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A method is considered for obtaining nonstationary solutions of Boltzmann’s kinetic
equation. This method is free from the limitations of the Chapman-Enskog method. By
way of an example, the dispersion of plane sound waves in a monatomic gas is con-

sidered.

1' 1IN recent times the most widely used method
‘*-®of solution of the Boltzmann equation has been
the method of Chapman-Enskog!. However, this
method is not applicable for a series of problems.
Let us consider, for example, one such problem --
the problem of the dispersion of plane sound waves
in a monatomic gas without consideration of the
internal degrees of freedom of the atoms. Let the
frequency of vibration of the external source be
sufficiently low in comparison with the “‘character-
istic frequency’’ of the gas, i.e., in comparison
with the mean frequency of atomic collisions. Such
a problem can be solved by making use of the equa-
tions of Navier-Stokes and Burnett2, i.e., by making
use of different approximations than those of the
Chapman-Enskog method. If the frequency of vibra-
tion of the external source is comparable with or
larger than the *“characteristic frequency’ of the
gas, then these approximations lose their meaning.
Actually, we use as the small parameter of the
method of successive approximation employed in
obtaining the equations of Navier-Stokes, Burnett,
the ratio At_/ At, where At is a characteristic

time interval for the process under consideration,

for example, the period of vibration, A¢_ is the re-
laxation time of the gas. Thus we have as the con-
dition of applicability of the Chapman-Enskog
method the relation

Aty /At < 1. (1)
Another method is necessary, consequently, to
obtain a solution differing widely from the quasi-
equilibrium solution of the Boltzmann equation.
Such a possibility is given by the method of .
“moments’ (see, for example, Ref. 3).

Let us formulate a modification of this method.
We use as the zeroth approximation the stationary
solution of the Boltzmann equation. Then the first
approximation gives the deviation of the density,
velocity and temperature from the stationary dis-
tribution, and also the corresponding viscous force
and heat flow. As conditions for the apfication of
this method of small perturbations we have the
relations

_A_p . Ay . A8 Py Si 1 )
Po ’ € 2’ 27 —a<h )
) PoCy PoCy Co
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where pg, 0y = kT = m002 are, respectively, the

particle density and temperature in the stationary
state; m is the mass of an atom of the gas; £ is
the Boltzmann constant; Ap, Au;, AG, Pij S;

are the deviations of the density, velocity and tem-
perature from the stationary state and also the

visc)osity tensor and the heat flow (first approxima-
tion).

Thus we have the kinetic equation of Boltzmann:

af af - 1%0f oV
v =Fatnar e, ©

A, b
m 0v; dx;

where F is the Boltzmann collision integral, V
is the potential of the external field. We set

F, v, 8)=fo(r, v) +fa(r, v, )+ ..,
Ve, ) =Vo®) +Valr, ) +.... @

Then, substituting (4) in (3), we get a system of
equations of successive approximations of the de-
scribed method:

fe o 19
viaf—i=fB\fo)+ fo Vo . )

m 9v; 0x; ’

1 af, 0V,
af1+v-%==FB(f0, f1)+__f_1_0

rn ; m 0v; 0x;

15, %

The normalization conditions for the function f are
written in the following way:

p={ fav; (6)
1 . mu? 1 ( mo? .
wi == Joifdv; 6+ 5= = = {75 fav;
1 17 mo?
I, = -P—vaiv,-fdv; Si=—{ 0.5 fav.

From Egs. (4) and (6) there stems the possibility of
the following normalization for the functions of the
different approximations:

po(r)=gfodv; Ap(r,t)zgfldv;... (7
Po Uoi = gvi fodv; 1o Ap + po Ay = Svi fadv, . ..

with similar relations for ®, II;;, S,.
In many problems (in particu{ar, in the problem

noted above on the propagation of sound waves)

we can set Vo = 0. Then the equation of zeroth

approximation (5), with account of (7), has the well-

known solutions of Maxwell:

m 0v; 0x; °
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fo = poco * (2=) exp {(—v? /2, ()

where Py, ¢, are constants, Ly, =0.

We now write the equation of the first approxima-
tion of (5) , introducing dimensionless functions
and variables:

o (8) = (2r)="fae %12 [o (V) = poc5% go (B);
fulr, v, ) =pocg2gi(r, & 1); E=v/co. 9

We get*
1 9g,0Vy

(25_’1 t.% —_ —
or T akiG, =8 &) F g5 ax,

(10)
We shall seek the solution of (10) in the form of an
expansion in Hermite polynomials:

(o]

1 (n
g1= 8o 2 2 m“i',lj.... H L

n=01i,7j,..
where the coefficients o are unknown functionsZ
r, t, Hi(".) are theorthonormal Hermite polynomials,
for exafnple,

H® =1; HY) =& — b

HY =t; H®, p =858 — & e — Ej8in — & iy

(11)

Because of the orthonormality of these polynomials,
we have the relation

g

1 m n o m ,
a1y 8o H H dg = 3pp; am) = { H™ g, d12)

Here the indices i, j, ... are omitted.

