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The theory of galvanomagnetic effects in metals in large magnetic fields is developed,
without any restrictive assumptions concerning the dispersion law of electrons or the

collision integral 1

LARGE number of experimental and theoretical

studies have been devoted to the behavior of
metals in electric and magnetic fields. After the
discovery of Kapitza2 of a linear increase of re-
sistivity with field in a number of metals, it was
shown by Justi® that all metals can be divided into
two groups .
the resistivity in large magnetic field tends to a
saturation value; in the second group (Bi, Be, Zn,
Mg, ...) it grows without limit as the square of the
magnetic field (p ~ H?). Borovik® moreover
showed thatthere is a characteristic difference in
the behavior of the Hall field between these two
groups. He also showed? that the linear growth
of resistivity (Kapitza law) is observed in the
transition region between two regions of quadratic
growth.

In previous theories of the galvanomagnetic ef-
fects, it has been usual to start with some specific
assumption about the form of the electron energy
spectrum and of the metal and about the electron-
lattice interactions. In order to explain an un-
limited growth of resistivity, it has been usual to
introduce ‘‘holes’ (positively charged current
carriers ) somewhat artificially as well as elec-

trons (negatively charged current carriers ), and
the precise physical meaning of the holes was ob-

scure.

In the present work, @ theory of galvanomagnetic
effects is developed which involves no special
assumptions beyond the use of the Fermi distribu-
tion for the electrons in the metal.

1. CONDUCTION ELECTRONSIN A MAGNETIC FIELD

The current carriers in a metal--the elementary
excitations usually called metallic electrons or
conduction electrons--are characterized by quasi-
momentum p, energy €, charge e and spin J2. The
periodicity of the crystalline lattice leads to a
periodic dependence of the energy ¢ on the quasi-
momentum p with the period of the reciprocal lat-

In the first group ( Cu, Na, In, Al,..)
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%, ¢=¢(p) is a many-valued function, so that

tice
more exactly we have € = en(p), where n denotes
the number of the energy band ( ““zone’’); in what
follows we shall omit the subscript n. Close to
points of minimum or maximum energy, the con-
stant-energy surfaces are clearly closed, and more-
over, in the immediate neighborhood of the extremal

points they are ellipsoidal. Any (closed) constant-
energy surface close to an energy minimum en-
closes (in momentum space) a region where the
energy is smaller than its value on the surface
(vpe directed out of the region), while any closed
surface close to an energy maximum encloses a
region wherethe energy is greater than its value on
the surface (V e is directed into the region).

Since e(p) is a periodic function, the surfaces
described above will be repedted periodically
throughout the reciprocal lattice. Between these
surfaces, which are topologically simple, there
must occur more complex ones--self-intersecting and
open surfaces. We call open surfaces those which
pass continuously through the whole reciprocal

lattice. Thus Fig. 1 shows the energy surfaces in
two dimensions given by the equation*

e = A, cosk.a, + A,coskya,.

It will be seen that if 4| =4, a single open
surface exists (Fig. 1a), but that if 4 1 +~ Az’ there

exists a whole family of them (Fig. 15).

In the real three-dimensional case, a great
variety of open surfaces may arise, which may be
simply or nultiply connected ( some examples of
open surfaces are shown in Figs. 2-5).

The energy levels of a solid, the structure of
which we have described above, are filled by elec-

* The corresponding equation in three dimensions
gives the dependence of energy on momentum according

to the tight-binding approximations.
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trons in a way which is determined ( at absolute each repeated periodically because of the periodi-
zero ) by the number of electrons per atom and by city of the function e(p).

the disposition of the zones (i.e., whether or not Consider now the motion of a conduction electron
they overlap). In what follows, we shall be inter- in a constant and uniform magnetic field H directed
ested only in the zones which are only partly filled along the z axis (H =H —0;H_=H). We shall
(clearly, such zones always exist in a metal?). In % Y z

the general case, there will be several such zones, e o )
so that the limiting Fermi surface, e(p) = ¢, will n.eglect quantlzatl?n (?f motlon‘m t-he magnetic
in general consist of several separate surfaces, field. For magnetic fields satisfying pfl << ¢

use the classical equations of motion, i.e., we

Fic. 2
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(which is perfectly well satisfied for all attain-
able fields), this is clearly permissible if we are
not interested in the small quantum oscillations®
superposed on the monotonic rise of resistivity and

Hall field with magnetic field*.

