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in agreement with the riormalization condition. The
second approximation is found in a similar way and
has the form
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where, in accord with the normalization condition,
the constant K must be given by
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Here we have studied the properties of the dipole
potential ¢y . In similar fashion the constants for
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further approximations can be determined, but
their calculation is not so simple.

In the presence of an external homogeneous
electric field E and upon fulfillment of the condi-
tion

(32)

the computation scheme does not undergo any
change.

These expressions for the distribution function
permit us to construct a theory of the equilibrium
properties of the dipole crystals under considera-
tion. Numerical calculations and comparison with
experiment, and also comparison with other theories
which apply to the two very simple cases con-
sidered by us will be given in a subsequent paper.
Separate consideration is necessary forthe con-
struction of a theory in the case of violation of the
relation (32), while this case has the greatest
interest. We hope in the near future to publish
results which apply to this variant.

For the second of the problems considered by us
the considerations developed above can without es-
sential change be applied for the purpose of con-
structing a semiclassical theory of ferromagnetic
bodies without use of the *‘sphericalizing’ ap-

‘proximation.

IN.N. Bogliubov, Problems of dynamical theory in
statistical physics, Moscow, 1946.

2(. Zener, Phys. Rev. 37, 556(1931).

Translated by R. T. Beyer
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Relaxation between Electrons and the Crystalline Lattice*

M. I. Kacanov, I. M. LiFsHITZ AND L. V. TANATAROV
Physico-technical Institute, Academy of Sciences, Ukrainian SSR
(Submitted to JETP editor April 29, 1955)
J. Exptl. Theoret. Phys. (U.S.5.R.) 31, 232-237 (August, 1956)

The relaxation between the electrons of a metal and the crystalline lattice (phonons) is
considered. The state of the electrons and the lattice is described by equilibrium Fermi and
Bose functions with different temperatures, The heat transfer coefficient connected with
the ‘“‘Cerenkov’’ radiation of sound waves by the electrons has been determined.

1 THERE have appeared recently several experi-
e mental1»2 and theoretical®:5 papers illumi-
nating the investigation of deviations from Ohm’s
law in metals. The departures from a linear rela-
tion betweenthe curent/ and the field £, noted by

*Work presented at the Scientific Council, Physico-
technical Institute, Academy of Sciences, Ukrainian
SSR, December 12, 1953. In the preparation of the
work for publication, papers were studied which ap-
peared in print during the subsequent two years.
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Borovik,! are observed in the presence of a large
current when the mean energy of the electrons dif-
fers appreciably from that which corresponds to the
lattice temperature T'. Since the time required to
establish equilibrium in the electron gas is much
less than the time for achieving equilibrium between
the electrons and the lattice,4 we can consider that
the electron gas is in a state of equilibrium, i.e.,
its state is described by the ordinary Fermi distri-
bution function

n=1[14exp(z—zgp) /b, 1)

2 = (3n,/ 8=)"s (2=h)? / 2m,

ng is the conduction electron density, m is the effec-

tive electronic mass. The electron temperature ©
here differs from the lattice temperature (& > T').

A similar state of partial equilibrium can arise
not only in the passage of electric current through
the metal. For example, in the passage of fast
charged particles through material, the energy of the
particle is spent in direct interaction withthe ions
of the lattice (nuclear collisions) and by inter-
action with electrons (ionization, polarization).
Here a major part of the energy of the particles is
spent in interaction with the electrons ( ~ 90% for
fission fragments, see Ref. 6). As aresult, large
local temperature differences arise between the
electrons and the lattice. Subsequently, the trans-
fer of energy from the electrons to the lattice takes
place by means of a relaxation mechanism, de-
scribed below.*

The tem perature regimes ofthe electron gas (the
maximum temperature difference between the elec-
tronsand the lattice, the relaxation time) are deter-
mined by the source of the heat and by the coef-
ficient of heat transfer from the electrons to the
lattice. At high temperatures (' >> TO T, the

Debye temperature) the problem was solved by
Ginzburg and Shabanskii.# In the present work a
method is used which permits us to find the heat
transfer coefficient for arbitrary temperatures.

