reduces to the in-
equality (14). The second requirement gives, for
the solution of II: B,+pep, P2 > 0. for the solution
of IN: 28, +(y, - 5 ) P2> 0, and forthe solu-
tion of IV): 3,82 +¥s P2>0.

Summing up the results we can say that the condi-
tions for a minimum of @ for each of the phases II,
III, IV consist of a single inequality, which ex-
presses the minimum in the quantity P and which
contains coefficients both forthe isotropic and for
the anisotropic terms of @, and of one or two in-
equalities which express the minimum in terms of

angles and which contain only the coefficients
for the anisotropic terms.

2, TEMPERATURE HYSTERESIS

If we considerthat the metastable states are
states of virtual equilibrium, which is evidently
valid for BaTiO , , the state ofthe crystal (in the
sense of the attachment of it to a certain phase
which we denote as phase A) remains unknown so
long as thisrelative minimum of the thermodynamic
potential (to which phase A corresponds) does not
disappear. Only after thisdoes the transition to
another phase B take place. We denote the tempera-
ture, at which this occurs, by T 45 » The reverse
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transition from phase B to phase A takesplaee at
the same temperature T g , at which phase B loses

stability (it ceases to correspond to a mimimum).
The temperature T'g , , generally speaking, does not

coincide with T, p , which indicates the presence

of temperature hysteresis.
For a concrete consideration of temperature hys-
teresis, it is first of all necessary to establish

the temperature dependence of 3, and B, . Within
the framework of the chosen approximation (ﬁl

and 3, are linear functions of temperature; Y1y,
¥4 are constants)the problemreduces to the sign
and value ofthe derivatives ((9[3/8T)p B1 and
(9B, /aT) = 34 . To find these quantities, it is
COnvenient to make useof the fact that, as experi-
ment shows,? Py and P2IV are practically inde-

pendent of temperature.* Differentiating Egs. (7),
(12) with respect totemperature, we have for

oP2 /dT = 0:

(B + Y2 Ba) Pl = — (18)
(B + 2/ B2) Piy = —a,
where PI2H and P%V are the values of Pin the phases
Il and IV, and & =(9 oc/&T)p . We find from Eq.
(18)

By =a(3/ Py —4/Phy), (19)

B, = 6a (P — Phy) | PhPY,.

In accord with the experimental data,® p?%

and P2 _ 2 2
v PII <<Pm

that Bl < 0 and B2 > 0 and is small in comparison
with B, . Thus 8, falls off rapidly, while By
increases slowly with increase in temperature.

Furthermore, it is not difficult to establishthat
Yy < 0** Inasmuch as the regions of stability of

2
v> P

. It therefore follows

*The independence of P of T in phases III and IV
probably has an accidental character and cannot be
observed in other piezoelectrics of the type of BaTiO j,

However, we cair also find ﬁl and BZ without making
use of this independence.

**As a consequence of the uncertainty of the expen-

mental data, the opposite assumption has been made in
Ref. 4.
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phases II and III overlap (temperature hysteresis),
conditions (6) and (11) are simultaneously satisfied
in theregion of overlap, for any temperature. Then,
by virtue of the fact that P2 < P2, 10 it is

true that Yq < 0.

Assembling this information on the coefficients
B1,Bs,ys, it is easy to determine which of the
conditions (5), (6) limits the region of existence of
phase II on the high temperature side. This cannot

be Eq. (6), since if y, PI2I + By (T5;)=0 held at

the temperature T then , for much lower tempera-

21°
tures T < T,, , it would be necessary that
Yo lel tB, <0, and phase II could not exist. Con-

sequently, the transition from phase II to phase I
proceeds at thetemperature T21 which satisfies the

condition 2y, p4 +B2 P2 = 0. The reverse transi-

tion from phase I to phase II proceeds at a tem-
perature T, which is determined by the condition

o =0, since for
maximum P.