When moving in a magnetic field H, the conduc-
tion electrons conserve their energy ¢ and p,, the
component of the momentum p along the z axis. Thus
the trajectory of the electrons in momentumspace is
given by the curve

e(p) = const; p, = const. (1)

The character of the motion along the trajectory in
momentum space depends essentially on whether
the curve (1) is closed, i.e., breaks up into a
number of closed curves each lying within a single
cell of the reciprocal lattice**, or open, i.e., run-

ning continuously through the whole reciprocal lat-
tice.

For closed energy surfaces, every trajectory in a
magnetic field is a closed curve. For open energy
surfaces, both open and closed trajectories may oc-
cur. [Suppose, for instance, that the constant-
energy surface is an ‘‘undulating cylinder’’ (Fig.
2a); then if the magnetic field is perpendicular to
the axis of the cylinder, the trajectory is open, but
for all other field directions it is closed.] In in-
vestigating the properties of conduction electrons
in a magnetic field, it is convenient to classify
open surfaces as follows:

1) Surfaces which contain open orbits only for
unique directions of the magnetic field (or for
none at all);

2) Those for which there is a one-dimensional
infinity (two-dimensional angle) of directions of
magnetic field leading to open trajectories;

3) Those for which there is a two-dimensional
infinity (solid angle) of directions of magnetic
field leading to open trajectories.

The simplest example of the first class of surface
is that shown in Fig. 2b; of the second class, the

mﬂy, in order for the classical equations of
motion, and in particular, the concept of a trajectory in
phase space, to be valid, two conditions must be satis-
fied:
A=h/p,Lr=cpy/eH, a<lr,

where a is the lattice constant. It is easy to see that
the first condition is identical with that given above
(assuming €= pg/ 2m0), and the secondl;:;)ndition is
then evidently satisfied, since fr/po =n , where n
is the density of electrons, of the order of, or less than,
one electron per atom (i.e., h'/po > a).

** Note that if the (x, y) plane does not coincide with
one of the crystallographic planes, these closed curves
will not all be identical,
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“‘undulating cylinder’’(Fig. 2a; the two-dimensional

angle is here 27); of the third class, the ‘“‘undulat-
ing plane’’ (Fig. 3; the solid angle is here 47, ex-
cluding only the direction perpendicular to the
“‘plane’’). A variety of multiply-connected surfaces
can occur, all of which can be classified in this
way. It should be noted that for surfaces of more
complicated topology ( as illustrated in Figs. 4 and
5) open trajectories are only encountered extremely
rarely.

In the present work we shall examine in more
detail the properties of conduction electrons in a
magnetic field in those cases where the basic role
(see below) is played by closed trajectories. The
investigation of other casesinvolving more compli-
cated topologies of the energy surfaces will be the
subject of a separate communication.

The position of an electron on the curve (1) is
determined by the time of rotation ¢, reckoned from
some (arbitrary) point on the trajectory. From the
equations of motion

dp/dt = (e/c)[vH]; (2)

we obtain, noting that v, (with components v, and
vy) is normal to curve (1),

dl/dt =—(eH/c)vy; vi=V o2+ o3

Here d! is the element arc of the curve (1), taken
in the direction of motion along the trajectory in
momentum space. Integrating the above equation,
we obtain

t_—_—(c/eH)gdl/vL. 3)

If the curve (1) is closed, then the period of rotation
around the curve is

T — iégﬂ__id_i
T eH Y v, eH 0

Here S = S(¢ p,) is the area of the plane p,

(4)

= constant intersected by the surface e¢(p) = con-
stant. The last equation is easily obtained, noticing
ing that

S=Sgdpxdpy:gds§dl/vi.

It is natural to call the quantity m* = (1/2#)
x 05/0e the effective mass of the electron in a mag-
metic field. For free electrons,
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s=p*/2my, S=rwpi ==(2me—pl),

so that 9S/0e = 2mm . We note that m* = m* (¢,

p,) is a function of € and p ,--quantities which are
conserved in a magnetic field. The usual definition
of the effective mass tensor--

(1/m)ir. = 0%/ Opi Opx

is inconvenient in a magnetic field, since onthis
definition the mass varies around the trajectory. The
connection between period and effective mass,

T = —2=cm*/eH (5).
is the same as for free electrons.

The sign of the effective mass m* (¢, pz) is de-
termined by whether the energy inside the surface
e(p) = € is greater or less than ¢. In the first case
m* is positive for all values of p,s in the second
case, negative.

If the curve (1) is self-intersecting, it is not
possible to establish such a simple criterion for the
sign of the effective mass.

It should be emphasized that for open trajectories

the concept of effective mass, naturally connected
with the period of rotation around the orbit, cannot
be introduced.

