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The radiative corrections to the scattering of electrons by electrons and positrons are

calculated with accuracy up to o Consider
limiting case of large energies.

ation is given to the general case and the

1. ELASTIC SCATTERING OF ELECTRONS

BY ELECTRONS

T HE scattering of electrons by electrons and
positrons, including the radiative corrections
of lowest order, can be represented by means of
the diagrams shown in Fig. 1, where p, , Py » P1 »
and pz';‘epresent the four-dimensional momenta of
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be denoted by U; . Along with the diagrams shown,
one must also consider diagrams obtained from
them by means of the interchanges

D P Zpy piZps 2) P20, 3)p,Zp,
The matrix elements of such diagrams will be de-
noted by U/, U, , and U;", respectively.

On integration the matrix elements corresponding
to diagrams 4 and 5 of Fig. 1 diverge in the region
of large momenta of the virtual particles. These
divergences are regularized in the usual way,land
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the first and second electrons before and after
scattering, % the four-dimensional momentum of a
photon, p the momentum of a virtual electron, p
and v,the polarizations of virtual photons, and
q= pl'__ Py - (We do not consider diagrams con-

taining proper energy parts for a real electron,
since on regularization they reduce to zero). The
matrix element corresponding to the ith graph will
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we carry out the integration over a finite rela-
tivistically invariant four-dimensional region.?

The matrix elements corresponding to diagrams 2,
3, and 5 also diverge on integration over the region
of small momenta of the virtual particles (‘“infrared
catastrophe’’). To avoid this difficulty one
proceeds, as is well known, to ascribe tothe photon
a “‘mass’’ A, which then appears inthe cross sec-
tion for elastic scattering. On combining the cross
sections of purely elastic scattering and inelastic
scattering (with emission of a long-wavelength
photon, with energy not exceeding AE), the
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quantity A cancels out and does not appear in the
final result. The inelastic scattering is repre-
sented in diagrams 6 and 7 of Fig. 1.

The matrix elements corresponding to the
diagrams of Fig. 1 are formed according to
Feynman’s rules.3,2 For example,

diagram 3 gives
the following matrix element

2
Us=—=38(p, + p,—p,— p)) M
x \ @1, p, — ik + 1)1 ,u)
X (uyr, (ipa— ik + 1)y u,

X d'k[(R® + %) [(k + q) + 7],

where ;’)‘:p Y w u=u*y,,a=1/137, and the u
are the spinor amplitudes of the electrons. (We
use a system of units with # =c =m =1.)

The four-vectors p, , p, , p7 , and p ’, satisfy
the law of conservation of energy and momentum,
Py tTpy=p’; tp’y , from which there result the

following equations between the scalar products:
PPy =PyPy PPy = PPy
PPy =P\Py  ppy=pp,+pp, +1;
TPI=pg=—pg= P,q = q?/2.
Making use of Dirac’s equations

((p+Du=0; u(ip+1)=0,

111

R. V. POLOVIN

we rewrite Eq. (1):

U, + U, = —2mia2 (p,+p,—p, —p,) (2

X{—4(p,p,) (w, 1,1) (] 7,1,) b
+ 20(, 1,1,0, u,) (4] 1,4,)
+ () 1,4) (@, P11, 4,)1b,
— (U 10T, ) (23 YTy g) Bochs

where

1

b( ,0, 6T) — E

(3)
(1, kg, kk,) dik
X S (k% — 2p k) (£* — 2p,k) (k% 4-2%) [(k+ g)® + 2%
The symbol (1, ko’ ko k,r) means that in the first

case it is to be replaced by 1, in the second by
k, , and in the third by ko ko

First we shall show how the scalar integral is
calculated.4 From the formula

L

1
Eglax-}- b(1—x)| 24y

0

and the formulas obtained from it by differentiating
with respect to @ and b, together with the four-
dimensional integral

d* ¥
S(kz'~ 2pk 4 L)* T 6(L—p?)’

we obtain

22(1—x)dydxdz 4)

b= “S rz(1—=2) g+ M —z(1—x) A —22(1 —x)2p2]2 ’

000

where Py = Ypy + (l—y)pz' . The quantity A2 ap-

pearing in the integral (4)is small in comparison
with ¢, p2 , and unity. 3But it cannot be simply
neglected, since this would give a divergent in-
tegral. Therefore we break the integral (4) up
into three integrals, in which the integration with
respect to x is carried out over the intervals

(0, €), (e, 1—€,), (1—¢;, 1), with € << 1, ,<<L.

In the second of these integrals we can drop terms
containing A%, and in the third those in —z (1—x)A2.