Substituting (11) in (10), we obtain a system of
linear differential equations for the unknown func-,
tions «™. This same system can be obtained
by multiplying Eq. (10) by H(m) and integrating
over £ We then get

[ H % g {2 H™ 52 (13)

= {H"™ F5 (g0, g1) &

We get for the first term in Eq. (13) [keeping Eq.
(12) in mind]

0m Jolm)
(m) 2L B — 0
S H m ot dE - .

(14)
ot

To transform the second term in Eq. (13), we make

use of relations of the form

* In view of the fact that the term which takes into
account the external field is not essential in what fol-
lows, it is omitted.
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H(l) H(m)
Using Egs. (11), (12) and (15), we get

Co 5 SH(” H'™ g, dE
= -2 (™ 4 3, V) (16)
0x;

We can write the right hand side of Eq. (13) in
the form

SHf'",) - Fg(gog1) d§ = co,p, 2

n=2

S e (d5e® B (O)|daga(@) Y

[ A

Y% = B[ ede | doa"), .. &)

HY, (E)—HY, (E)—HT, . E) do (1D

if we apply Eq. (11) and the laws of conservation
of energy and momentum. The integrals Y, ()

’ L A4
were computed (see, for example, Ref. 3), where—
upon we obtained

2 C BN
Y@= o Wy —Swiwy),
Y(3) C 20 V7. & N a
ik = 2—_—co{w [Wedij +W 8+ Wb ]

—3 [wika,-—{—w,-w,-Wk—l— w,-whW,-]} ,(18)

where
oo
C = ¢y 27w S ed=sin?6 cos? 6,
0

w=|§1—§|;

W=,§1+§’-

Further calculations are carried out only for
Maxwell molecules with interaction action ®(r)

= br4. Then

C =0.6841)/8b/m.

(19)

Further simple calculations lead to the following
values of the integrals in Eq. (17):

Vg, g0 B Y = 3H®);, (20)

—{3ijSP HY —

H™ D 4 g, gD (15)

) délgo E) Y

2__ {gH(3) H(3)3 i — H(S) (3\ 3i},
wl;lere (f;n‘ example, H (3) = [1111(3)+H12 (3)
+ 133 °

Now we can write down for the unknown functions

olm) 5 set of differential equations which are

equivalent to the Boltzmann equation of the first

E})pronmatxon (10). Actually, taking into account
gs. (13), (14), (16), (17) and (20), we get, with

accuracy to terms of fourth order:

Jalm)
ot

1 m) ra
= Cpy Z {“g—)jg‘iggo['ﬂ '[3; Sp HP.

d
+ Co ax— {ag"‘l‘l + aia(m—l)}
L

i, j, k,
@
—3H ) — (21)

x| deg,H™ (9HG) — H3y — HO3y, — HP 31

We describe these equations in more detail for the
very simple case of one dimensional flow. Heret we
choose as unknown functions five coefficients o

from (11):

(x(2) = @ 1B = a8 = 3), (22)

(] (1) (2)
« )’ OC1 ’ ‘lu 337 111 122 133"

The physical meaning of these functions is made
clear from conditions (6) and (7), which, along with
Eq. (12), give

a® = Ap /py, &V = Au; /¢y,
Spott) = A8/ py 3
Ya(®ij + i) = pij/ poCs;
a® = 3S; / 5pec3 — 3Ap / po;
Wj=p+pi+..3
Si=S80+Si+...; S©=0).
Keeping in mind (22) and (12), we get from (21) the

following system:

(0 FEARY, 9ot
— =0 0)) —
ot CO ax ’ at + Oa (111+ o ) 0
1 1 ¢y 2 (200) 4 al®) = 2Cpy (30— 1);

60:22 01 (@) —
ot T¢ °a ?“

al®
T + ¢ 6x 5 (3“11 + 2a55) = — 2Cpy®

Cop (o — tgo); (23)
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by setting H (m) successively equal to

H(m)=H(0); H(ll); H(i21);

Hy + HE; HE + HS) + HE,
(The indices which are superfluous for the one di-
mensional case have been omitted.)

The system (23) determines the functions o{?Xf the
coresponding initial and boundary conditions are given.
A solution of the Boltzmann equation in the form
(11) is found by the same approximation. This
solution will no longer be limited by the condition
(1). Thus the method considered here of small per-
turbations is free from the limitation of the Chapman
and Enskog method.

2. As an example, let us consider the problem
of the dispersion of plane sound waves in a mona-
tomic gas without regard to internal degrees of
freedom of the gas atoms. This problem has been
considered by a number of authors (see Refs. 4-7).
The starting point for these researches is the Burnett
equationz. Thus in these researches there were
analyzed only the quasi-equilibrium solutions, the
limitation of which follows from the requirement
(1) of the method of Chapman-Enskog.