Let us proceed to the transition between phases
II and III. We first note that condition (9), which
is, by Eq. (8), equivalent to

o < 0, P =0correspondsto

(B + Y2822 — o (1 + a2 >0,

is automatically satisfied if & < 0.* Consequent-
ly, the region of stability of phase III is determined
by the conditions (10), (11). Let the crystal be in
phase II and let us carry out a decrease in thetem-
perature. Initially, Eq. (6) is satisfied. With a
decrease in the temperature, B, decreases and at

temperature 7', , [determined from y, P17 +B,(T5,)

=0] phase II loses stability. A transition to
phase III occurs. Inasmuch as PI2II >P% , condi-

tion (11) will be satisfied at the temperature T,,.

We now trace the reverse transition from phase III
to phase II. It takes place at the temperature T 5,
>T,, , determined by the condition Y2 P2, +

B, (T,,)=0. At this temperature, phase III

loses its stability, since condition (6) will be
satisfied.

Now let us consider transitions between phases

*Condition (9), as was pointed out in Ref. 4, only de-
termines the choice of the sign in front of the square
root in the solution of (7) . So far as the sign of
(y, +3/4 Y9 ) is concerned, this quantity is positive.
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IIT and IV. Here the coefficient y3 plays an essen-

tial role. For theinterpretation of the transitions
considered, we must regard y; as negative (with

the subordinate condition Yy t2/3y,+1/9y, >04).

Let the crystal be in phase III and the tempera-
ture be lowered. Further, let the condition

3 + 1P >0, 20

hold, along with condition (11). Condition (10) then
follows from (11) and (20). For a lowered tempera-
ture, ,82 decreases and at the temperature Ty, ,

which satisfies the condition 3 B, +y, P}

=By TY2 Pin< 0or 2B, (Tyy) t(y3—vy2) Py
= 0, phase III loses its stability and the crystal
undergoes a transition to phase IV, the stability
condition for which [ Eq. (15)] is of course satsi-
fied since le3 < Ts4 . The reverse transition

from phase IV to phase III takesplace at a tem-

perature T'y5 < T, , at which the quantity

384 tys P1¢ vanishes and, consequently, phase

IV loses its stability. It iseasy to see that the
conditions for the stability of phase III are satis-
fied at temperature T',, . Condition (14) for

o <-0, Y1t2/3y9 +1/9y3 >0 4 is also satis-
fied automatically.

In the picture drawn here of the phase transitions,
it is clear that the sequence of phase changes de-
pends sensitively on the size of the coefficients;
therefore we can expect that other piezoelectrics
of the BaTi03 type can be found with another se-

quence of phases or with the absence of some of
them.

Operating onthe above basis, it is not difficult
to calculate the width of theregions of tempera-
ture hysteresis.

RegionT,, — T,=(AT),,- Itis easily seenthat inthe
case of a second order phase transition, hysteresis
is absent, as would be expected.*
a first order transition,

In the case of

*Phase II loses its stability at a temperature Ty,
determined from 2y, P4 +B1 p2=90 or, by virtue of Eq.
(3), from Bl P2II +2 o =0. Since, for a second order

phase transition, P tends to zero at the ransition
point, the latter condition means that o (T21) =0,

i.e., that T21 = T12 .
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«(T) =0, 2‘{1P121 + 6, (Ty) = 0. (21)

By taking Eq. (4) into account, the latter equation
can be written in the form

@ (To1) = [B1 (T1)1? ] 411 (22)

Substituting (AT )y, a for o (T'y,), we get

(AT)oy = [81 (T2) 2/ 4712 (23)

Region T'y, — Ty, =(AT);, . The temperatures

T,y and Ty, are determined by the equations

72PTi (Tas) + B2 (Ta) =0, (24)

TzP%H (Ts-z) + 1(32 (Tsz) = 0.

Replacing 3, (T4,) by By (T93 ) 82 (AT)g5 ,

we findfrom these equations,

(AT)ss = (raf3) [Pl (Tap) — P (Ty)l. 2>

Region Tyq — T4, =(AT),; -

tures T',, and T, are determined by the equations

Here thetempera-

285(T30) + (13— 12) Piy =0, (26)

Ba (Tys) + ”{3va = 0.

