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The possibility of a Hamiltonian structure in the theory of nonlocal interaction is con­
sidered, By way of example, the one-dimensional oscillator is considered by Pauli's method, 
The initial integra-differential equations of motion and the canonical system of equations 
of motion obtained by Pauli's method are not equivalent. The procedure of Hayashi is shown 
to be internally inconsistent in any given order, Thus, conclusions about the essentially 
non-Hamiltonian character of nmlocal interactions are confirmed. 

I THE theory of nonlocal fields has been in-
• tensively discussed in recent years* in connec­

tion with the investigation of possible ways to re­
move the fundamental difficulties of field theory, 
which are reflected in the apparatus of the present 
theory in the presence of divergent quantities hav­
ing no physical meaning, and also in the impossi­
bility of consistently carrying through a renormali­
zation program, and in the divergence of experi­
mental and theoretical data in rnesodynarnics, etc. 
At present, we still know comparatively little 

about the laws of motion in small (r <: 10- 13 ern, 
T ~ 10- 23 sec) space-time regions. Therefore, a 
theoretical study of possible deviations in small 
space-time regions from the requirements and prin­
ciples, justified through phenomena taking place in 
macroscopic space-time regions, is completely in 
order and even unavoidable. At the present time 
the theory of nonlocal interactions should, in our 
view, he considered as a phenomenological study 
of the possibility of introducing signals which have 
velocities greater than light in small space-time 
regions into the framework of linear field theory, as 
a first rough phenomenological exploration into the 
region of possible structures of elementary parti­
cles. 

In this connection, the investigation of problems 
concerning the Hamiltonian structure of theories of 
nonlocal interactions is important. By 1945-1948, 
it had been shown in the works of Blokhintsev and 
Markov 1• 4 - 7 that, in the theory with form-factors, 
the state of the physical system given on the hyper 
surface a does not uniquely determine the state on 
the hyper surface a+ oa as a result of the presence 
of signals with velocity greater than light; in micro­

scopic space-time regions; in other words, that the 
theory does not have a Hamiltonian structure and 

1 * A detailed bibliography is given in the reviews, 
Refs. 1 and 2, and also in Ref. 3. 

that it is necessary to formulate supplementary con­
ditions** to pick out the solution with a definite 
physical meaning. 

However, following this, work waspuhlished5 •6 in 
which it was asserted that a Hamiltonian formula­
tion of the theory is possible. In addition, it was 
asserted that the conditions of integrability are 
satisfied, not only on a space-like -hyper surface, 
but also in finite time-like regions, and that they 
are conserved in the limit of the transition to the 
theory with local interactions. 

2. Pauli5 set out to construct a theory with non­
local interaction in Hamiltonian form, using the 
conne~tion, which is well known in analytical 
d.ynam1cs, ofthe Hamiltonian system of the equa­
tions of motion with bilinear differential forms ob­
tained from the equations of motion in the 
Lagrangian variables 8 • For example, for the case 
of the one-dimensional oscillator with nonlocal 
interaction, from the equation of motion 

+co 

q (t) + w2 ~ K (t- f1) q (t1) dt1 = 0 (l) 
-co 

it is easy to obtain the bilinear differential form 

I (t; D; a)= (Dq (t); aq (t)) 

-co 

satisfying the condition 

(djdt) I (t; D; a)= o. 

** We do not consider the theory with a dynamically 
deformable form-factor, 

(2) 

(3) 
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Here 

(Dq (t); aq (t)) == [Dq (t) aq (t)- aq (t) Dq.(t)J; 

e: (t) = {+ 1 for t > 0 
-1 for t<O. 

