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The polarization effects in the radiation of an accelerated electron are investigated by
quantum methods, but in classical approximation. The formulas obtained describe both the

linear and circular polarization.

1. AMPLITUDES OF THE LINEAR AND CIRCULAR
POLARIZATIONS OF THE PHOTON FIELD

I N considering the spontaneous emission of pho-

tons, we must choose the commutation relations
for the amplitudes of the vector potential in the
form

’ ’ o~
a;‘as =0, asasf = (O55 — %ty /xz) Oy, /- (1)

For the determination of the polarization properties
of the radiation it is necessary, moreover, to re-
solve the vector potential amplitude a into com-
ponents such that each will characterize a definite
state of polarization. In the study of the linear
polarization one must resolve the amplitude of the
vector potential a into two mutually perpendicular
components ( cf, e.g., Ref. 1):

a = Bogy + Bygs = a, + a,, (2)
B = [njl/V'T—(nj)?, (3)

Bs = (n(nj) —j)/ YV T—(mj)7,

qsq:; = 3.ss’: s, s = 2: 3- (4)

The vector j must be fixed in some specified direc-
tion, for which one can take, for example, that of
the magnetic field vector H.

In the study of the circular polarization one must
resolve the vector potential into two components in
a different way:

a=1q1+7v491=a,+a_, (5)

-
where the vectors? are related to the vectors B

by'

Ta= g~'h (Bz -+ i1Bs), (6)

and A, A"=+1, -1, q)\qx,= Sy~ For A =1 we

find the intensity of the radiatjon having left-
circular polarization, and for A = —1 that with
right-circular polarization.

We write the expression for the intensity of the

radiation in the form:
T

W= nge sin 0 W (v, ), (7)
v 0

with the spectral and angular distribution of radia-
tive intensity

Wi (V, 9) =ce? S;. (8)

The symbol i will denote the state of polarization
(i=2,3,1,—1), and 0 is the angle that the wave
vector x makes with the z axis. The quantity

S = (aa) (a"a") ®)

is related to the amplitudes of the photon field and
the matrix element

P :S e, dx,

describing the transition of the electron from: the
quantum state n to the state n”=n ~ v. In the
study of the linear polarization we shall have to
determine two expressions for S:

Sy = (aay) (a¥af) = aad (1 — 2 /(2 & x2)) (10)
+ ayaty (1 =3 [ (45 + 5))

— ('Eﬁ}f . &,,?cj{) ey [ (4% + %3),
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Equation (10) describes the photons with
polarization vector (i.e., the electric field vector)
in the plane of the orbit (¢ component), and Eq.
(11) is for those with polarization vector perpen-
dicular to the plane of the orbit (# component).
Both formulas are written with the convention that
the vector j is directed along the z axis, i.e., along
H.

In the study of the circular polarization we have
for the quantity S the two values

Sy = (aay,) (a*al,) (12)

=3 (aa’) =/ (an) (a"0) +=(i/2) (n[a ™)),

with the quantities Sil not depending on the direc-

tion of the vector j. As is well known, in the
classical case,the polarization ischaracterized by the
ratio between the squares of the amplitudes of two
mutually perpendicular oscillations, and also the
phase difference & between these oscillations,
which for an unpolarized beam takes all possible
values. In our case we shall set the squares of the
amplitudes of the oscillations proportional to W,
and ,, and the phase will be given by

sind = (W_,— W,) /2 W,W,.

It is obvious that the total intensity of the radia-
tion will be equal to the sum of the appropriate com-
ponents

W=Ww,+ W3:W_1+W1. (13)
Thus, in order to give a complete specification of
the polarization properties of the radiation, not
knowing the phases, we must calculate not only
the intensities of the linear polarizations (W, and
W3), but also those of the circular polarizations

(W_1 and Wl)'
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For unpolarized radiation we have

Wo=Wy=W_ =W, = % 7 (14)
In the case of linear polarization
Wo=W, W,=0. (15)
If the radiation has circular polarization, then
V.io=W, w,=o. (16)

The simultaneous presence of partial linear and
partial circular polarization

WZ ?& ‘VB’ W__l '—7E Wl (17)

corresponds to elliptically polarized radiation,since

3 0.

