DIELECTRIC

1 B. M. Vul and I M. Gol’dman, Dokl. Akad. Nauk
SSSR 46, 154 (1945).

2 G. 1. Skanavi, Electrichestvo 8, 15 (1947).

SOVIET PHYSICS JETP

VOLUME 4,

PROPERTIES 527

3 G. 1. Skanavi, J. Exptl. Theoret. Phys. (U.S.S.R.) 5,
399 (1947).

Translated by R. T. Beyer
120

NUMBER 4 MAY, 1957

Cn Guasiclassical Quantization

V. S. KUDRIAVTSEY
( Submitted to JETP editor August 31, 1955)
J. Exptl, Theoret. Phys. (U.S.S.R.) 31, 688-692 (October, 1956)

A method of calculating the energy levels in a quasiclassical quantization is presented
for the one-dimensional case. The value of the levels is obtained in the form of in expansion
#. Under certain assumptions on the form of the potential energy U(x), this expansion can be
obtained in a general form. Computations are carried out for a potential energy having a mini-
mum and rising on either side of the minimum, i.e., of an oscillator type.

A S is well known, in the quasiclassical method
for the solution of the problems of quantum

mechanics, the wave equation i is written in the
form

eiolh

1)

Making this formal substitution in the Schrédinger
equation

Ab + (2u/p?) (E—U) =0, 2)

we obtain an equation for the function o:

(vo)? + (nfi) As = 2u (E — V). (3)

The formal solution of Eq. (3) is written in the form
of a power series in f:

o =0 + (hfi) o1+ (hfi)* oy + ... (4)

Substituting (4) in (3), we ultimately get, for the
one-dimensional case,

o= p; o = — p’/2p; 55 = p"/4p? — 3p'*/8p3; )
oy = — p”/8p® + 3p"p’ [4p* — 3p'3/4p*;

two components which define the phase and modu-
lus of the wave function:

$ = exp {o; — h%q3 + Rio; —. ..} ©)

X exp {i (09 h— hay + hia,—. . )}

Another linearly independent solution of the
Schrédinger equation is obtained by substituting
i »>—iin Eq. (6). For imaginary p, all the expres-
sions in the exponent are real.

Let x = a be a turning point, i.e., U(a)=E. Let
us find the phase of the wave function for x > q,
considering that, in this region, £ > U(x), and in
the region x < a, E < U(x), and the modulus of the
wave function decreases with decreasing x. Solving
the Schrodinger equation exactly in the neighborhood
of the turning point, where the potential energy can
be approximated by a linear function of the coordin-
ate x, and joining the exact solution with the
quasiclassical one, we obtain an expression for the
phase, as isusually done. The exact solution of
the Schrédinger equation with a linear potential
which satisfies the conditions set forth above has
the form (except for a constant multiplier)

) 2 s 2.0
, llV51[1—11,(§I’31'2>+1123(§l€|">], x < 0;
sy = pUV)/16p* — 5p’’ p’ /8 TTys 2 o 2 pp)

—13p"2/32p5 + 99p"p'2/32p° Vel (o) + s (ze)], w0,
—297p'4/128p7:... B s -
p / Py = ocx/h -’2, o =— VQP' (*a(/,‘/ax)a-

where p =/ 2u(E — U) is the classical momentun.
Forreal p, the quantitiesoé,o;, ...andog,0, .. . arereal,

and the quantity o can be uniquely divided into



528

Its asymptotic expansion for r > 0 can be written
for x > 0 in the form*

(7)
5 1 . 565 1 (2.
exp{ %—{+§O—4‘~8?—...}sxn(§E/2

5 1105 1
48 gl + 9216 g > '

31
Vr gl

b3
+4

s 1105 &3

2 ox®l
+ 9216 0(3)6 f2

The phase of TR + B

must be joined with the phase of the function

exp {5, — h2og + hiog— ...} (8)

X sm \h — hoy + B30y, — ...+ const)

close to x = @, determining the unknown constant
in this case.