It is essential to note that in (2) the independ­
ent variations of the dynamical variables are taken 
at different times, which prevents the direct appli­
cations of theorems of analytical dynamics. In 
order to overcome this difficulty, Pauli proposed, 
starting from the equation of motion (l), to express 

q ( t 1) and q ( t 2 ) through the independent dynamical 
variables q and q, taken at time t, where 

q (tj) = q (t) Ql {tj- t) (4) 

+ q (t) Q2 (tj- t), 

'21 (t J- t) = cos k* (t J- t); 

Q2(t1-t) = (1 /k")sink*(t1-t) 

and k* is the root of the equation* 

+oo 
k2- w2eif' (t) = 0; eif' (k) = ~ K(t) e-ifhdk. (5) 

The differential form (2), when expressed in 
terms of the independent variations D q ( t ), o q ( t) 
and dq ( t ), also satisfies the condition 

di (t; D; o) +of (t; d; D)+ DI (t; o; d)= o 

and it can he considered as a bilinear covariant of 
some Pfaffian form 5 , which can he reduced to 
canonical form by the corresponding transformation 
of dynamical variables 9. 

The argument given above is essentially based 
on the possibility of solving the equation of motion 
(l) which, however, requires supplementary condi­
tions to he given either in the whole interval [ -oo; 
+ oo] or, in some cases, at the infinite points* 

* It is assumed that the form-factor K ( t) is such that 
(5) has only two roots k == ±k*, differing by sign. Other­
wise, the argument would have to be changed because 
in that case there will be a larger number of independent 
dynamical variables, 

* Supplementary conditions must be given in the inter­
val [ -oo; +oo] even in the simpler case of the solution 

of the homogeneous integral equationlO 

+oo 
q(t) = ~K (t-tl) ?(t1) dt1. 

-co 

t == ± oo. As a consequence, the initial equation of 
motion (l) and the canonical system of equations of 
motion found by the method of Pauli are not equi­
valent. In other words, the method of Pauli is 
equivalent to the replacement of integra-differ­
ential equations of motion by differential equations 
for which the problem of Cauchy can he formulated 
(i.e., which do not require supplementary conditions 
over the infinite interval) and the solutions of 
which coincide with those of the initial integra-
differential equations of motion obtained from the 
variational principle. 

Since the canonical system of equations of Pauli 
is constructed with the aid of a solution of the 
initial integra-differential equation (l) found pre­
viously, that system of equations is essentially 
superfluous and cannot give anything new over and 
above that given by Eq. (l). 

3. In Hayashi's work6 the method of Umezawa 

and Takahashi 7 , which had previously been suc­
cessfully applied to the theory with local interac­
tion, was employed to write down the system of 
equations of motion for nonlocal interaction in 
Hamiltonian form. 

The system of equations of motion of Bloch and 
Mpller 11 for interaction of a scalar neutral field 
A ( x) and a scalar charged field 1/J ( x) can he 
written in the form 

~Ao rx; cr] 
~cr (x') 

1No [x; cr] 
acr tx') 

(6) 

~ = 
- 8cr(x') ::6 gkak [x; cr]; 

k=l 

(7) 

=- g ~ '~m (x- x') A (x2) ~ (x3 ) F (x'x2x3 ) d4 (x 2x3 ) 

A (x) = ::6 gkAk [x; cr]; 
k=O 

a oo 
- 3cr (x') ~ gkrpk [x; crJ, 

k-1 

(8) 

q; (x)= ,::6 gk~k[x; cr]. 
h=O 

If the equations (6) and (7) are rewritten in the 
form 
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OA 0 [x; aJI aa (x') = i [H (x' I a); A 0 [x; a]]; (9) 
a'f0 [x; a]laa(x')=i[H(x'la); lji0 [x; a]], (10) 

then, comparing the right-hand sides of Eqs. {6) and 
(9), (7) and (10), and choosing in a corresponding 
fashion expressions for the supplementary fields 

ak [ x; a] and cpk [ ~· a], it is possible to find a 
formal expression* for the functiona1 H [x; a], also 
in the form of a series in powers of g: 

or, ;aking into account the expansion, Eq. {ll), 
ra I aa (x"); a I aa (x')] Ao [x; a] 

co 

= i ~ gk{[Hk(x' fa); 11 ~:r(:~')crJJ 
k=l 

-[H ( "/ )· M 0 [x;cr]] 
k X a ' 1lcr (x') 

[·aH (x' /cr) ] 
+ 0~ (x") ; A0 [x; a] 
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H [x; a] = ~ gkHk [x; a] s. {ll) 
[ aH (x" I cr) ]} 

- ~cr(x') ; Ao[X; a] etc. 

k~1 
where the symbol a I a a (X) denotes differentiation 
on the hyper surface a, and clearly enters into the 
expression for the Hamiltonian H k [x; a]. 