2. KINETIC EQUATION FOR CONDUCTION ELECTRON
IN A MAGNETIC FIELD

So far, we have investigated the motion of a
single conduction electron in a magnetic field. We
now consider the electron gas in a metal in con-
stant and uniform electric and magnetic fields. To
describe the states of the electrons it is now
natural to use as variables e, P, and the dimension-
less quantity

2=t )Ty=(1/2rm) S dlijo,,
specifying the position of the electron along the
trajectory in momentum space (cf. Eq. (3)]. Here

TO = — 2ﬁ0m0/eH, ¢ (58.)

where m is a characteristic mass introduced only

for convenience; since in the final formulas m,

disappears, we need not specify it more precisely.
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The kinetic equation for the distribution func-
tion f = f(e, p, 7) in the variables chosen has
the form:

of - af
Litsli+

af +, (0F\ _
T (er =0. (6)
We consider the stationary case; the values of T,

i)z and ¢ are obtained from the equations of motion

dp/dt=(e/c)[vH] + ¢E, (7)

where E is the electric field strength. (9f/dt) _ ,,

= tz)l W1if}is the collision integral, the form of
which will not concern us except in Sec. 6; to is
a characteristic relaxation time. Using Egs. (2)
and (7), we find

i)z =efE ;

20

c
(1 - W[g%) :

In what follows we shall, as is customary, assume
that the energy acquired by an electron between col-

¢ = eVE;

(8)

—_—
T —

]
Ty

lisions is not only very small compared with the
Fermi energy £, but that it is also small compared
with £0( 6 = temperature of the electron gas). This
permits linearization of the kinetic equation with
respect to the ekectric field E. Thus we suppose
that

f= fo=[el==2 /R0 4 1]7L, (9)

fo—etoY,Es

where f is the equilibrium Fermi function. For y,
we easily get a linear equation, on neglecting terms
quadratic in the electric field,

0%, /0% + TOVV {$,} = ‘{Of’(’) () v;. (10)

Here Yo = H/H, where HO is the magnetic field

for which the period of the Larmor precession T
is equal to the relaxation time ¢ [ cf. (5a)]. The
role of boundary condition for Eq. (10) is played
for closed orbits by the periodicity condition (with
period T/T ) on the function ¥,, and for open
trajectories by the requirement that '7[’1‘ shall remain
finite.

Averaging Eq. (10) over 7, we obtain

Wiy =1 (o, (11)
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The bar denotes an average with respect to the
“time”’ T ;
T/T,

S udr..

0

Ty

u =

In the case of open curves the average must be
taken in the limit as T -» .
For the closed curves (1)

(= x, y). 12)

Ve =0,

Indeed, the dependence of v on 7 in the linearized
equation is given by the equations of motion (2):

; — Vy =5————>— -
Zemy Ot Y 2mmg 0=

U.r_ = (13)
The averaging of the derivatives with respect to 7
for closed trajectories leads naturally to the result
(12). The mean value of the z-component of
velocity v _ is always different from zero, because
in the direction of the magnetic field the motion is
unbounded.

As remarked above, a detailed study of the vari-
ous types of open trajectory will be published
separately. To show that a change in the topology
of the energy surfaces leads to new results, we
consider briefly here the simplest case*, in which
the curves (1) are sections of the ‘¢
cylinder’” by the planes p = constant. Suppose
the magnetic field to be perpendicular to the cylin-
der axis. Choosing the x direction to be along the
cylinder axis, we find, on averaging (13),

undulating

0. =0; v,0; 0,50. (14)

In the case of arbitrary open curves, v =£ 0.

3. SOLUTIONS OF THE KINETIC EQUATIONS.
STRONG MAGNETIC FIELD

In what follows we shall be interested in mag-
netic fields large compared with # , i.e., y, << 1.
We look for a solution.of Eq. (10), satisfying condi-
tion (11), in the form of a power series in Yo'

[e2]

V= 2 7§lP(ih)'

h=0

(15)

* The major problem in treating surfaces of the second
and third type (cf. Sec. 1) is to determine the variation
of physically interesting quantities with field direction.
In the present communication this problem is not solved.
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Substituting (15) in (10), we obtain a set of equa-
tions for the functions ¢

=0 S WO =T () o;
q,(h)
_+W{¢<k M=0; (k=2 8,...). (16
From these,
g0 = c _§P; 5O = 0; an

T

B = {0 () — (o) 03 s

0
W=t e k=23 ...
0

Here the C; (%) are functions only of ¢ and p,» found
from Eq. (11)

Wo (C) = 1o (=) 03

(18)
W, (CP)=W(EM) (k=1,2,...);
T/T,T/T,
"AV - To S W .ot l d
O—T (E7pzi’ta“, Z’T) Td’C
0 0

The expressions (17) and (18) enable us in princi-
ple to calculate the functions t,b ¥ For explicit
calculations, it is necessary to know the form of
the operator W. However, many important results
(on the variation of conductivity, Hall field, etc.
with # in strong magnetic fields) can be obtained
without explicit calculation. We shall see that it
is possible to deduce the asymptotic behavior of
the experimentally measurable quantities simply
from a knowledge of the topology of the constant-
energy surfaces inthe neighborhood of the limiting
Fermi energy (.