The first integral is again broken up into two
integrals, in which the integration with respect
to z is carried out over the intervals (0, zc) and

(z,, 1), with A% << — zg p; <<z q%¢ and z,<<1.
In the integration over the integral (0, z,) we
drop zzp; » and in the integral (z, 1), the terms

containing A2. When the expressions obtained are
combined, the quantities z,, €, and €, cancel,

and we obtain
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X (5)

M (x) = Sh2x

2 2
b= 7l M (@,);

where @ , is defined by the relation

(py—p)* = g5 = 4sh*®,
. This

integral is a four-vector which can depend only

We proceed to the calculation of b

onthe vectors p  , p2 and q . Slnce b, remains
unchanged by the interchange p, Sp” 5 » it has
the form

bc = Xb. (pm -+ péc) + Y.bqa’ (6)

where X and Y}, are scalars depending on the
scalar products of the vectors p ; , p’; and q.

Taking the scalar products of Eq . (6) by

P 1o and g, , we obtain two equations for the deter-

mination of Xpand Yy :

(—1+pp)X,—Yq?Y, =1/, (Fo —
.__q2Xb _l_ qzyb — 1/2 (Hb_ Fb_ q2b)

G), (D

The integrals #/° Fb, and G appearing in the right
members differ from b by the absence from the
denominator of the factors (k +¢)2 + )2 , k2 +22

and k% —2p”, o k , respectively. They are calculated
in the same way as b:

HY = Fo = — N (®,) — 2M (®,) In 1, 8)
G=g 2cD [F (e72®—1) + @2 9

+ 20 In (1 — e=20) 4 g],
where
N(x)= sh P [x ~—2x1n (2ch x) (10)

—F () + 3]s

0

)

The function F (x) satisfies the relations :
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t (12)
F (1) == 12, F(—1)=—%;
F(x)—{—F(%):Fg—}—%lnzx;

F(x—1)+ F(1/x — 1) =1/, 1n2x,

and the quantity D is defined by the equation

(p,—p,)* = g* = 4sh?0.

We calculate, finally, the tensor integral b ;-
Noting that b - can depend only on the vectors
PP, and ¢, and that this quantity is un-
changed by the interchange p 1 ® P y,we find that
this integral has the form

by = (g + Py) (P +1,) K, (13)
+ (P — Pyo) (Pre — Py L,y
+ 1P+ 1) g,
4o (P + PNV, +9.0.2,+2,.T,

where Ky, Ly, Wy, Zp, and Ty are scalars depend-
ing on the scalar products of the vectors p , p, ,

and q.

Multiplying Eq. (13) by P17s 9,7 and contracting
on the indices o and-7, we obtain a system of three
equations, in the ri Eht members of which there
appear integrals H, » G, differing from

Hb, Fb, G by the presence of the factor % in the

numerator. These integrals are calculated in just
the same way as b_ . Then, equating the coef-
ficients of the vectors py,, p’55, 9, » We obtain
a system of six equations for the determination of

the five unknowns Ky, Ly, Wy, Zy, Ty . The extra

equation serves as a check on the calculations.
U, tU’, and the other matrix elements are cal-

culated analogously. In the calculation of U,
additional poles appear in the denominator of

the integrand; these are avoided according tothe
Feynman rule. , i.e., an infinitely small negative
imaginary part is added to the squares of the

four-dimensional momenta: p2 ~p? —ie. Instead
of the quantity ® , which occurs-inthe matrix
element U, , the’expression for U, contains the

quantity & = — 7 i/2, which is deflned by the
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relation (p, — py )% = qg = 4 sh? o, .
The cross section for purely elastic scattering
is given by the following formula:

11

49 g0i= 35 7SS { Uit Ui+ Uit D12 )

5
+2Re X (Uy + Uy + U+ Ty
i=2

X(Ui+ Ui+ Ui+ U} }e,

where v is the velocity of the electron in the
center-of-mass system (c. m. s. ), S indicates
summation overthe orientations of the electron
spins inthe initial state, S”the same for the final

state, and d () is the element of solid angle into
which the electron is scattered.

Since the quantities U, contain §-functions, the
formula (14) contains a factor |278(p , tp,—p ";=p '2)|,2
which is to be replaced, as shown in Ref. 2, by
27Tpf , where P ¢ is the numberof final states in
unit range of the energy of the system, given by
py=v/167°(1-v?).

We shall now show how the summation over the
orientations of the electron spins is carried out.
Multiplying u by the operator B (—ip +1)/2E
(with B =y and £ the energy of the electron in
the c. m. s.% and using the equation By)B. ..