At the point x = a, the momentum p vanishes; if
x is considered as a complex variable, then for
p(x), the point x = a is a branch point in which
p(x) is a double-valued function. The functions
are also double-valued from the

,
0'0,02, 4"

branch point for x = @, as is evident from Eq. (5).

To obtain the functions ¢, 05, 0,,..., it is
appropriate to carry out the transformation from
ordinary to contour integration, since the func-
tions o, 04 , ... go to infinity for x =a. We
make a cut in the complex plane x, going to the
right from the point x = a; on the bottom side of the
cut, let the square root take the positive sign, and
on the upper side, the negative sign. Then the
integral over x reduces to one-half the integral over
the loop in which we go around fromthe point x on
the upper side of the cut surrounding the point

x = a and proceed to the point x on the lower side
of the cut.

5
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* The series in the exponent and in the sine argument
are determined identically, Upon expansion of the ex-
ponent and the sine in powers of £-3/2, we obtain an
asymptotic expansion in a seriesin the usual form,
keeping all successive terms of the expansion up to

terms of that order which they have in the exponent and
in the sine argument.
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For such a determination of the functions o,

Oy Oyrene s WE have
!
Gy = 1/7§ 5o dx; (9)
Cs
— 1 ' . ,
2 = /2S°2dx> ’54:1/2854(1)(,...
C: C,

Comparing (6), (7) and (9), for x close to a, we ob-
tain for the phase the value

oo/ h+ = /4 —hoy + 3oy —. .., (10)

where the 0y 09, 0
(9).

We now consider a form of the potential energy
U(x) in which there are two turning points, x = a,
x =b, where fora <x <b, U(x) <E, and in the
rest of the region, U(x)> E. The wave function
which vanishes for x < a has (for x > a) the form
(it can be considered real ), except for a constant
multiplier,

4 -+ - are determined by Kgs.

exp |o, — Ko, 4 rdo, — . | } (11)

. G ™
X sm(T" + 7 — 1% -+ hlo4—. . .),

where the o, o, 0, .- are determined by Egs.
(9). The wave function which vanishes for x > b

has (for x < b) the form

exp {o; — h?0y + oy —. . .} (12)
xsm(;" , %—hs2+h3s4-. ..),

where the Sg» Sg» Sy .. are determined by

Sy = 1/28 O’;dx; (13)

Ca

Sy = 1/2K opdx; Sy,= 1/28 oudx, . ..
C ol
The contour C, is a loop surrounding the point
% = b in a counter-clockwise direction, in which
the cut is taken from the point x = b to the left; on
the lower side of the cut the square root is positive,

on the upper S1de it is negative.
z-f

%
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QUASICLASSICAL QUANTIZATION

The wave function of the energy level must vanish
for x < @ and x > b; the decompositions (11) and
(12) represent one and the same function; there-
fore, the phases determined by Egs.(11) and (12)
must in total give an integral multiple of 7, which
leads to the condition

Cﬁc:,dx——hz@ oy dx
C

C

(14)

—l—h‘lgs c;dx—...=(n+1/2) 2nh,
C

’ d 4 .
where the o, 05, 0;,. .. are determined by K.gs.

(5),n=0,1, 2,..., and the closed integration con-
tour C surrounds the points x = @ and x = b in the
counter-clockwise direction. The condition (14) is
the exact quantization rule of Bohr.

T=a Z=4

G

—

¢
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The quantities o7, 0., ¢/, ... entering into (14)
q 0’99 8

are equal, according to Eq. (5), to the following:

5o =V 2 (E—U); (15)

oy = — U"/8Y 2u(E — U)

— 50232V 2u (E — U)'r;
gy = — UUV)/32 (2u)’l (E — U}
— 70U’ 132 2yl (E — U)'k
— 19U"2/128 (2u.) (E — U)"l2
—2210"U"%/256 (2u)': (E — U)’l2
— 1105U4/2048 (2u)’z (E -— U)"-, . . .