2. Let us compute the amount of energy trans-

ferred by the electrons (per unit volume) to the
lattice in unit time (). Evidently,**/

U = S Ny hoop (27) 3 dre V. (2)

*A separate pubiication will be devoted to consider-
ation of the interaction of nuclear radiation with matter.

** We use the method developed by Akhiezer and Pomer-

anchuk? for the calculation of the spin-lattice exchange
energy.
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Here N ;= change (per unit time) in the number of
phonons with wave vector f and energy h—(of =7L_Sf
(per unit volume), s= sound velocity, V= volume of
the crystal. We designate the probability (per se-

cond) of transition of the electron from a state with
wave vector k into a state with wave vector k” by

Wk,k’a (€, tHwy — €+ ); the d-function obeys

the law of energy conservation*

Wiw="U?/0Vs?) oy, T=k—k'. (3)
Then®
Ny = S Wi, & {(Ng -+ 1) 1y (I — ny)
— Neng (1 — ny)} )

X 8 (ex + oy — k) (2)73 2l

As is seen from (3) and (4), the change in the pho-
nonfunction takes place because of the ‘“creation”
and ‘‘annihilation’’ of the phonons. Similar.proc--
esses can exist, since the velocities of the elec-.
trons are greater than the velocity of sound, which
guarantees simultaneous fulfillment of the laws of
conservation of momentum and energy. This shows
that the creation of the phonon in the quantum-
mechanical description corresponds to Cerenkov
radiation of sound waves by electrons in the clas-
sical view (see below).

For identical temperatures of electrons and
phonons (lattice) the expression under the integral
vanishes identically for the equilibrium distri-
bution function. In our case, when T £ @ and

Ne = [t — 111, 5)
we have
. mUhey  helRT _ phoke
f 2rhiteVg (ehmml'__ 1)(e“hm1he_ 1) - (6)

For computation, ve have considered that ¢

=%2%2/2m and that €0 >> ms? /2 and kO@. The

latter conditions are always satisfied beforehand.

For Bi, for which €& kTO

, this limits the region
of application of Egq. (6) to low temperatures.

*The following notation is used: p= density of the
material (p= M/d®, M is the mass of the lattice atom,
= lattice volume); U= constant interaction of the elec-
tron with the lattice that appears in the expression for
the time to travel the mean Eee ath (see, for example,
Refs.8,9 where it is denoted by g).
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Substituting (6) in (2) and integrating, we get

— 2 mPU(RT,)
U - (211.)3 -h7ps4 (7)

Tl0 T[T
Nl G
X\, ) e T\
0 0
In the limiting case of low temperatures ( 7, ©
<<T,), we have

x4dxl
ef—1)

O _ 2Ds mPUP(RT,° €8 —T°
= @np h7pst T’ (8)
o
D. — xtdx
5 — p e'v——i ’
in the opposite case, at high temperatures
(T,8>>7T),
77 mrUR(RT,)> ©— T
U= 2h7 ps? (ZT:)" To ° (9)

Comparing Egs. (8) and (9) withthe expressions for
the time of flight (Ref. 9, p. 184), we get for low

temperatures,
U = (2=2/15) msn, {1/<(8) — 1/<(T)}, (10)

and for high,
U=(=2/6)msne{l/=(0) —1/<(T)}. (11)

Here, we understand by 7(® ) and 7(T') the time
of free flight of electrons under the condition that
the lattice temperature coincides with the electron

temperature and is equal respectively to GorT;
n, is the number of electrons per unit volume.

If the temperature difference ® — 1’ is much less
than the lattice temperature T', then

77 2r2 ms?n, O —T
U= 3 (D) T (12)
(T << Ty; 8T T);
7 m omsPn, (0T (13)
— 6 1(7) T

(T>Ty 6 -T<KT);
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The latter expression differs from Eq. (4) of Ref. 4
by the appearance of the factor 72 / 6 in place of

the 2 in the earlier expression.
If the lattice temperature is much less than the

temperature of the electrons (hardly a practical
case), then

212 ms?n . }
o ‘E‘—T'(T))—O O T, TKH);
U = (14)

lnz ms?n, Y T < 0).

6 71(0)

3. Equation (13) can be obtained by purely
classical means. Let us consider for this purpose
the radiation of sound waves by an electron moving
through the lattice with constant velocity v.
Similar consideration was given by Buckingham 1
but the method used was excessively complicated.