The equations (9), (10) are integrable only if 

[ _1>_. - 11--J A [x· a]= 0; 
1lcr (x")' 1lcr (x') 0 ' 

(12) 

Employing the expression for H k [ x; a) obtained 
by Hayashi 6 , it can be shown that 

[ 1> 1> ] . 
1lcr(x"); 1lcr(x') IJ!o[X,a]=O, 

~ k {[H ( , I )· Mo [x; cr]J _ [H ( , / )· M 0 [x; cr]J} ~ g k X a ' 1lcr (x") k X a ' 1lcr (xl) 
k=l 

= i [[Hr(x' I a); Hr(x" I a)]; A 0 [x; a]] g 2 + 0 (g3) 

3 

= i ~ F (xlx2x3) F (x~x~x;) ~ a;aj ra (X1
- X;) a (x.- xj) 

i, i=l 

-a (X 1
- xj) a (x·- X;)] !1m (x;- XI) lj!~ [x~; a] ~0 [X3, a]{!1p.(Xz- x) Ao [x'2;a] 

+ !1"" (x~- x) A 0 [x2 ; a]} d4 (x1 ••• x~) + 0 (g3); 

[ iJH2 (X 1
; cr( . . J i \ I I I 

011 (x") , Ao [x, a] =- 2 ~ F (x1X2X3 ) F (x1x2x3) 
3 

x ~ a1aia (xl- x1) a (x"- xj){ !1"" (x2 - x) A0 [x;; a} 
I; i=l 

+ !11'- (x;- x) A 0 [x2; a]} {!1m (x1 - X~) ~0 [x;; a] ~0 [x3; a] 

+!1m (x3- x;) ~; [x1 ; a] ~: [x~; a]} d4 (x1 •. . x;); 

[acr ~x"); 1lcr ~x~)] Ao [x; aj =- g 2 ~ d4 (x1 •• • x;) F (x1x2x3) F (x~x~x;) 
3 

X ~ a;ai [a (X 1
- X;) a (x"- xj)- a (X1

- xj) a (x" --X;)] 
i; i=l 

X { !11'- (x2- x) A0 [x~; a]+ !11'- (x~- x) A0 [x2; a]} 
$ I 1 I I 

X {!1m (xa- X 1) ~o [xl;a] ~o [Xa;a]- lzl1m (xi- X1) ~0 [x3;a) ~0 [x3;a] 

- 1lzl1m (x3 - x;) ~: [x1 ; a]~; [x~; a]}+ 0 (g3 ). 

* In the particular case of the first approximation 
{ k = 1 ) we obtain 

H 1 [x 1
• cr] =- ~ \jl; (x1 ; cr] A0 [x2 ; cr] ~0 [x3 ; cr] F (x1x2x3) 

3 

~ a11> (x'- x 1), {11 ') 
.i=l 

where a 1 = a 3 ; a 1 + a 2 + a 3 = 1. It is easy to convince 

oneself of the validity of this expression by the direct 
substitution of (11 ') in the equations (9) and {10). After 
substitutions, these equations coincide with {6) and {7) 
to order g2, The hyper surface a clearly enters into 
Hk [ x; a) in subsequent approximations { k ?_ 2 ). 

An analogous expression can be obtained also 
for the field tjJ 0 [ x; a). In the theory of nonlocal 

interaction these expressions do not go to zero, and 
consequently, the conditions (12) are not satisfied. 
Thus, the procedure of Hayashi is internally incon­
sistent in an arbitrary k th order ( k =I oo), and the 
equations of motion do not have a Hamiltonian 
structure. 