6)/,\5 =Y\ -+ Y\ we obtain, for example,

S (1, yt)" (4, 131,)" (1, 7, (P, 4 P) 1,4,) (4, 7, 47,4, )
— 25 SP {1, (— B+ )7, (B, + B) 1, (— P+ 1))

X 8P {1, (— P, + 1)1, d1, (— ipet- 1),
SS” (1 1yt))" (85 1,18)" (1, 1, (B, + By) 1, (7,0, ) (16)

1 1

=25 75PN (— i, + 1,41, (—ip, + 1)1, (—iF

A
U

+ 1)1, (0, + P 1, (—ip, 4+ 1)}

In expressions of the type of (16) we carry out
the summation by the formulas:5

Tyt Mgy e = = 2Ty T Y0 (17)

Y”TilTiz T sznTP' = 27f2n7i17f2 )

o szn—l

27

fon—y """ 'sz'rh‘fzn'

For the calculation of the traces of the matrices
the following rule can be formulated.2:6 To cal-
culate 1/4 Sp i Yiz Vig - - ) we draw a circle,
and put in correspondence with each matrix y; a

point i on the circumference. The points are
placed on the circumference in the same order as
the matrices occur in the product. We join these
points in pairs by straight lines. Then each
straight line joining points i and % corresponds

to a factor & ik 5 to each way of joining the points
there corresponds in the expansion of the trace a
term of the form (—1 )Ps,, 81m8np . , where P

is the number of points of intersection of the

straight lines. For example, for the calculation of
1/4 Sp (yiykylymyn Yo ) one must draw diagrams,
some of which are shown in Fig. 2. To these

diagrams there correspond the following terms in
the expansion of the trace:

N

YaSP (0T 0001 ,) = + 80808,

~ N N N ~N N ~N N )
—0.,6, 6 L3 —0; -
'tl)km_"np %inOrmO1p OimSrnO1p F.o..

An analogous rule exists for the calculation of
the product of two traces.® We draw two circles
side by side. On each of them we place points
i, k,...inthesame order as the matrices Yir Vi

in one of the products. We join by dotted lines
those pairs of points, over which summations are
taken [ we are considering the case in which these
points belong to different traces; otherwise the ex-
pression can be simplified by means of the for-
mulas (17) ]. Then we join by solid straight lines
pairs of points belonging to the same trace (both

those with ‘‘dummy’’ and those with “‘speaking”’
indices.). To the line joining points with the
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indices i and k there corresponds a factor &

(these points can belong to the same trace or to
different traces). To eaclljl such diagram there
corresponds a term (—1)" 9% Oy * -+ > where

i —k,l=m, . . . are the pairs of points joined by
the system of solid and dotted lines and P is the
number of intersections of solid lines. If a given
assignment of the indices to pairs i—k, [-m , . . .
has several diagrams corresponding to it, then the

coefficient of the term &, 8, . . . in the expansim

of the product of traces is found by combining the
coefficients corresponding to the individual dia-
grams.

3y using this method one can, for example,
show that

s
YaSP (1,011 HaSP (V1Y V1o ) )

= 68imBrdip + 2 (Bimdridnp + Spndisdmp 4 81,8ik0mn)
+ 2 (BimBrpBin + Bndipim - 31pBindrm)
+ 2 (8inBrpB1m + 8ipd1ndkm)
— 2 (3:101n0mp + 0:101mOnp + Or1Bmndip
+ 8r18mpBin 4 8:118np0km + 8:Bmndrp)-

Since in using this procedure one has to take
into account all ways of joining the given pairs
of points, we state the for mula® determining the
number N of these ways:

— n! (19)
N(n, m, k)= W E=TD
(n—m)|2
x 3 (m+k4+1—1)[(n—m—2[—D]?
;:) (e (n—m =20

where n is the number of ‘“‘dummy”’ indices in
each of the traces, m is the number of pairs of
“‘speaking’’ indices, and % is the number of pairs

of ““speaking’’ indices belonging wholly to one
trace (0! =1; (=1) 11 =1).