Two cases may be distinguished (noting that
because of the factor f;(¢€) on the right-hand side
of Eq. (10), only energies close to the Fermi energy
are important ] :

1) In the interval 8¢ ~ k6 where the Fermi func-
tion is changing, there are no open trajectories for
the field direction considered;

2) In the interval 8¢ ~ k@ where the Fermi func-
tion is changing, open trajectories exist (in particu-
lar, the trajectories on the Fermi surface itself are

M. I. KAGANOV

open )*.

In the first case, we may use the fact that in the
whole of the relevant energy interval, 7_=0( «
=x, y). We then have C(O) 0** so that [ef (17)
and (13)1:

"‘.’x =T (_‘ pyf:)/2r"no + C(‘l)) + ngl).srz) T
by =T Py 25my + CP) +gv)
== CO Ly o)

"(19)

The important result emerges that ¢y and i have
different asymptotic behaviors in high fields, i.e.,
for y tending to zero.

In the second case (where open trajectories ex-
ist in the interval ¢ ~ k) zero-order terms appear
in the expansion for all ¢ :

by = OO a0+ 20
For the particular case of a magnetic field perpen-

dicular to the axis of the ‘“undulating cylinder”’,
we obtain from (14) and (18):

= Pyl 20 )
2= C0L T T

. (2D

4. THE CONDUCTIVITY TENSOR

To construct the conductivity tensor we use the
expression for the current density:

ji = 3w\ oif @p).

(22)

Here the integral should be understood in the follow-
ing sense:

(.. @p) = iim =\

G+ (GV,,)

where G is the number of cells inthe reciprocal
lattice and V' the volume of one cell of the recipro-
cal lattice.

In the case where only closed trajectories are
present, the range of integration in (22”) must be

* Various cases can then be distinguished, as was
discussed above.

** The first of Eqs. (18) has in this case only the
trivial solution COEO) = 0. This may be easily deduced
from the fact that otherwise all the remaining equations

for the Cik)

would have no solution.
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chosen so that each orbit lies wholly within it. In
particular, if these trajectories belong only to
closed surfaces (more exactly, if only such trajec-
tories are of importance ), the integration over all
p-space can be reduced to a sum of integrations
over separate cells of the reciprocal lattice (summed
over the different zones), where in each integral
(i.e., in each zone) the cell must be chosen so that
the whole closed surface lies within it.

Substituting for f in terms of the functions ¢,
and comparing the expression obtained with Chm’s
law ji = UikEk’ we obtain

Sin = — 22t h” g 0iVn (dp). (23)

We note that Uik(H) = oki(—H) invirtue of the

principle of symmetry of kinetic coefficients (Ref.
7, Sec. 118). These relations are easily obtained
by making direct use of the kinetic equations for
the function f and the Hermitian property of the
collision operator.

Substituting the value of ¢, from (19) into (23),
we obtain in the first case (no open trajectories in
the interval where the Fermi function is changing)
a conductivity tensor of the form:

Yga.r.v T(]a.\'y 70a.fz (24)
Sin (H) =| 1,8, 104y, T4y,
Todzy  Tolzy Qzz
The expansion of the matrix elements a , in powers

of y, in general begins with the zero order term. It
should be noted that in special cases some terms
may be zero from symmetry requirements ( for in-
=a, = 0 in the isotropic

stance,a__=a =a
xz zy

vz x

case )*,

All the matrix elements a;
Cgk) and consequently depend on the collision in-
tegral (cf. below, Sec. 5). An exception is
axg) (= —-a;(;c))-- the zero-order term inthe expan-

are functionals of

sion of a,, in powers of Yor Indeed, from (23) and

(19),
9202t P, O ¢
ay = — 2 0[P e () @),
changingthe variables ¢, p, and 7, and noting that

the Jacobian of the transformation is
* The first terms in the expansion of o__ando__ in

powers of y, vanish because of the particular form of
(1) . . (0)