The equations for excited vibrations of the

0

elastic continuum have the form

W—st A =—(U/p) Va(r—vi), (5

u, is the longitudinal component of the displace-
ment vector; the transverse component is equal to
zero identically, since the actual force on the.
part of the electron is ‘‘longitudinal’’ {curl F= 0;
F=~(U/p) V&(r — vt ), the 8-character of the
force shows that the electron, as a consequence of
the screening action of the atom, lies within the
limits of single cell].

The energy losses of the electron can be com-
puted as the work done by the force exerted by

the electron on the medium (cf. with Ref. 11),

d L

d—;: =U8u[ Vo (r—vt)dV. (16)
Expanding the 8-function in a Fourier integral,

we determine the Fourier components of the dis-

placement vector from (15):

iU e—i (wf—Kkr)
Ug = o (2n) of _gtpt 0 W= vk. (17
Hence
. —i (wf—kr)
u iU ke dry. (18)

T o @nP ) wf—s?

Differentiating (18) with respect to the time and
substituting in Eq. (16), making use of the properties
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electric field E. Step-by-step solution of the prob-
lem reduces to the solution of a system of kinetic
equations for the electronic and phonon distribution
functions, in analogy with the known work of
Davydov on semiconductors.'* A similar cal-
culation for metals has been given recently.>
However the method, applied by the author, meets
with several objections although the results ob-
tained in Ref. 5 are evidently correct (see below)
for not too high fields, i.e., for small differences
of the electron and phonon temperatures.

7]
P <
2
1 Sy
Caurve | ————— — a func-
1 —o/w, ©2 as
tion of @, curve 2——xfnsg/m2 as a func-
tion of ©

If the difference of temperatures ® — 7' is small
in comparison with the lattice temperature T, then
for the determination of the temperature of the elec-

trons it is necessary to make use of the heat bal-
ance equation

B=—Utg (26)

le=(n/2)? kno T/ €, is the electronic specific
heat, g is the strength of the heat source]. In this
case one can regard the phonon temperature as
given, since the specific heat of the lattice down
to very low temperatures (£, 1° K)is appreciably

larger than the specific heat of the electrons. In
our case, g=0E2=j2 /g, where 6=ne?7/m is
the real conductivity of the metal. Within the
limits of applicability of Matthiessen’s rule’

Lje=1/<(T)+1/3 . @7
where 7, is time of free flight relative to the

impurity. From Eq. (26), making use of Eqgs. (12)
and (13), we find the equilibrium temperature of the

electrons (for which @ =0 ):
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kT

EO—T) 3 [elE\t | o
= () r<ry);@®
k(O®—T) 6 (elE\® kT

amwlT e ey ®

Here [ =7 (T )vo , L = TV, The expressions that

have been obtained coincide, with accuracy to
within a numerical factor, with the expressions
found in Ref. 5 [Eq. (12) ] and in Ret. 4.
Equation (28) cannot be regarded as correct
down to absolute zero. It is evident from (14) that

the heat emission will take place even for T.=‘0.
This leads to the following value of the equili-

brium electron temperature:

ms2 L

By =T,/ (30)

15 (elE)? ¢y I }‘ls .
| 2r® 5(2)

By l0 is meant the value of the length of mean
free path at the Debye temperature.*

Making use of Eq. (26), it is easy to find the
relaxation time ¢, (it is identical withthe time re-
quired to establish temperature equilibrium)

to=ox(T) (kT)? [ ms?s,. (31)

Here o.=3/4 for T' << To and a.= 3 for T >> TO .
o
Since €, /k ~ 104, vy 103 s, then t, becomes
of the same order as 7(T') for T ~ 10° K. It is
evident that our consideration would be invalid
b,e'low this temperature if the metal did not contain
impurities. However, for low temperatures,
7(T ) >> Tpractically always, so that even in this
case the relaxation time (time for the transfer of
energy from the electrons to the lattice) is signi-
ficantly greater than the time for establishing the
temperature inside the electron gas (for details,
see Ref. 4).

If we consider that the lattice is maintained all
the time at very low temperature (T = 0), then the
established temperature is determined by Eq. (30)
while the process of equalizing the temperature
takes place according to the following law:

0 =0, (1 +1t/t)"h,
to~ (RTo)* (ms?zo)="s g (L / Ly)hs.