After calculating the traces and integrals, we
obtain the following expression for the cross

section for elastic scattering of electrons by
electrons:®

dse—-e

elas™ 'é— «? (1 — 02) (20)

5
X Re ) (C)— CP 4 T — £) a0,

i=]1

where
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C = (g5 + 4q; + 845+ 8) 7%
CP = (—qi +4) 47°9,%

(21)

b7}
4o "0 2 q2
@=9_ " 2159 ce
P =% W, "w &

o

— 3 {720 (— g
=+ g5, — 593 + 6¢°—4q2 - 24)
+ 8g21ng] +2[N(‘I’a _’fzf)
+2M(®, —F)Ing| (¢*+ g2 +9)
+am (0, %)t

W __ 4e Dy g2
G =— e, M G

— e — g
—3q°q3 — 2¢* — 16 g2 g2 — 48 g2 — 32)
+ 2Ingq-(¢°¢2 + 6¢°
— 42— 8)] + [V (®,)
+ 2M(®,) Inq] (g3 + 2) (42 — 2¢2)
— M (@) (2 03+ 643 + 8)}

cor = 42 D
3 n th 20,

q2
In%; Ccw

o

1
- {m [G (%5 + q°q%

+ 8q3 + 44°q% + 49° — 8q; — 16)
—21nq(q%q% + 692 + 8)]
+ [N (®,) + 2M (D,) Ing]
x (g8 + 2 g2 + 2q* 4 2q2 + 8)
+ M (D,) (9393 + 242 — 6¢>—8)} ;

Cil) — _2;°‘ch1); 52) —_ ?EOCJC?);
( o 4 (g2 —2
= — 2[ic =23 mo));
2(q®—4q% —6
CéZ) — _% [1652) _ (q q;qa )M((D)] ;
A

[ =4[(20cth 2o — 1)(1n%— 1)
+5 tho] — (44 2¢%) M (@);
J = (1 —3/;cth? ®) (1 — @ cth @) — 1/,.
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2 I b L p ¢ 2 ¢
”@k ”@k ”@k ”@‘
m A m l m { n t

8, 8umbyp 01 Op

Fic. 2.

C (1) is obtained from C, (1) by the interchange

< 4 —({E)

51gn and C

Py ®, —mi/2 and change of
is obtamed from C,; ) by the

interchange ¢ < q,, < D,
If in the expressions (20) we retain only the first
terms C | (k) and C(k) then we obtain the Msller

formula.”

2. ELASTIC SCATTERING OF ELECTRONS
BY POSITRONS

The cross section for scattering of positrons
by positrons, including the radiation corrections,
is given by Eq. (20).

To find the cross section for scattering of

electrons by positrons (or of positrons by elec-
trons) one must put

p=p_; P,=p_; (22)
Py=—p Py=—p;
where p_ is the four-vector momentum of the elec-

tron and p, is the four-vector momentum of the
positron. Equation (20) then takes the form:

1
dsg1as= g2 (1 —o?) (23)

5
X Re 2 (DY —
i=1
where the quantities D; (k) are obtained from C (k)

D 4. DY — DY) o,

by the interchange qb < —4—q , P, <O —m,/2

and the quantities D | D) are obtalned from D; (k)
by the interchange q2 < _4 —q , < -m/?..
IF in the expression (23) we retain only the first

terms D &) and Zj\'(k) » then we obtain the Bhabha
formula.8

3. INELASTIC SCATTERING

In order to eliminate the ‘‘mass’’ A of the photon,

appearing in Eq. (20) in connection with the

““infrared catastrophe’’, it is necessary, as is well
known, to consider along with the elastic scattering
the inelastic scattering of electrons by electrons
with the emission of a photon of energy not exceed-
ing AE (AE << 1; AE << p). This cross section
is given by the following formula:

e @ (l—v?) (24)
inelas™ 32n?,
x (€ —CP + G —CP)
X S (plv 121_ p]v . p;v>2
LB & g "
k' <E P1 P2 plk p2.k
d®k
(k2 xz)‘lz dQ

We note that the cross section for inelastic
scattering depends in an essential way onthe
reference system. In, the c. m. s. Eq. (24) leads to
the following result:®

e
ds %inelas. c. m. (25)
2AE

= ”d%{‘“ >~ (th2®

20 20
a + b 1
th2d, " th 20,

+t:i¢1 +SI—1_;Q_Q[H(TT, v) ch 2@,
—H (9, v)ch 20 — H (x — §, v)ch 20, ]
+4IN (@) ch 20,
— N (@) ch 20— N (®5) ch 20,]

20 20,
+ 41n(2ch @) (tnz ®, thed i 20),,)} ’

where ¢ is the angle of scattering in the c. m. s,
and

1
— 1 In [(14- v)/2]
0@, 0) =4 ®/2) S ( 1—oC

cos (8/2)

In[(1 — v¥)/2] ) 114 .
T 14t V @@ —cost (8,2)
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9 1
In the laboratory system (.1.s.) the formula is® R (®,, Dp; D) = _iD_\ wlin® +1 dx:
e—e o ) 20 (26) thzd ) w—1 ’
inelas Ls. = 7 ds, [4(1 T inzo 2 ’ 2\l
2, 20, \ p=A(A*—B"";
h2o, in 2q>b) "3AE A = sh (2®x) ch 20,
20 2% sh 20 (1 — x)] ch 2®y; B =sh 20.