/] p and l/’(}l,) in (19) [ cf. below, calculation of a 1.
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a(,)x’ pya pz) /5 (3, <, pz) — 2’:‘m0,
that v = —( 1/2ﬂm0)0py/8”r, and that C(S) is
independent of 7[ cf. (17)1, we obtain

a(O) _

e, ¢ .,  Op
xy = — e \ fole) 52 p, dp, deds

Il

— 2\ fa @y a=§an, § o, dp,

mmyh3

The inner integral o pxdpy = *S5(¢ p_), where
z
S(e p,) is the area of the plane p, = constant

intersected by the surface e(p) = ¢, and the sign
is determined by the sense of rotation around the
orbit, i.e., by the sign of the effective mass m*
(cf. Sec. 1). Since Ty =Vl We have asymp-
totically in large fields:

(o~

e 2 (0
w=—"0=5 {Sgd-

X [S Si(s p) dpz—gsz (e, pz)d’-’z]‘i‘

Here the first integral is taken over those parts of
the zone where m* > 0, and the second over those
parts where m* <0.

If we put —f(;(e) =08(e-{), we get

Oxy

__ec 2

— o 208 n)dp,— (8. p) ) o)

Thus finally, if the closed trajectories under con-
sideration are situated on closed surfaces, we ob-
tain

ssy = (2ec/ HR?) (V1 (5) — V2 (5)).

Here V .({) is the volume enclosed by the surfaces
e(p) = ¢, within which the energy is less than ¢
(i.e., m* > 0), and V2( ¢) the volume enclosed by
the surfaces €(p) = £, within which the energy is
greater than { (i.e., m* <0). Noting that states
with energy less than { are occupied by elec-
trons, we obtain

oyy=ec(n, —n,)/ H. (26)
Here n, is the number of states occupied by elec-
trons with positive effective mass, and n, the
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number of unoccupied states with negative effec-
tive mass. It is natural to call n, the number of
““electrons’, and n, the number of “‘holes”’.

It should be emphasized that it is only possible
to introduce these concepts if in the energy inter-
val 8¢ there exist only closed, nonintersecting
energy surfaces. Thus, if in the interval 8¢ there
exist only closed surfaces, the asymptotic value
of o,, is given by Eq. (26). In this case we note

that oy does not depend on the direction of the

magnetic field. If, however, the closed trajectories
have arisen as sections of open surfaces, then the
transition from (25) to (26) cannot be made. In

this case O,y is as before proportional to 1/H,

but is now strongly dependent on the direction of
the magnetic field.

The case n| =n, needs special consideration
(here, of course, we are still considering closed
energy surfaces). In this case aioy) =0, i.e., gen-
erally speaking*,

w2 (27)
Sy~ To= H2 [ H>.

It should be noted thatequality of the numbers of
electrons and ‘“‘holes’’ is not something except-
tional; all metals with an even number of electrons
possess conduction electrons only because the
energy bands in the metal overlap. It is natural
that the number of vacant states (number of
“‘holes’’) in the lower zone should be equal to the
number of occupied states (number of electrons in
the upper zone [ cf. Fig. 6). We recall that it is

m*

No masses

T Ta%se

W%
//' No masses
7

FIG. 6. Shading indicates occupation of states at 6 = 0.

A
* In the special case of isotropic dispersion and W

forn,=n

= ~
=1, oxy yO 1 2°

only possible to speak of “‘holes’ and “‘elec-
trons’’ when the empty and occupied states corre-
spond to closed energy surfaces. This will al-
ways be the case if the overlap of energy zones is
not too great (Fig. 6). Strictly speaking, exact
compensation (n1 = n2), leading to the result (27),
is possible only at the absolute zero. Thermal ex-
citation will cause the removal of electrons from
deeper states in the zone, not equivalent to closed

surfaces and therefore not contributing to the
““number of holes’’. Thus, although the number

of electrons in the upper zone is equal to the
number of vacant states in the lower zone, the

= 0 is violated in this case. Evi-

equationn, — n
quation 0

1
dently,

Ny — Ny ~ ne—Ae/ko, (28)

where n is the number of electrons in the zone and
Ac is the energy gap between the Fermi surface
and the néarest open surface.

Thus, if there exist no open orbits in the interval
d¢, all o, (except o ) ten to zero as /] tends to

infinity (H >> H, ); but the nature of the asymptotic
approach to zero is different for the different co-
efficients [ cf. Eq. (24)].