However, from consideration of Eqs. (6) and (7), 
it follows that the condition of integrability (12) 
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will be fulfilled in the limit of k fo oo, if for arbi­
trary* k > l 

[ 8 8 ] 
8a (x"); 8a (x') 011 [x; a] = O; (13) 

[8a fx"); 8a ~x'J 'Pk [x; a] = 0, 

and the series (8) and (11) converge. 
In this case the many-time equations of motion 

for the fields A0 [x, a] and I,U0 [x; a], and also the 
corresponding equation of Tomona~a-Schwinger in 
the interaction representation would have solu­
tions for signals with velocity faster than light. 
These equations would also have single-valued 
solutions in finite time-like regions for transitions 
to the limit A. -> 0. 

The investigation of the convergence of the 
series (8) and (ll) presents considerable diffi­
culty becaus,e of the complexity of the procedure of 
determining the quantities H k [ x; a]; ak [ x; a] and 
'Pk [x; a]. However, the very rapid increase in the 
number of terms in the expressions for H k [ x; a]; 
ak [x; a] and cpk [x; a] ask-> oo gives no grounds 

for expecting that the series (8) and (11) will be 
convergent. 

At this point there is an essential difference 
from the theo1~y with local interaction, where-- ig­
noring the divergence of the expansion in powers of 
the coupling ~~onstant g--after carrying out the pro­
cedure of renorrnalization, it is possible to use 
several of the initial terms in these expansions; 
this gives, in many cases, a sufficiently good 
asymptotic representation of the quantities con­
sidered, as is shown by comparison with experi­
ment. In the theory with nonlocal interaction, it is 
impossible to stop at a finite number of terms, since 
the condition (12) is not fulfilled in this case. 

* Since the fields ak [ x; a] and cpk [ x; a] in Ref, 6 can 
still be expanded in series in powers of the constant g, 

it is clear that the fulfillment of Eq. (12) to order/* 

does not follow from the validity of Eq. (13) for some 

value of k = k* > 1. 

It is also important to note that the theory of 
Hayashi and the method of Pauli are both essentially 
tially based on the possibility of solving the 
integra-differential equations of motion of Bloch and 
M$6ller, which is impossible without the use of 
supplementary conditions over the finite interval 
X£[- oo + oo], 

Thus, in both the Heisenberg representation and 
the interaction representation 3 it is not possible to 
construct a theory with nonlocal interaction which 
has a Hamiltonian structure. 

In conclusion, I should like to thank D. I. 
Blokhintsev for interesting discussions and valu­
able advice, and also Prof. A. S. Davidov for dis­
cussion and helpful criticism. 

1 M. A. Markov, Usp. Fiz, Nauk 29, 269 (1946). 

2 M. A. Markov, Usp. Fiz. Nauk 51, 317 (1953). 

3 V. S. Barashenkov, J, Exptl. Theoret. Phys. 
(U.S.S.R.) 28, 579 (1955); Soviet Phys. JETP 1, 467 
(1955). 

4 D. I. Blokhintsev, J, Exptl. Theoret, Phys.(U .S.S.R.) 

17, 267 (1947); 18, 566 (1948); Reports of Moscow 
State Univ,, Fisika 3, No. 77 (1945). 

5 W, Pauli, Nuovo Cimento 10, 648 (1953). 

6 C. Hayashi, Progr, The or. Phys. 10,533 (1953). 

7 H. Umezawa andY. Takahashi, Progr. Theor. Phys. 
9, 501 (1953). 

8 E. T, Whittaker, Analytical Dynamics (Russian trans­
lation) ONTI, Moscow, 1937, 

9 P. K. Rashevskii, Geometrical Theory of Equations 

with Partial Derivatives, GTTI, Moscow, 1947. 

10 E. K. Titchmarsh, Introduction to the Theory of 
Fourier Integrals (Russian translation), State Publish­
ing House, Moscow, 1948. 

11 P. Kristensen and C. M,Sller, Dan. Mat, Fys. Medd. 
21, No.7 (1952); C. Bloch, Dan. Mat. Fys. Medd, 27, 
No, 8 (1952). 

Translated by G. E. Brown 
177 