1+ e t mzo, + [. ( .)] .b’

20, ) 20 The cross section for inelastic scattering of

+ _ xcth electrons by positrons is obtained from Eq. (25) by
th 20, th20® (§ * dx the interchange D, < D, .
@,
, 2 4. SCATTERING IN THE EXTREME RELA-
+ mow, S xcthxdx TIVISTIC CASE
20, 0 In the limiting case
2 . <
— S xethxdx — R (@,, Oy; @) p>1, psin(9/2)>1, pcos(9/2)>1,
b R
’ . where p is the momentum of the electron in the
— R (Da, D; ©p) + R (Do, D; ‘Da)], c. m. s., the scattering cross section (elastic +
where

inelastic) of electrons by electrons in the . s. is
given by the formula

e 2(1—22) (1 7
dJiLs._m{§(2_3X+3X2—X3)+%[2(1_2(1) @n

1
+ Q(I)a —_ Q(I)b) In ?A_E_ (2 —3)( + 3x2_X3)
)
+ - (28 — 48y + 48y — 17y%) + @4 (2— 21 + 1)

+ @y (2 =2y + 32— %) — 0 (2 — y) — Dj (2 —y+2%2—%°)
— @2 (6 — 5y 4+ 51° — 24°) + 20D, (6 — Ty 4+ 6x%— 243)
— 20D, (10 — 177 4 1672 — 57°) + 20D, (2 — 3y + 352 — 47)
37 . o o 2
—g @31 32— ) — Ty 2 —yp)} a0

+ terms obtained by the interchange x-—>1——/, ‘I):(I)b,
where y =sin? ( ¥ /2).

scattering of electrons by positrons is given by
In the same limiting case the cross section for the formula:*

a2 (1 — N a
dstor = SO0 —y 2 4 2[4 (1 —20 4 20,
1
—2®g) In oz (1 — 7 4 73)° — @z (2— 9 + 19,2 — 155 + 6%*)

— @2 (6 — 15y 4 19y2 — 93 + 23*) — 205(1— 3y + 4x2—3x3+ x4).
— 20D, (10 — 17y + 24y% — 17y% 4+ 10%%) -+
+20P, (6 — 12y F-132—612+ 274) + 2D, D, (2 — 61 + 13%2— 123+ 6%2)

+ 5 (28 — 427 4 512 — 23y 4 6x4)

o, (28)
+ 5 (6— 237 + 51y — 425 +28y%) + @y (2 ~ Sy + 63>
37, 0
=5+ 2 —g (=7 + )+

T2 (65— 67 + 47 baq.

*Tiquations (20), (21), (27), and (28) have also been
In the limiting case of large energies and small obtained in Ref. 9.




392

R. V. POLOVIN

scattering angles (p >> 1, p sin (9/2) <" 1), the
cross section for scattering of electrons in the

1. s. has the form

o a2(l—v?) N . (29)
dGl. s.:: 4 sin® (9,2) (l - OR) dQ;
4 \ 2
e=2[2(1— +cthe ) (1 —Dcth @) — 5
/ 1 .
+420cth 20— 1){ln 75— 1) + 4@, (20 cth 20 — 1)
2 ,
40 \
——(1 + m)—l—ml\xthxdx-i— T g xcthxdx].
0 0
In the c. m. s. a simpler formula is obtained. 1° so that
Equation (29) also gives the cross section for (32)

scattering of electrons by positrons in the limiting

case of large energies and small scattering angles.
In the limiting case

In2p>1; In (stin §)>> I; (30)

In (Qp cos %) >

the cross section for scattering of electrons by
electrons and positrons is of the form

dﬁl_ = ds, (1 — &), (31)

where dcro is the cross section for the main effect,

and 8, = 8,+8,+8,+5, +5, +3, . (5, core-

sponds to diagram 2 in Fig. 1, 33 to diagram 3,
..,and &, to diagrams 6 and 7 ):

inelas,

N N 4 . ]
04 == —?—3{; 05 = 7:—‘(2‘1&, ln% —+ (I)j)
N o A b)
inelas (Q(I)a In IAE -+ P (I)g): (I)a =In 2p,

dg = %(8 ln2p1nzﬁf + 141n22p).

In conclusion, the writer expresses his grati-
tude to Prof. A. I. Akhiezer for much aid in per-
forming the present research.
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