This statement is valid only at the absolute zero
of temperature (6 = 0). At finite temperatures,
i.e., if f(;(e) +# ~ 8(e~¢), we cannot in general

put o = 0 everywhere, since among all trajectories
there may be open ones. This leads to the appear-
ance of zero-order terms in the expansion of all

the o,, with respect to y,. However, owing tothe

factor f(;(e), the zero-order terms (//EO) are of order
exp (—Ae,/k0), where A« is a quantity of the

order of the energy gap from the Fermi surface to
the nearest surface containing open trajectories.
The appearance of zero-order terms in the expan-
sion of ¢, leads tothe appearance of zero-order
terms in the expansion with respect to Yo of all the
matrix elements Oin However, in all the elements
o, (except o”) these terms are neglibly small
up to fields of order H ,exp(Ae 1/kt9), which are at

present unattainable*.

* Moreover, the quantization of orbits in a magnetic
field® must be taken into account at a much earlier

stage.
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In the second case (when open tra%ectories do
exist in the interval 8¢ ~ £6) all 1/150 are different
from zero (20). In consequence of this, all the
matrix elements o, tend to saturation for H >> H0~

Moreover, all the 0, MOW depend on temperature

k
even at low temperatures, where normally (in the
absence of a magnetic field) the kinetic coeffi-
cients depend only feebly on temperature.

When the energy surfaces are of the second or
third type (cf. Sec. 1), an extremely strong aniso-
tropy should be observed in the dependence of Ok

on magnetic field. In fact, as the direction of the
magnetic field approaches that in which there exist
open normal sections, the size of the tensor com-
ponents o, changes considerably [ because of the

change in character of the solutions of (16)]. For
instance, in the simplest case of the ‘‘undulating
cylinder” (see above), as long as the magnetic
field H is not perpendicular to the cylinder axis,
the asymptotic dependence of o, on magnetic

field is given by (24), while if H is perpendicular
to the axis,

2 ’ 7
To a.vx 70 a, y To axz
. ’ ’ ’
sin (H) = To%yx a,, a,
’ ’ ’
f 0 azx az y azz

(29)

[cf. (23) and (21)]. As before, expansion of the

matrix elements a;, in powers of y begins with

the zero-order term.
Thus, an experimental determination of the
asymptotic behavior of o, in strong magnetic

fields for various orientations in principle makes
possible a clarification of the topology of the
constant-energy surfaces in the region of the
Fermi energy.

It should be noted that the usual experimental
arrangement, in which the electric field is measured
for only one current direction, does not permit a
determination of the dependence of all o, on mag-
netic field. It is essential to compare the results
of measurements for three noncoplanar directions
of current flow. There ate at present no experi-
mental results which can be used for this purpose.

5. FOURIER METHOD

In cases where only electrons moving along
closed trajectories are important (no open tra-

jectories in the interval 8¢ ~ £8), the Fourier
method can be used to analyze the solution of Eq.
(10). For convenience, the position of the electron
in its orbit in momentum space will be specified

in this section by the phase ¢, varying from0 to

2m:
N
'U‘L (LJ,

[ cf. (3) and (4)].
Expressing Eq. (10) in terms of the new variable
¢, we obtain

(09 /03) + W (b} =1/ () v.

Here y=(T/2nT0)y0 = T/21rt0 and is a function

of € and p _ in distinction to the constant Y, intro-

(30)

(31)

duced in Sec. 2. We now expand v and ¢ in Fourier
series:

o0

N ik
Z Vlt (3, pz) @rk@y

h=—o0

V(S’ P, ’fr) = (32)

bepa= 3 g e

le==—o00

Expressed in Fourier components, Eq. (31) be-
comes:

lkq)h _f— TW/LR’('I)R’ = f)f(; (5) vh; (33)

A
here W, , - is the Fourier component of the operator

A

W and is an operator with respect to the variables
€ and p_; summation over doubly occurring indices
is understood. Note that the equations of motion
(2) (connecting the quantities p and v entering
into the linearized equations), when applied to the
Fourier components of p and v assume the form

ikp,=m'[v,n); H=Hn. (34)
The vector ¢y can be represented as follows:
p=[ng] +6n; @=[¢n}; 0= (¢n). (35)
From (33), (34) and (35) we have
ke, + “{W;m/q?h' = ikyf  (c) p, /M (36)

ik@h -+ TW/WOR, = qrf(’) (e) V2.
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In expanding G and 6 in powers of y it is con-

venient first to ehmmate ¢, and 0 Substituting
k =0 in Eqgs. (36),we have
?0 = W(;)l I'AVC,]U?,‘/; (37)
0,=We' {f;()oz— W, 0,0 (K=0).
from which
e, — "(Ehh'?lc' =1f.(=)p,/m,
. o (k, k' == 0) 38)
0, — 1Ly 0, = 1h,
Here
I:Rh’ = l— {“A//kk’ - u?/h()u?/(;)1 ‘Wolt'},
hp =— % {fo( ) vk — Wsz/ fo e) Ug}- (39)