Setting 3, (Ty3) =5 (T3,) +(AT)43 B, , we find

(AT)g5= [75(Pi1 — 2Py) — 1.PI11/28,. (27)

To conclude this Section ,we note that Egs. (23),
(25), (27) are approximately true even if the de-
pendence of the coefficients 8; and [32 on the
temperature is more complicated than is assumed in
this work.
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3. BEHAVIOR OF THE DIELECTRIC CONSTANT
NEAR THE POINTS OF PHASE TRANSITIONS

Having Eqgs. (21), (24), (26) forthe temperatures
of the phase transitions, nnd making use of the
general expressions forthe dielectric constant in
each of the phases [that were obtained in Ref. 4],
we can make explicit the temperature dependence
of the dielectric constant near the transition
points.

Boundaries of phases I, Il. Here we need to dis-
tinguish between the cases of phase transitions of
the first and second kind. In the latter case the
well known ““pair law’” holds.! We pause only on
the first order phase transition. Near T, , for

T > le , we have
¢ = 2n/a = Cp/(T — T1s), THE €10 = 2x/2. (28)

If the crystal is in phase II near (T < T,,) we

have

— = (uP? + 20) = 5/ Pt P29

- J—

;=
21 = 27 [ (3:P% + 72PY),

where T21 satisfies Eq. (21). From Egs. (4)
and (21) it follows that

[B1(T2))? = 411 (Ta1), P2 (Ty)=— B/ 211

Making use ofthese expressions, and limiting
ourselves to terms of lowest order, we obtain the
small quantity

O P4 4 B P = — (3, /271) [— 28181 (Ta1) (30)

+ 40(.(1]112 (T i Tzl)l"?‘
From Egs. (20)—(30) we get

ey =Cy1 [ (Tr — T)'", whereCs, (31)

=— [277, /B4 (4‘;‘71 — 28, Bl)]T=Tzn'

€l has no singularity at T’ = T,, .
Boundaries of phases Il and Ill. The tempera-
ture T', . is determined from Eq. (24). It is evi-

dent tron; (29) that ¢|| has no singularity atthis
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temperature, whereas €] obeys the Curie-Weiss

law. Actually, expanding the denominator of Eq.
(29) in powers of T—T', . and considering that P2
changes slowly in the neighborhood of 7'y, (so

that we can neglect the terms dP2 /dT), we get*

81 = Co3 [ (T — Thy),
(32)

Cog = (— 2“'{2/{3°é0)r=r2,-

ETae

The temperature T, , is obtained foom Eq. (24).
In phase III, if we choose the coordinate axes so

that P =0, Py2 =P 2, the following components
are different from zero:
€kt Sxxs Syy = Szz H Syz; = Szy.

They are expressed by the equations (3), (7) from
the work of Ref. 4. It is immediately clear from
these equations that the con:ponent € ., has no

singularity at the temperature T4, , while there-

maining non-zero components obey the Curie-Weiss
law. Because of insufficient space, we shall not

deduce the expressions for the corresponding con-
stants, and limit ourselves only to a consideration

of the principal values of the tensore ;, . These
will be the components si\,x, s;,y, e'zz,

where the axes z”, x”, y " are directed respectively
along the vector P, the original x-axis and the
direction perpendicular to the first two.

The components ¢’

xx » e'yy , € ,, have the form:*

Cex = 87 [[23,P% + (15— 75) PAL; (33)

Sy = — 27/ (3P? - 1P

Sop = — 27/ (4o + (28, + 8,) P?).

It is evident from these formulasthat the longi-
tudinal component €”, , and the one of the trans-

verse components (¢, . ), which corresponds to

the direction of the crystallographic axis of a
fourth order cubic crystal, have no singularities

*In order to obtain the more accurate expression for
¢ 93, We must consider that

AP /AT =— (B2 + o) /(2 P* - ),

which is obtained upon differentiation of Eq. (3) with
respect to the temperature.

at the transition point. Conversely, the trans-
verse component ¢’ which corresponds to the
direction of the diagonal of the cubic crystal, obeys
the Curie-Weiss law.

lepeating the calculations used in deriving Eq.

