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The cross section for capture of two electrons by a fast a-particle colliding with a
helium atom is calculated in the Born approximation.

HE effect of charge exchange, which occurs

when positive ions pass through matter, has
been studied thoroughly, both experimentally and
theoretically. But in most cases, only collisions
with single electron charge exchange have been
considered. Recently, Fogel’, Krupnik and Safranov !,
in the study of the processes of charge exchange
of protons in gases, have observed the capture of
two electrons in a single elementary process. They
found a value of o = 2.3 x 10-18 cm 2 for the cross
section of a 21 kev proton transformed into a nega-
tive H™ ion in the collision with a hydrogen mole-
cule.

The theory of multiple charge exchange can be
treated by the same approximation methods as those
used forthe theory of atomic collisions;?
these permitted the computation of single electron
processes. For instance,® we used the method of
perturbing the stationary states to determine the
cross section for the simplest two-electron process
H* +He “H +1le** in the case where the velocity
of the proton is much smallerthan the velocity of
the electrons in the atom. In the present paper, the
opposite limiting case of fast collisions is con-
sidered, and the Born approximation is applied.

Let us consider the case of the collision of a
two-electron atom containing nucleus 1 (atomic

number Z; mass number A4 1) with a nucleus 2
(22 » Aqy ); as a result of the collision, both

electrons are captured by 2. If we separate the
center-of-mass motion, the Hamiltonian of the
problem can be written in the form*

H = —(1/2u) A, + H, (1)
— Zy (Mr ) 4 ZyZof |t —s ]

where r and r“( s, s”) are the radius vectors of the
electrons with respect to the nucleus 1 (2); p is
the radius vector of the center of mass of the

two-electron atom 1 with respect to the nucleus 2;
pe =MA, (4, *2¢) (A1 tA4, + 2¢)1 is the reduced

*All the magnitudes are expressed in the system
where I =e¢ =m = 1,

mass (e = M1 is the ratig of the electron mass and
the nucleon mass); and H, is the Hamiltonian of
the two-electron atom 2

1:12————%(1 + 7;:“2) (As + Ag) (2)

g r, 1- J l
*E(VSVS')—A2(T+§}‘)+ |s— s}

We denote by xn(z)( s, s”) the orthonormal eigen-
A

functions ofthe operator
Hoyd =Wy,

The function y (2) describes the ground state
of the atom 2, and W?) is the binding energy of

the electrons in this state.
We seek a solution of the Schrédinger equation

HY = WV¥ in the form
= Fa(p) 22 (s,8). 3)

We have the following equation for F( p)

(Do + £3)F, (p)
=—2u, S& dsds’ xﬁz)ﬁ: (s, s)V (p,s, ") ¥ (p, s, §),

V=2 (fr+1r—2,/|r—s), ©

ks = 2u, (W — W)= 2u,E,; ©6)
where E, is the kinetic energy of the outgoing

particles in the center-of-mass system. We are
interested in the solutions of (4) which behave,
at large p , as F (p) ~ ptet 2P f(9). Obviously,
W \ ’,
f(®) “?{SSXdeSdS
i # A i ’ ’ 7
x e~ik® y @7 (s, 8")V (p,s,8") ¥ (p,s,s) )

and the cross section for the capture of the two
electrons into the ground state of atom 2 is equal

* ds = (kafk) | (9) 1 dC2. @)
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The above equations are exact; later we make
the following approximations:

1. Born approximation: the wave function in (7)
is replaced by the expression

= ey (r, 1), ©

where o is the radius vector of the incoming nucleus
1 with respect to the center of mass of the two-
electron atom 2.

2. The following approximate expressions are
used for the ground state wave functions of the
atoms 1 and 2

AP = (3 =) e=lrtr),
(10)
XE)Z) - (o(,g / z:) e—'az(s-f-s').

The criterion for the validity of the 3orn approxi-
mation is usually given by the inequality Z,Z,/v
<< 1 but the study of the s1ngle electron process
H* +1 ~H +H* has shown* that the 3orn approxi-
mation gives results in good agreement with the
experimental data for smaller velocities, down to
v~ 1. Apparently this is related to the fact that
in the initial state as well as in the final one, one

of the colliding particles is neutral, and the Coulomb

interaction practically vanishes for distances some-
what larger than the atomic radius. Therefore a
plane wave is a sulficiently good description of the
motion of the atom and of the ion, even for not very
high energies.