The solution of Eq. (38) may be expressed as
follows:

Fa—1_ 0y Pre
@, = (1— YL')khlﬂ'fo (2) P

k- ka,‘f s

om

= 1fy o

— (1 —_— Yﬁ)aln"hh/ = “"hk + "’LAhk"‘[hhl + “ .. (4-0)
From this and (37) it can be seen that the expan-
sion of ¢, and 6, in powers of y begins with the
first power (~ 1/H). An exception is 0, for which
the expansion begins with the term of zero order
0, = W' fo () 05 — Worrthw +. . . (41)

The same results might, of course, have been ob-
tained by the method of successive approximations,
starting from Egs. (16) and (18).

We note that the linear term in the expression for
¢, does not depend on the ‘collision integral [cf.

Eq. (21)]. Using Eqgs. (22), (9) and (35), we find

j=— 22 (e En) + 6 (mE)} v (dp)

from which

Sup = — Ze fo Sva (n¢]; (dp); (42)

_zet &00 dp).

Siz =

:.,:—2;23‘0{3 vl (dp) + 2Re ZS

(a, B=x,v). Werecall that oik(H) =0ik(_H)'

Substituting the Fourier expansions of gand 6
in these formulas, we obtain

[eo]
. 2e%t, \» o
e T T 3 >_' SU“_k ““P}J“(dp);
he=—00
2 o
2e%t, ;
5, = — 2l 3 R%ok (dp),

h=—o00 *

or, since v, ¢ and 0 are real quantities and v: =0,

e ©
sy = T Re 3 gv“_h [0, 1° (d p);

Lz

k(dp)}-

Using the expressions (40 and (31), and the equa-

tions of motion (34), we obtain the components of

the conductivity matrix in powers of the reciprocal
of the magnetic field:

4 @
C?'
ST T PEE 2
h—1
2 12 By — 12 L) PLS ) D)

(o]

. 4¢2 \

Syy= T IBHR L

h=1

X Spih(zkh’ "’xho‘z oh') pifoe)dp)+ ...
Syy=(ny —ny)ec/ H+..;

%0r™ 2 S Z‘Zoo f(

o
4ec AN
5= o7 Re D)

R=1

vZ(dp)+. .

x \pif @ =2 2 @ v +

4ec
S = — e
vz W R

L8

k=

. S|
x \p F1 @ o= 2,2, Ui v dp) +

Pl
(L= t,W is the collision integral). From these
expressions it is simple to derive expressions for
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the matrix elements a_,, but the explicit form of

these will not be required in what follows.

The solutions of Egs. (33) are particularly
simple in cases where a time of relaxation exists,
i.e., when*

Z=1/ty (Luw==(1]15) ),

b=/, /(1 + ik). (43)
We then have
o ike
v,e
LP lfO (S Z lk+Y R (44‘)
W) 2 S (T (45)
" (H) K3 h:z—mg ikt ifo (=) (dp),
or
5.\~.v'(H) = 22 ty {SU Urfo ) (dp) + 9Re
e (46)
hgi\ ik+ v ifO (dp)}

In the case of a quadratic isotropic dispersion
law, only one term remains in the sum, and we
easily obtain the well-known formulas:

5/ (1 + Q3td); 47

Syy = S92z = 9,

Syy = ~— Tyx = GQotO/(l + Qgt?});

OSxz = Oyz 7= 0

(where ¢ is the conductivity of the metal in the
absence of a magnetic field, and Q= 27/T  is
the frequency of Larmor precession). It should be
noted that such a dependence of the conductivity
tensor on the magnetic field is obtained in all
cases where an isotropic dispersion law is under
consideration (independent of the detailedform of
the collision integral). This is connected with
the fact that in all such casesthe action of the
collision operator on a function of the form
X;(€)v, reduces to a multiplication of the latter by

a quantity depending on energy but not on angle®.
This leads to the identical vanishing of all ¢/,
except ¢ and i/ 4,. This can be seen from Eq.

(41), if we notice that in the isotropic case V

=0(k==%2, 3, ...), and we obtain Eq. (4k)

* t, may here depend on ¢ and P,

6. ARBITRARY MAGNETIC FIELD (y ~ 1)

The Fourier method is applicable only if the
trajectories in momentum space are closed. If they
are open, the expressions obtained in Sec. 5 have
no meaning.