We consider this problem, not limiting ourselves
to quasi-equilibrium solutions. For this purpose,
we employ the system of equations (23), which is
suitab{)e z)r the one dimensional flow of gas. We
write the corresponding system for the Fourier com-

ponents of the unknown functions o.®) from (23)
as

Ue® 4 a® =0, Ua® 4 o + a©® = 0;
Uayy 4 200 4 a® = — j2U, (a9 — 19);
Uagy + /30 = — iU, (0t — p5);

Ua® - 9/c oty - 8/ atyp = i2U y a®).

(24)

Here U = w/kco, .Uo =wo/key, g =cpgy; oni;") .
denotes the Fourier components of the corresponding
functions from (23), w is the vibration frequency,
k the wave vector.

Equating the determinant of this system to zero,

we obtain the necessary dispersion equation

(U? =20/ U* 4 3U) — iU, (5U* — 16U - 5)

— 202U (3U? —5) =0. (25)

We now assume that @ is a given quantity and in-
troduce the variable p = w/a)o.
The nontrivial solutions of this equation are

MOISEEV-OLKHOVSKII

U= [ gs(— B+ VB —44D)|".
A = p?—6—i5p,
B=10—28/,p® 4 il6p, D = 3p2— i5p. (26)
‘We write them in the form*

U ,=a, 48, U.=o +if.

Introducing the phase velocity ¢ and the absorption
coefficient » with the aid of the formulas

c=w/Rek, x=Imk¢k,

we finally obtain the solution of the dispersion
equation for dimensionless velocity and absorption:
C,i =C:/Co =1 (n); xli = %4 Cp [ Wy = @y (1),
1 () = [(2£)* + (B)?]/ s
P2 (1) = pBs /[(22)? + (B)*]. (27)

Numerical evaluation leads to the results plotted
in the Figure.

oozl
o oxy 7
r 2
I 4
. )
7 2 J 4 M
.Curve I—c'_, 2—c | 3—¥% |, 4—x_

+? + 7

To evaluate the results we need approximate
formulas for the case p << 1:

(28)
¢ =V"34(+0.1194p2); ¢, =} p(1—0.3500p),
x. =0.1807 p2; x, =)/ (1—0.3500 p).

Thus the dispersion equation (25) has two solu-
tions for the velocity and attenuation of small per-
turbations of the neutral gas.

* The sign *in front of the general square root has
been omitted, since the choice of this sign is connected
with the choice of the direction of propagation of the
wave.
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Let us consider the solution ¢’_, » " (see the
Figure) . As o > 0, it undergoes transition into
expressions known from the theory of continuous
media: ¢’_=v/5/3,%x"_=0. Hence we obtain the
usual expression ¢ = (5RT/3M)/2 for the sound
velocity in a monatomic gas.

The solution just obtained contains in it the
higher approximations of the Chapman-Enskog
method (for example, the second approximation of

é
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Stokes-Navier, the third approximation of Burnett).
In order to be convinced of this, we compare our
results with the corresponding theoretical7 and

experimental results” (see the Table). Thus the
solution actually contains in it, as a special case,
the various hydrodynamic approximations. The
connection assumed in hydrodynamics between the
pressure and the velocity gradient is not assumed
in our method but is obtained in a special case

(0 > 0).

Comparison of Theoretical values of sound velocity with Experimental
(for argon at 0° and sound velocity w/27 = 970.68 Kc;
a = 308.23 m/sec.

Values of ¢/a (m/sec).
pressure p B 1
in cm Hg . according to | according to | according to
experimental Nanier-Stokes Burnet% Eq. (27).
78.40 1 1 1 1
47.10 1 1 1 1
22,30 1 1 1 1
13.50 1 1 1 1
9.10 1.002 1 1 1
4.30 1.006 1 1 1.001
3.30 1.008 1.001 1.001 1,002
2.45 1.008 1.001 1.002 1.003
1.80 1.016 1.002 1.002 1,005
1,50 1.028 1.003 1,005 1,007
0.65 1,058 1.019 1.028 1.043
0.34 1,139 1.054 1.103 1.144
0,22 1.259 1.139 1.246 1.281

Increase in the vibration frequency leads to a
comparatively large increase in the sound propaga-
tion velocity and to a simultaneous increase in the
absorption . For sufficiently high frequencies
(0% 5“’0)’ 1/» ~ 2\ (A = mean free path length).
Consequently, this solution gives an analytic de-
scription of the Lebedev effect®which consists in
the presence of a frequency limit for the propaga-
tion of ultrasound in neutral gases. This limit is
a function of the gas density: the lower the gas
density, the lower the frequencies of vibration that
cannot be propagated in the gas.

Let us consider the second solution c. The
fact of two solutions has already been pointed out
in the literature (see, for example, Ref. 3). How-
ever, in rarefied gases, only a single wave is ob-
served for small disturbances. This corresponds
to the form of the solution ¢ ', »’,. Actually, the
solution ¢ _’x’, does not give propagating waves
in practice: ¢’ ~x’, and the damping »’, for
-0 tends to zero as (w/wo)y’, while »”_ tends to

Zero as (a)/mo)z.

In conclusion I express my gratitude to Acade-
mician N. N. Bogoliubov for his discussion of the
results.
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