(32), we obtain for T' close to T ,(T< Tq,),

eyy = Cy2 [ (T3, —T); (34)

C39 = (— 27.’2/(32;;52)7#,2.
Boundaries of regions Il and [V. The tempera-
tures T34 and T,; are determined by Eqgs. (26).
Let the crystal be in phase IIl and T close to T,
(I <T,,). Asis evident from. Eq. (2.7),% the
components ¢, = ¢, and €yz = €, have no singu-
larities at thepoint T'y, . However, the component
€xy = €’ follows the Curie-Weiss law. Close to

T,, , the denminator of the first of Egs. (33) can
be written in the form 252 P2 (T - 7'34 ), and

111
conscquently,
sx.\: = s;x = 034/(T -_ T34); (35)
€0 = 4w [B,PTn = — 4= (fs — 72) / 232 8.

. . ’ ’
The remaining components ¢ yy and €’ have

no singularities for 7' = T,,. Thus, even in the

case of a transition to the second phase, one ofthe
transverse dielectric constants tendsto infinity,
but not that one which has a singularity at the
point T'g, .

Now let the crystal be in phase IV, close to the
point T, (T < T,3). Asis evident from Eq. (3.8)

of Ref. 4, all the components €, inthis case

(exx = €y = €27 and eyy = €y; = €5 ) satisfy the
Curie-Weiss law. Not computing the corresponding
constants, we return tothe principalvalues. They
are expressed by the equations*

’

S2p = 37 /[Cx + (33; + 23,) P2;

’

.‘,;;x = E’yy == — 3;:/(;82 + ]//3,‘_,3[)2) PS.

(36)

It follows from these equations that the longitu-

dinal Component G’zz has no singularity for

*As the z-axis, we chose the direction of the vector
P, and for x*, ¥, any mutaally perpencicular directions
that are also perpendicularto P.
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I'=T,, , but the transverse components € xx

f,yy = ¢| obey the Curie-Weiss law:

2y =0Ca3[(Tas—T);
(37)

— 13- /04 pj2 3
Ca3 = 3% [ BoPfiv = — 75/ 5,8,

Are the temperature dependences obtained here
validated by experiment? Unfortunately, it is dif-

ficult to give a complete answerto this question
in the absence of accurate measurements.

4. EXPRESSION OF THE CONSTANTS IN TERMS
OF EASILY MEASURABLE QUANTITIES

The problem of the experimentaldetermination
of the constants on which the theory is constructed
is undoubtedly of practical interest. In Ref. 4 for-
mulas were proposed for the calculation of the
theoretical coefficients. However, in the first
place, these formulas contain quantities whose ac-
curate measurement is very difficult, and, in the
second place, which is more important, these for-
mulas were introduced without consideration of
metastable states. It is appropriate t herefore to

turn our attention to the problem of the coefficients.

The quantities which we need tofind are, first,
the constants y Yo Vs - Further, as a conse-

quence of the assumed linear dependence for each
of the quantities o, 3, B, it suffices to point

out one value for some temperature and the value
of the derivative atthat temperature.

Finding of o . Inasmuch as one value of &
is known from o« (T,,) =0, we need only to find
This quantity has repeatedly been found from the
temperature dependence of ¢ in phase I:

o« =2z /(T — Ty). (38)

Finding ofy1 B, (Ty)), Bl . Here we need to

distinguish the cases of phase transitiens of first
and second order. Letthe transition between the
phases I and II be of second order. Then we can
find /31 (T,,) from the initial slope of the curve
P (T) in phase II. From P2=— o/83,! near
I'=T,,, it follows that

. . (39)

= — ) (P dT)r -1,

The value of Bl was found in Sec. 2. The value
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of y , can be found from Eq. (3):

40
T2 = —a(T) P™ — B (Ty,) P2 “o

- pl p (T_ T21)7

where T is an arbitrary temperature T21 <T<Ty,,

and P is the corresponding polarization.
In the case of a first order phase transition,
Eq. (39) does not occur. To find the desired

quantities, we have

(B (To)? = 4712 (T)s (PP)r,,
=—01(Ta)/ 27 «(Ta)=(AT)y a.

From these equations, we find that

AT)pe

‘ \ AT)ye
PI(TQI):’—2W:; .h:(P%;l:i' (41)

Finding of B, (T',) and yo - Solving the se-
cond of figs. (24) and (7), we obtain

Te=-—4[a(Ty,) | Py (42)
+ 81 (Ta2)/ Pl + 1l;
B2 (Tsy) = 4PTn [« (T'35) / Pin
+ B1(Ts2) / Piu + 1),
o (Tg) = 2 (Tay — Tra);

B1(Tse) = By Tar) =+ by (T35 — Tay).