We carry out the integration in Eq. (14) in the
general form under the supposition that the potential
energy U(x) at a certain point has a minimum, and
at points x =a and x = b, U(a)=U(b)=E. We
locate the origin of the coordinates at U/ (x) so that
U(0)=0, U’(0) =0. We displace the contour of
integration C which surrounds the points x = a and
x = b in the complex plane x so that the condition
E <|U(x)| is satisfied on it, which pern.its us to
expand the function (15) in a series in £. This
can be accomplished in each case if the singular
points of the function /E — U(x) are sufficiently
far from the points x = a, x = b.

Thus, over the entire path of integration, cut
longitudinally by the method described above, we
have

so=iV30) 1— £ 1o
=iy U {1 T m(v) z~4-6<7f>
135 [E\
24b8<_U—> o }
c/ . 104 E_‘E;_ 3_'_5 E \2
2 SVZELU/z{1+ 2Tt -4<77> + }
5 iUn o L ST(ENe
32 VUt {1+77+E\T) + }
S Udv) 7 iUy’ 19 iure

t 7, @u)hyth T3 @w)'hy’ 128 W

iUy
() U

1106 iU’

2048 {opy ks T

Substituting (16) in (14), we obtain an equation for

E, the solution of which is to be sought in the form
of a series in fr:
E=#hE; 4+ nE,+ n3E; 4 ... 17

Then the equation takes the form

i(Pdx {]/ZZU + & <—%V‘@)
C

Ul
o (_ VIeEy V2Ei U
2012 8U’ls 8V 2ui’h
_ 43 ( __V2E, V2uEL,
32V 2uU'h 20" 40Ut
_ VE}  surE,  25UnE )
16U " 16V 2uUr 64V 2uU'

Ty ( _VEE,  VIEE,

20 LU
VIuES 3 V 2pE2E, i V2uE
8yl 160"l 128012
. _3UE, n 150" E?
16V2pU" 4V 2y
__25U"E, 175U "2E2
64V 20U 256V 20"
UUV) 7UWU/
322u) U 32 (2u) U
_1gyre 210"
128 (2u)"U " T 256 (2u) 2"l
11050 /4

1
.. = =) 2xh .
2048 (2u)’12 U2 >+ } (n T Z>2ﬂ
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Equating terms with equal powers of f, we can,
term by term, find the coefficients of the series
(17). The term without # is identically equal to
zero, since the integrand +v/ U(x) is a single-
valued function which has no singularities inside
the contour C [ we recall that U(0) =0, U’(0)=0].

The terms for fr give

V2uE, {2 dx / 1
— BB (s Lo
2 CVU ( +3

The function under the integral, 1/+y/ U(x),is a
single-valued function having one pole within the
contour C (at x = 0) with residue

V'2/U" (0),
therefore,

E=VUO)un+yy. 18

Equating to zero the terms in # 2, we take it into
consideration that each of the components in the
integrand is single-valued inside the contour C and
has a single pole at x = 0 with a corresponding
residue. Computing these residues and using £ ;
from (18), we obtain

(19)

_ A [(n 4122 UV (0)
E?‘E[ % (770

N 5UIII2(O)> L(U“V)(O) —7U!II2 (0)\:,
3U0) / 64\ UT(0) U )/l

V. S. KUDRIAVTSEV

Additional coefficients in the expansion (17) are
computed in similar fashion. Thus,

1\3
%9 :(’“L?) UtV (0)
WV 70y 288 ( U"(0)

170@V)* (0)
802 (0)

E,— (20)

w0 0) u(0)
U= (0)

UV 0) U2 (0)  93507ma(0)
4U”3 (O) - m

5 L\ UVD (0)  g7y1V)*(0)
+ 1152 ('H‘?)( U"(0) ~ 40072 (0)

19U () &7 (0)
5072 (0)

__153UV) (0) U2 (0)
20073 (0)

— S ) -

The term E | corresponds to a harmonic oscilla-
tor, while the subsequent terms are determined by
the departure from harmonicity .

Equations (17)-(20) give a better approximation
for small n, i.e., for the lower levels.

! L. Landau and E. Lifshitz, Quantum Mechanics,
GITTL, 1948.
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