The same situation takes place inthe case of a
two-electron capture by the process

He™ 4 He — He 4 He™" (11)

In this case, the criterion for the validity of the
Born approximation is not obwious. If one requires
4v < 1, then E|., X 1.5 mev; but if one relaxes

the condition to v, S v (where v = o is the mean

0
velocity of the electrons in the helium atom), the

condition on the energy becomes weaker: Elab

2 0.3 mev,(Note that in the case of proton charge
exchange in hydrogen, both criteria coincide:
v~1,) Notw1thstandmg the fact that the nuclei 1
and 2 are identical in the process (11), the sym-
metrization of the wave function is not necessary
because, for high energies, the nuclei are practi-
cally distinguishable.

Forthe sake of simplicity, all the following for-
nulas refer to the process (11); their generalization
to the case of arbitrary Z and A does not present
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any difficulty.

After an obvious change of integration variables,
the amplitude f (¢ ) for a double charge exchange
of a-particles in helium is equal to

f(®) =4, —Jy)/%a?

(12)
J1= SdRezgRSdr e—ixr—r—ir—R|
XSdr e—inr'—r'—|r'—R! (13)
J2=Sd,\," e'gR(Sdre—‘"—’~'f R) (14)
ko _ e(ki+ky)
g= (kl 1 +s/z) - 40:(11—{—5/22) , (15)
B = k3 = k2 =~ (2/2) E1ab,
(16)

x COS'S' = (klkz)/kz, oqL = 1‘69.

Let us express the integrals 7, and J, in a form
suitable for numerical integration. We represent

Q(R)=Sdrexp('——iur—r—}r~R|)

in a Fourier integral
8 .

QR) = {dge® (1 +2)2 (1 + (& + 271,
using the identity®

1
1
azr
0

letting @ = 1 +(& + ),

6x (1 — x) dx
[ax T o (1 —0

2b=l +§2;we denote
pr=xx(1—x)+1, ¢*=x2y(1—y) + 1. qp

We then have
1

Q (R) = (48/75) de (1 J— X) xe—ixxR
0
x{ (F + pt) s d nen®
1
= 2V2—'-‘TR‘I= S dx (l —_ x) xp_otze—ixxk K“lz (pR),
0

the integral J, is equal to
11

Js =48n3ggdxdyxy(l —X)

00

x (I—y) p=%q—5LF, (x, y),

(18)
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Fo=3+42(2p% 4 3pg + 2¢%) 1 (19)

+ 8 (p* + 2p°q + 3p*q* + 2pg® + q) A
+ 48pq (P* + ¢%) (p + q)* 13 + 128p%q? (p + q)* 12,

Ih=(p+qP+Ig—(x+y=p. (20
Similar manipulations yield
J, = 3848
el
X x\ dxdy xy (1 — x) p~3q7313F, (%, y), (21)
00

Fi=q¢*42p(p +q)* (0 — 2pq + 3¢2) 1. (22)

+16p°q (p + g)* 22
It ts easy to see that for energies £, ~ 1 mev,

when the Born approximation begins to be valid, each
of the magnitudes p, ¢ and »? does not exceed a
few units, and £2 ~ 108 ; therefore, for v >>1/k
~ 10-4;

Mt=2(1+pg) + (1 —x—y + 2xy) »?
+ (4k?/e?) sin? (3/2)
~ (2k/a)2sin? (8/2) > 1,

and F, = 3. Formula (18) becomes

36732

Jz ~ o7 (S dx (1 —x) x 2
0

[x2x (1 —x) 11/ °

andsince, forA<<1 J, << ], , the amplitude f ()

is equal to

— |+ ()

The contribution to the charge exchange cross
section o from angles v > 9, ™ 10-3 to 10-2

£(9) ~ cos? —‘3]‘*

D) - (23)

amounts to
1—(9/2)?

b4 \ dx
skt J (1_x)2[1+\j£)2x-ls
~ T

=
e2k192
0
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For angles ¢ < ¢ the integrals J, and J,
were obtained by numerical integration.

The results of our calculations of the cross
section for the process (11), as a function of the
energy of the incoming a-particle in the Laboratory
system, are plotted in the graph. When comparing
with experiment, one should remember that the
capture into excited states of the helium atom has
not been taken into account.
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We are indebted to Ia. M. Fogel’ who brought
our attention to the experimental data on double
charge exchange.
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