2. RADIATION OF THE ACCELERATED ELECTRON
WITH INCLUSION OF POLARIZATION EFFECTS

As has been shown (cf. Refs. 2 and 3), when
an electron moves in a homogeneous magnetic field
the frequency of the radiation is given in extreme
relativistic approximation by

“):C"I(En—En')/fL:vc/R, (18)
where R is the radius of the orbit and
E. =1V 2eHch + mc* (19)

is the energy of the electron. When one goesover
to the classical approximation (# - 0), which in-
volves the use of the asymptotic formula connect-
ing generalized Laguerre polynomials with Bessel
functions (cf. Ref. 4)

li 2 —
n_)ool'r?, 2400 ["- n—v (2 /4’1) - Jv (2), (20)
the matrix elements take the form:
l °?x ,2 = 52.];2 (‘I.B sin 6), (21)

| ay [ = sin™20J% (¥ sin 0);

—

ozxocjz

= (i /sin0) J, (+8sin 6) J, (v3 sin 0);

o2 o+ T+ - - =
Iaz] = 00, = o0, :ayocjzoczoc;,’":()_
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Then we get a formula for the radiation density
that indicates not only the spectral and angular
distribution but also the polarization:

Wi (v, 0) = (2% ) 2eR2) 2 By, (vBsinb)  (22)

—25ctg6J, (v8sin 6)}2.

In calculating the intensities of polarized radiation
we must set the constants A, and A, equal to the

following values: a) for the linearly polarized
beam with polarization vector lying in the plane of
the orbit (i = 2, 0 component)

hy=1, =0, (23)
b) for the linearly polarized beam with polarization
vector perpendicular to the plane of the orbit (i
= 3, 7 component)

)\2 = 0, }\3 = 1. (240

As is well known, in the extreme relativistic case
the direction of the vector » almost coincides with
the direction of motion of the electron (i.e., the
vector x is directed along the tangent to the cir-
cle). In this case the polarization vector for
Ay =1 A; =0 is directed along the radius toward

the center, and for Ay=0, A, =1 it is directed

almost along the z axis (Fig. 1).

In calculating the intensity of circularly polar-
ized radiation we must set

=+ ry=2"", (25)

From Eq. (22) we see that for the v th harmonic the
light propagated along some arbitrary direction 0
will as a rule be elliptically polarized.

The ratio of the squared amplitudes and the

value of the phase that characterize this elliptical
polarization are

Ws (v, 0) ctg?0J2 (v8sin 6) )
Wa (v, 0) - p2J "% (v3 sin 6) '

(26)

cosf

| cos6 |

8 = arcsin

T
=4 —,
2

From the latter equation it is seen that for 6
=n/2 (i.e., in the plane of the motion of the
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electron ) the radiation becomes linearly polar-
=0. For0<6<n/2,i.e.,
direction making an acute angle with the magnetic
field, the light emitted is elliptically polarized with
right-handed rotation, and for 7/ 2<6<m, with
left-handed rotation. With increase of | cos 6| the
elliptical polarization begins to go over into cir-
cular. In particular, for the nonrelativistic case

(B << 1), when almost the whole intensity is in

the fundamental mode (v = 1), we have

ized, since W, in a

Iy (Bsin) =, Bsin, o
Jy(Bsin) =1/,
Then the ratio in Eq. (26) becomes
W3 (6) / W, (6) = cos? 6, (28)

From this one sees that the beam in the direction
of the magnetic field (6 = 0) must be right-cir-

cularly polarized, and that directed against the
field (@ = ) is left-circular. This result for the
nonrelativistic case is well known and is used in
the analysis of the Zeeman effect.

To study the extreme relativistic case 1 -—B <1
it is necessary to approximate the Bessel functions

by the formulas (cf. Ref. 2):

Jy (vBsinf) = —S_ =K, (L J ) (29)

3

(5.

where e = 1 — ﬁ2 sin20. Then the intensity of the
polanzed radiation [ cf. Eq. (22)] will depend on
the harmonic number v and on the angle 6 in the
following way
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v, (V, e) = (8236/27€R2) (V2 / 3ﬂ2) (30)

X [hesKs, (% z-:”ﬂ> — cos 05 V= K, (% s'l-)]“‘.

To find the dependence of the degree of polariza-
tion onthe angle 0 alone, we sum the expression
(30) over the harmonics v. Since inthe extreme
relativistic case the maximum of the intensity lies
in the high frequency region, we can replace the
summation over v by anintegration. Then, using
the integrals

[o2]

S V2Ka21‘. (% 8'/2) dV = f:) ‘K2 —.12, (31)
0
¢ 5z 15 )
SV2K?"(%€I)dV=Eﬁ2 ;
0
¢ Vo, Vo, _ E %2
g VgKll' (—3—8 )Kzl'<—3—€ )dV—— V§S N
0
we find that
Wi(v,0)sin6d6 (39)

=sin6d0\ W, (v, 0)av=Wj; (¥ dz,

og/;s

where £ = cos6/y/1 — 82 and i is the total energy
radiated per unit time,

W =2/;(e*c | R?) (E | mc?)*. (33)

For the function fi (€) we have the following ex-
pression:

fi (e)

I

S ()

3 48y

™

;*3 dohgt (14 &2)"3} .