Finding of,é2 . The qunntity 3, was found in
Sec. 2. For a control, and in the vanishing of
the small distance's P, — P} entering in Eg.
(19), we can find Bg (I'y5 ) from the first Eq. (24)

and compute 3, from

pz (T32) _ 1{3 (T23) = P’z (T:z-z - Tza)- (43)
Finding of Y3 . We have, from Eq. (26),
T3 = — IDR? B2 (Ty) (a4)

= — PV [P2(Tss) + P2 (Tas — Tl
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In addition to the expressions obtained forthe
coefficientsa, 81, By ¥1» Yo» ¥3s it is evidently
possible to put together many others to which, in

the case of sufficiency of the approximation
assumed, we can give approximate values.

5. LATENT HEAT. HEAT CAPACITY.
BATIC DIELECTRIC CONSTANT

ADIA-

Based on the derived temperature dependence of
the coefficients, it is not difficult to write down
the expressions for the latent heat and the heat
capacity. If we limit ourselves to phase transi-
tions between the first and second phases, we
have for thelatent heat

he=T(S—8;) = —T[aP? 4 1/,5,p1] (45)

[here it is taken into account that forthermodyna-
mic equilibrium, (3®/dp) = 0]. In the case of a
second order phase transition, Ay, = 0.

The first order transition from phase I to phase II
occurs at a temperature I'y, , we should therefore

Substitute PI2I (T12 ) = '—[3 1 (T12)/'y1 in Eq. (45)-

For the reverse transition from phase II to phase I,
Eq. (45) must be written in the form Ay, =

=T, (a P2+1/2 [.31 P*), where now P2 - p
x(Tyy)==B1 T31)/ 291 .

For determining the heat capacity, we have

Con —Ch=—T[5F, = (57)] ©o
- =—T@+ppya,

where, in accord with Eq. (4), P2 is expressed by
the formula

dp? . 1 A B '31—20"Yli
ar - z—ﬁ[— B+ ————_____] Y

14 g2 —day,

In the case of a second order phase transition, the
transition point is determined from o =0, where
B, > 0, and the square root entering into Eq. (47)
must be set equal to +Bl at the transition point.

We then obtain the usual expression
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(Co)r — (Cp)1 = le‘."z/.sl- (48)

from Egs. (46), (47).

In the case of a first order transition, By<o0

and the heat capacities at the two transition points
T35 and Ty, are equal. For T =T, , the square
root entering inoo Eq. (53) is equal to —3; and

(Co)t — (Cp)i = — 112

. i B1 Tho)\2
B1(T12) (ac ' T1

1 } . (49).

ForT=T,,, dP2 / dT, and consequently (Cp)II

also, go to infinity. Near R21 yfor T < Tyy , we

get from Egs. (30), (46), (47),

(Coln —(Cp)1—> Ty (4‘;"‘4’1 (50)

— 28,80)"/ 843 (Tyy — T

We now turn to the calculation of the adiabatic
dielectric constant. It is essential forthe following
rcason. The measurements of the initial dielectric
constant are usually carried out on a variable
current of sonic frequency. Inasmuch as thernial ex-
change at these frequencies is practically negligi-
ble, we can considerthat the measured values of ¢
are closerto the adiabatic than to theisothermal die-
lectric constants.

The connection between the adiabatic and the
isothermal dielectric constants is given by the ex-
pression

eg=(C,/Cp)z,, (51)
where Cp is the heat capacity at constant polari-
zation,and C ; is the heat capacity at constant
field. Applying Eq. (51) tothe case of a transition
between phases I and II, and using £q. (46) [where
now we write (CP )II =Cg; (Cp )I= Cp ], we can
obtain the following equations:

for a second order phase transition,

es=Cp/(Cp+ leo}z/l@,l (T, (52)
for a first order phase transition, close to T.,,
eg=¢,C,/[C, (53)
— (T, /B, (Typ) (@ — BB, (T) /1,71
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Near the point T,,,

SS - — SSTC[)’I,? (T21 - T)lh / TSI (54')

X{day, — 28 8 )i .

iSubstituting ep Lfrom Eq. (31)] in Eq. (54) we
ind

s = (6C,3/T,8.(T,)) (55)

56 )=2
QA 1?)1 I'=T,"

Thus ¢ , in contrast to €7 , has no singularities

X (4o, —

at the point F21 .