The effect of the departure of the electron tempera-
ture from the phonon temperature on the electrical

*This is a purely formal definition: 7(T ) =(T/T)°

X T(T). By T(T) is understood the expression for the
time of free flight, which is valid for temperatures
considerably less than the Debye temperature.
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of the 5-function, we find
de iUz S R wdT)

AT T @npe et —sigE (19)

The integration is carried out over all k-space. In
order that the integral have meaning, it is neces-
sary to consider that s has a small imaginary

addition (which later is made to approach zero)which

corresponds to sound absorption in the medium.
Here s (—w) = s*(w ). With the help of the latter
equality, Eq. (19) can be written as

de U
at = T (m)feu (20)

®

X 2Rei§° Sm(”z—i-coz/‘vz)xdxmdﬁ’
0 0

0)2(1—82/‘02) — 82x2°

We transformed to a cylindrical coordinate system
with its axis along the vector v, »,, is the maxi-
mum value of the component » of the wave vector
k. We integrated over x up to the upper limit »
keeping in mind the fact that for very short waves
(over very short distances), the crystal cannot be
regarded as continuous. Evidently »  must be of

the order of 7 /d (d= lattice constant). For a more
accurate choice of the value of n see below.

Integrating first over », and noting that the
component which does not contain the logarithm is
known to be equal to zero, we get

de _ U?
dt — (2m)t pust

=]
~

(21)

522

X ReiSm*“dmln [I+WZ—)~_—“].
0

It is evident from Eq. (21) that the real contribu-
tion to the loss is made by those frequencies for

which

23{2
'+ o= <O (22)
Then
. [ (v<s),
i = 1 Uzu‘tn (23)
|-t sma=srer ©@>9)-

The latter expression coincides with the expres-
sion obtained in Ref. 10.

The divergence which takes place for v=s
(and, it would seem, which has no analog in
Cerenkov radiation of electromagnetic waves), is

evidently connected with the fact that we have not
‘taken dispersion into account (the dfependence of
the sound velocity on the frequency). Actually, it
is evident from Eq. (22) that the divergence at

v=s is brought about by the fact that the limiting
frequency becomes infinite (i.e., the frequency be-
low which Eq. (22) is satisfied). Account of dis-
persion leads to finiteness of the limiting fre-
quency for all values of the particle velocity.* For

example, if we choose the dependence of the sound
velocity on the frequency in the form

s =50 (1 — o/ 20), (24)

which corresponds to account of quadratic terms in

the dependence of the frequency w on the wave

vector f, then the limiting frequency @, is deter-
m

mined by the equation and is finite for all values of

2 2 o2

1 Sy _ *mSo
=5 =

1—o,/ 0 v ""?p

the electron’s velocity (see Figure). We note that,
with account of dispersion, there is always a re-

ion in which condition (22) is satisfied, i.e., there
is a region of Cerenkov radiation of sound for any
velocity. This is connected with the fact that,
according to the assumption of Eq. (24), the
velocity of sound for high frequencies (v ~ w )
falls to zero (cf. Ref. 13).

It is evident that in the transfer of energy from

the electron to the lattice, only those electrons

take part which are located close to the Fermi
surface,” i.e.,

= A Ui @0—T)k (25)

16" oo, €

We omit the factor (1—s2 / vg)2 , since s << p

(vO is the limiting velocity of the electrons). We
choose %, SO that Eq. (25) coincides with Eq.(9).
Making use of the expression for ¢ oand T,

=k ws/ dk we obtain
xm == (3ﬁ2)l!4‘:/d7

which agrees in order of magnitude with the limit-
ing wave vector 7/d .

4. Up to now we have considered the temperature
of the electrons as given. For its computation it
is necessary to give a mechanism of heating the
electrons. Let us consider the effect of a strong

*We recall that without account of dispersion, the
energy losses of the electron in Cerenkov radiation also
become infinite, “ and for the same reason.
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conductivity and the thermoelectric emission is
considered in further detail in Ref. 4.

In conclusion the authors take this occasion to
express their gratitude to E. S. Borovik for dis-
cussions on the problem.
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