Curves of the dependence of f; on £(i.e., on the
angle 0) for the linearly polarized components are
given in Fig. 2. The curves f, and f, characterize

the radiated intensity of the linearly polarized light.
The curves f, and f_; of Fig. 3 characterize the in-

tensity of the circularly polarized radiation, namely,
the left-circular ()\2 = )\3 =1/y2 ) and the right-

circular (A, ==\, =1/y 2 ), respectively.
2 3 p y
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Finally, the curves fo (cf. Figs. 2 and 3) corre-
spond tothe total intensity of the radiation, equal
to the sum of the linearly polarized intensities
(Fig. 2) or of the circularly polarized intensities
(Fig. 3). These curves are identical in the two
diagrams.

Fromthe curves given it is seen that in the plane
of the electron’s motion (0 = 7/2) the light
emitted must be linearly polarized, with its polari-
zation vector directed along the axis of r. For 6
< 7/ 2 the radiation has predominantly right-cir-
cular polarization, and for 6 > 7/ 2, left-circular.

Integrating Eq. (30) with respect to the angle 6,
we find the polarization properties of the radiation
as they depend on the harmonic order v. Making
use of the integrals

™ , (35)
(oK, (5 &™) sin0a8

o
{ S Kz/,x(x) dx + 3K, (_% ve:)lz)};
313
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S ¢ cos? OK?, (%— s”“) sin 6 db.
0

)
<o | Ko g
~V§V ®l2 *
2ls Ve

so= 1 — 2 = (mc* | E)?

and introducing the variable y = (2 / 3)(mcz_/E)3,
we obtain

Wi () dv = S W (v, 0)sin0dd = Wo; (y)dy, (36)
0
where
9V'3
#(9) = 5y {03 +29) (37)

X | Koy (1) + 03—1) K3, ()
y

Summing Eq. (37) over the statesof polarization,
we obtain for the spectral intensity of the radiation
the formula found in Ref. 5 (cf. also Ref. 6). From
this it is seen that on integration over the angles
the circular polarization disappears completely,
since the intensities for the two cases, right-cir-

cular polarization (A, = A, =1/ 2 ) and left-
p 2 =3

circular polarization (A, = -\, = 1/ 2 ), become
p 2 3
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equal.

Fic. 3

The radiation intensities of the linear polariza-
tions of the light will be different. Curves of the
dependence of ¢ on y (i.e., on the harmonic order
v) are shown in Fig. 4. It is seen fromthe curves
that the bulk of the intensity is in the radiation
corresponding to the o component (cf. the curve of
gy ford, =1 A, = 0). The total intensity of the

radiation is represented by the curve g, .

Integrating the expression (37) over all fre-
quencies, we find the total intensities of the polar-
ized radiations( cf. also Ref. 4):

W =W\ e:(9)dy =7/ W, (38)
0

Wy =W o5 (5)dy = s W. (39)
0

These same values can be obtained also from Eq.
(32) by integrating overthe variable £.

A. A. SOKOLOV AND I. M. TERNOV

The theory of the polarization of the radiation of
an accelerated electron can also find applications
in the study of the radio radiation of the sun and the
galaxy, in which polarization properties have al-
ready been found experimentally. But the field of
radio astronomy in question requires special con-
sideration and is beyond the scope of our present
problem.
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Note added in proof: Recently, the polarization ef-
fects from the accelerated electron, as a function of the
direction of emission, have been studied experiment-
ally? for particular monochromatic parts of the spectrum
(A~ 5500 A, etc.) by the group headed by F. A, Koro- -
lev at the 260 mev synchrotron. Theoretical curves

drawn by Eq. (30) for the ¢ and 7 components (these
curves had approximately the shape of the curves forthe
whole spectrum shown in Fig. 2) agreed fairly well with
the corresponding experimental data.

L A. A. Sokolov, J. Phys. (U.S.S.R.) 9, 363 (1945).

2Sokolov, Klepikov and Ternov, J. Exptl. Theoret.
Phys. (U.S.8.R.) 24, 249 (1953).

3 A. A. Sokolov and I. M. Ternov, J. Exptl. Theoret.
Phys. (U.S.S.R.) 25, 698 (1953).

4 Sokolov, Matveev and Ternov, Dokl. Akad. Nauk
SSSR 102, 65 (1955).

> D. D. Ivanenko and A. A. Sokolov, Dokl. Akad. Nauk
SSSR 59, 155 1 (1948).

6 J. Schwinger, Phys. Rev. 75, 1912 (1949).

7 Abstracts of reports at the All-Union Conference on
High-Energy Particle Physics, Acad. of Sciences of
USSR Press, 1956, p. 167; F. A. Korolev et al., Dokl.
Akad. Nauk SSSR 110, No. 4 (1956).

Translated by W. H. Furry
91