In view of the fact that P is almost independent
of temperature near the points of transition be-

tween phases Il and IIl, and III and IV, the differ-

ence between ¢ and ep here is not large.

6. ESTIMATE OF THE RELAXATION TIME

In the theory outlined above, it was assumed that
the transition from one phase to another occurs
only when the first phase loses stability.

Such an assumption amounts to a neglect of
fluctuations. The system can be found for a suita-

bly long time in the metastable state and, conse-
quently, the relaxation time will be infinite.

In order to correct the validity of such a consi-
deration, it is necessary to estimate the relaxation
time 7. We limit ourselves to an estimate of for
the transition from phase I to phase II. The thermo-
dynamic potential for this case can be written in
the form

= Dy aP? 1oy 4 Yy, P (56)

The dependence of ® (P) for 0 <Za < 33%/16 e
has the form* sketched in the Figure, where P, .
and P are the values of P ‘corresponding to the

minimum and maximum, equal to
2 __ 2 02 o .
Pi= (=B 4+ Vi —dar) ) 20,

PE = (—p— VB — doryy) | 211,

, phase I is metastable.’
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where, close to o =0,
Pf ~ — / ?’1.
Let the crystal be found in phase I (P= 0) and

let the temperature decrease. In this casethe height
of the barrier separating the minimum corresponding
to the values P = 0 and P = P, decreases. Neg-

lecting fluctuations, we should expect that the
transition from phase I to phase Il takes place at
that temperature T ,, for which this barrier disap-
pears, i.e., when

@ (0) — B () = 0. (58)

Then, substituting P from Lq. (57), and solving the
the resultant equation for o, wefind & (T12 ) =0

in accord with Sec. 2.

Taking into consideration the fluctuations, it
should be observed that the phase transition I ~II
takes place for o> 0 also, but satisfies the
condition

a <7 331/167,,

where the relaxation time Tdepends ona. For an
estimate of 7( ), we assume that the phase transi-
tion in each specimen is guaranteed upon the for-
mation of a nucleus of phase II in a small macro-
scopic volume A v. For the probability of forma-
tion of such a nucleus, we must consider the pro-
bability of the origin in the volume A v of a polari-
zation which exceeds the ‘“‘barrier’” value P . The

latter proabbility is equal to 11

an

g=C gexp {— [P(P) —D(0)] Ao/ kT}dp. 69)

P,

In view of the fact that large fluctuations do not
make significant contribution to the integral in
(59), we can limit ourselves to the square term in
® (P), and determine C from the normalization con-
dition

o

C S e—PukT gp — | (60).
0

We further assume that the fluctuations are re-
corded at the moments A¢, 2A¢, 3At, . . . , where
At is so chosen that, on the one hand, it is small
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enough that in a time At there takes place only a
small number of fluctuations, and, on the other
hand, large enough that the recorded fluctuations
can be regarded as statistically independent.

)

We introduce the probability p that in the time

interval A¢, in the volume A v, there does not take
place a fluctuation exceeding the ‘‘barrier’’ value

P, - We can regard the quantity ¢ in Eq. (59) as
a fraction of theinterval A¢ during which the sys-
tem is in microstates corresponding to P > P

(in the volume Av), and (1 —gq) as the fraction of
this interval which corresponds to P<P,.

Therefore, we can take for the probability p=1—q.
Then we can estimate the mean relaxation time
in the following way:

T~ pqAt 4 2p*qAt 4 3p3gAt ... (61)

Actually, pq is the probability that the value P,

is achieved at the instant ¢ lying between A¢ and
2 At ; p? q is the probability that it occurs at a

time lying between 2 At and 3 A¢, etc. Suniming
the right side of Eq. (61),* we get

T~qAtp/(1—p)=Atp/(1 —p). (62
*For this we must write Eq. (61) in the form

T = qAlp 1 pH..) + qAlp 4 pP - )i

>

sum the series in parantheses and the series obtained
from a summation of the paranthetical expressions.

