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can all be derived as special cases ofthe rela-
tions given above. It is to be noted that the first
equation of Kolmogoroff-Feller permits the deri-
vation of the complete system of equations for
the desired probability densities. Comparison of
the two equations permits determining the sym-
metry properties of the function f,¥2 (1; 2) with

respect to an interchange of indices, from which
follows the general formulation of the principle
of optical reversibility. .

The probability density fvv2 (1; 2) considered
here is closely connected, o* course, with the
transmission and reflection functions of V. A.
Ambartsumian and with the probability of emer-
gence of a photon employed by V. V. Sobolev.
The authors hope to take up these problems in
detail.

Translated by J. Heberle
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The Lagrangian Function for o Slystem
of Identically Charged Particles

V. N. GoLUBENKOV, IA. A. SMORODINSKII
(Submitted to JETP editor Dec. 2, 1955)
J. Exptl. Theoret. Phys.(U.S.S.R.) 31, 330
(August,1956)

ARWIN! has shown that it is possible to
D write the Lagrangian function for a system of
charged particles, correct to the second order terms
in the ratio of the velocity of the particle to the
velocity of light. This is possible because the
radiation of light is a third order effect in v/c
and does not enter inthe second order approxima-
tion.

It is of interest to point out the possibility of
obtaining the I.agrangian function for a system of
identically charged particles to a higher order of
approximation . It is well known that in a system
of identical particles (with precisely the
same ratio of charge to mass) the radiation is pro-
portional to the fifth power of v/c and not io ihe
third power. Therefore the Lagrangian function for
such a system can be written to the term v/ et
It is easiest to use the method given in the book of
Iandau and Lifshitz*for its calculation.

It is not difficult to show that the third order
terms in the Lagrangian function go to zero. A
calculation of the fourth order terms leads tothe
following expression, which must be added to the
second order Lagrangian function.

m_v8 2
@__ W% | e o 1 2
L% = Tocr T8 2 R, e (1)
a b>a
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where n is a unit vector in the Direction R . Of
course in making calculations the terms th&f con-
tain the total derivative with respect totime are
dropped.

The accelerations can be expressed here
through the coordinates and velocities of the
charges, consistent with the equations of motion,
obtained by c¢ompletely neglecting the retarded
potentials, that is, from the Lagrangian function
of zero approximation. Thus inthe simplest case
of two charges we have

v = (e?/m)n/R? Vs = — (¢ / m)n/Re,

where R ,; = —R;, =RandR/R=n; after substituting

in (1) we obtain

L@ mu$ mu$
16¢ 16¢ (2)

e 1 .
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3e? 5
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The T.agrangian function of two identical charges
with accuracy to thc fourth order can be used for
investigating the relativistic corrections inthe
scattering of high speed protons, and also for
generalizing the well-known formula of 3reit forthe
interaction of electrons (see Refs. 3,4). The
calculation of the formula of 3reit to fourth order was
carried out by Maksimov; the results however are
very lengthy, and we will not include them here.

The authors thank I.. A. Maksimov for considera-

~tion of the work.
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Charge Renormalization for an Arbitrary,
Not Necessarily Small, Value of e

K. A. TER-MARTIROSIAN
(Submitted to JETP editor April 6, 1956 )
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 157-159
(July, 1956)

R ECENTLY Taylor!, combining the results of
Landau, Abrikosov and Khalatnikov? with the
general theory of Gell-Mann and Low?, attempted
to prove in general that the only case in which the
present electrodynamics does not lead to a contra-
diction is that with the renormalized charge e_
equal to zero ( since otherwise the ‘“seed’’ charge
o turns out to be imaginary and the interaction
operator is non-Hermitian). In accordance with
Ref. 3, Taylor writes the quantity e?dc(ez, &) [d,

is the renormalized propagation function of the pho-
ton, and £=In (=k%/m?)] in the forni of some
function of only one variable*:

/ 2 R
eﬁ/ [1 — di L—o%f, (e;):l, (@))]

where fc(ef) is some unknown function. Comparing

eld, = D (), %, (§) =

Eq. (1) with the results of Ref. 2, Taylor shows
that lin()) yf,(y) =0, and
y ->

@) =»r, if 1 - +0.

(2)
With €= L, L = In(A%/m?), where A is the cut-
off limit for momentum, Eq. (1) determines the
charge renormalization
eg= epd (L) = eld, (L) = @ [\ (L)]. (1

If in Eq. (1) ef is regarded as an arbitrary fixed
quantity, then for L > «, A > 37 /L. Taylor
obtains the result stated above by assumjng that

(2) holds also for )\c >-0:
® (h) = A, k= —0, (29

i.e., that A ® () ) is a function of A continuous
[+ c c

at zero. Indeed, for L » o, A = -37/L->-0,it
follows from (17) and (2°) that

ey~ —in L, 3),
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i.e., e, turns out to be an imaginary quantity.

Unfortunately, it is so far quite impossible to
find any basis for the assumption on the continuity
of the function )\c @()\c ) at the point )\c =0, so

that Taylor’s whole proof remains without founda-
tion. Even the reverse appears more probable: that
the function ®(\) has an essential singularity at
A =0, for example, of the type exp(1/X); this
would correspond to the fact that all expansions

in powers of ez are apparently asymptotic series.
In any case one can display many functions ® ()
for which the condition (2) is fulfilled (i.e., the
relation (1) of Gell-Mann and Low goes over for

ef - 0 into the formulad_ =[1- (ec2 £/3m)1t
of Landau, Abrikosov and Khalatnikov), but (2”) and

consequently also (3), are invalid**.

If, however, we consider all quantities before re-
normalization and confine ourselves to a simpler
problem than the one attacked by Taylor, the whole
discussion can be carried through quite rigorously.
In fact, we assume that the ‘‘seed’” coupling con-
stant eo is an arbitrary fixed quantity. Moreover,
ef = ei (e L). We shall show that under these

conditions ef > O0for L > o not only for eg <1,

but for arbitrary e, » L

Indeed, according to Gell-Mann and Low?, we
have***

€3 (¢3, L — &)= D (1), 1y (5)

(4)
— 2 12 ) £) 2 2
—BO ITE'(L—Q)_eOfo(Oo)y
where ®()) is the same function as in (1), and
fo(eg) is some unknown function. Fore -0
this equation goes over into the relation
ez 1
[1 + — (1_ ] (5)
of Ref. 2 only if
Lin [yfq ()] = 0 (6)
-0

and, moreover, the relation (2) must be satisfied .
[The condition (6) must be fulfilled in any case:
otherwise, for eg >0, ® would depend on a quan-

tity different from eg[ 1+ (6(2)/377)(L -1

and (5) would be in contradiction with (4)]. It
must be noted that F.gs. (2) and (6) are not inde-
pendent conditions; one follows from the other. In