In order to establish the dependence of Ton the
parameters ofthe system, let us find p from Egs.

(59), (60):

p= VQ‘FS eIz gy, (63)

0
X, =« V—ZL\U/@]_/ZT

= (T —Ty) oV — 280/ BAT,

For an estimate of %, , we take Av~ 107* and
take the values
«x4.103, fi=3-107

from Ref. 8 (all quantities in the cgs. system).
Then we get

xl ~ 106 (T _— T12)‘

We can simplify Eq. (63) for large values of x|

by making use of the asymptotic value of the in-
tegral in it!2

(64)
p=1—V2]= e %" x,.
From Egs. (62) and (64), we get
< (o) ~ xle'v:‘2 At. (65)

There remains in £q. (65) theundetermined quan-
tity At, equal (in order of magnitude) to the mean
time interval between two successive fluctuations.
An estimate of At without a detailed knowledge
of the fluctuation mechanism is very difficult. For-
tunately, the strucuure of Eq. (65) is such that any
accurate estimate of At is unnecessary in practice.
Inasmuch as the fluctuations of the quantity P are
deterniined by the thermal motion of the atoms of the
crystal, we can estimate the minimum value of A¢
by assumiing

At ~ale~1078/10°~ 1071  gec.
We further set 7 — lez 1073 degrees, which cor-
responds to %, ~ 105. We then get from Eq..(65)

Int ~ 105.

magnitude of 7would not be changed for any other

It is clear that the order of



PHASE PHENOMENA IN BARIUM TITANATE

assumptions on the value of Az .
Thus, even at a temperature very close to I',,

(from the viewpoint of experimental possibilities),
the relaxation time can be considered as practically
infinitely large, which supports the basic assump-
tion made in the research.

In conclusion, I am pleased to thank V. L.
Ginzburg for supervising the researchand for sev-
eral suggestions made during the final editing.
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The Method of Envelopes for Investigating Free
Oscillgtions in Accelerators®
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P. N. Lebedev Physical Institute, Academy of Sciences, USSR
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J. Exptl. Theoret. Phys. (U.S.S.R.) 31,993-1001 (December, 1956)

We present a derivation of the equation for free oscillations in accelerators with an
arbitrary magnetic field having a plane of symmetry. To solve the basic problems of the
theory of free oscillations, which arise in the design of accelerators, an envelope method
has been developed in which the study of individual orbits is replaced by consideration
of the envelope of the trajectory of the particles over a large number of revolutions. The
application of the method isillustrated for accelerators with a sector magnet and for strong-

focusing accelerators.

-

1. INTRODUCTION

I N cyclic accelerators, the displacement of a par-
ticle from some average position is called a free
oscillation. This average position of the particle
is usually called the instantaneous orbit. The term
‘““free’” means that these oscillations are not direct-
ly connected with the process of acceleration. We
can therefore consider the free oscillations in a
constant magnetic field and for constant energy of
the particle.

The fact that the free oscillations are independent
of the acceleration process was demonstrated in the
very first papers on the theory of cyclic accelera-
tors. It was shown that with increasing magnetic
field # (for a given configuration) the oscillation

*The present paper is based on work 1-5 completed
during the period 1950-1953.

*Deceased.

amplitude is damped like #%

The separation of the particle motion into a motion
along the instantaneous orbit and free oscillations
can be done uniquely in the absence of resonances.
At resonance, the frequency of the free oscillations
is integrally related to the frequency of revolution,
so that the particle orbit is always closed. In this
case the trajectory of the particle over a large num-
ber of revolutions does not fill an area, but merely
traces out a line. (The plane area filled out by the
orbit will be the subject of our investigation .) For
practical purposes, because of the presence of all
sorts of perturbations in the magnetic field, the
acceleration process cannot proceed at resonance,
since the amplitude of the free oscillations in-
creases sharply. We shall exclude the resonance
case from our further considerations

Free oscillations develop during the process of
injection of particles, and also from scattering of
pariicles by theresidual gas in the accelerator chanr
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