In the present section compact formulas are ob-
tained for the conductivity in a magnetic field for
those cases where the collision integrgl may be
written in the form (f - f ) /¢, (i.e., ¥ =1). In

such a case Eq. (10) becomes a differential equa-
tion instead of an integro-differential equation*:

a
AV / 0t + 7o%i = o fo () Vi-

The solution of this equation, satisfying (11), has
the form
b= e 0 ) d A ).
0
Substituting this expression for ¥, into formula
(23) for 0, , changing the order of integration and
averagmg, we obtain

V20 0 P, () (dp),

(48)

o 2ey

S =T T (49)

(o2
Pk (e, pz) = ’AJOS e, (%) Uy (z+E)ds.

0
These expressions are convenient for investigating
explicit laws of dispersion.

7. RESISTIVITY AND HALL FIELD

For the investigation of galvanomagnetic phen-
omena, it is usual to let a current of a given mag-
nitude flow through the crystal in a given direction,
and to measure the components of electric field in
three noncoplanar directions (as far as possible,
three orthogonal directions; cf, for example, Ref.
3). What is thenstudied is the resistivity tensor
in a magnetic field.

Cin (H) = 3;} (H)

Using the expressions obtained earlier for the
asymptotic behavior of o, (H), it is easy to find

the asymptotic behavior in high magnetic fields
(H >>H ) of the resistivity tensor P, (H).

* We revert now to the notation of Secs. 1-4.



52

1) When only closed trajectories are important.

a) According to (24),

M. I. KAGANOV

The expansion of the matrix elements b,, in powers
of y, begins with the zero-order terms, which are
determined by the zero-order terms of the matrix

by "{E_l bxy bxz
x: : . follows:
oy (H) =| 777 bys byy by: B0y ey, s Tollons
bz.v: bzy b”
bux = (ayy Gz + @52) [ Q22 Oys bay = — by =1/ ayss
by = b= azy/azz Qyys byy = (Qrr @2z + aiz) [ @z a'zty);
by: = — by = x| @z Qyy; bzz=1/0z.

Thus if in the interval 8¢ there are only closed

surfaces, then p’

~ -2
xx Pyy (nl—nz) , and

ory/H=1/(n,—nz)ec+ ... (51)
If, however, the closed trajectories are formed by
sections of open surfaces (cf. Sec. 4), then

(52)
ey | H = h*/2 {S S, (¢, pz)dp,— S Sy (8, p2)dpz}

and depends markedly on the direction of the mag-
netic fields.

Generally in experimental work the current j is
perpendicular to the magnetic field. Let us take
the x axis parallel as to the direction of current.
Then the resistivity p (the ratio of electric field
strength parallel to the current to the current
density) is pxx*, and pxy/H coincides with the

Hall ““constant” R = Ey/Hj. Thus, in this case
the resistivity tends to a saturation value, and p
depends markedly onthe direction of magnetic
field independently of whetherthe closed trajec-
tories arise as sections of closed surfaces or not.

The asymptotic behavior of the Hall ‘“‘constant’
is different in these two cases. If the surfaces
are closed, then from (51) R is a constant determin—
ing the difference between electrons and ‘‘holes”’.
If, however, the surfaces are open (though the
sections are closed), then R is a complicated
function of angle [ef. (52)]. Thus a study of the
Hall field in large magnetic fields is particularly
important in studying the topology of the Fermi
surface.

We should note the following fact: Generally, by

* For arbitrary current direction (ni), P =P

Hall field we mean the electric field, prependicular
to the current, a.rising when a current passes
through the metal in a magnetic field and changing
sign when the magnetic field changes sign, i.e.,
with our choice of coordinates,

Egan =Yz [Ey(H)—Ey(—H)]. (53)

On such a definition, the even powers of H naturally.
vanish. We should note that inthe case considered
the leading term inthe asymptotic behavior of
Ey(H) contains the first (odd) power of magnetic
field.

b) ny=n,. In this case, as has been pointed

out, 0~ Hg /H?, Consequently,

PaﬂNHz/H2; v, ~H/Hg

i

o, ~const (x, B=x,y)

From this we see that in this case the resistivity
grows quadratically with magnetic field. The sig-
nificant difference of this case, moreover, lies in
the presence of quadratic terms (in magnetic field)
in the expression for Ey(H), i.e.,

Ey(H) = (AH® + BH) j,

where 4 and B are constants depending on the
explicit form of the collision integral and the dis-
persion law. Because of this the Hall field (53)
in the present case does not characterize the lead-
ing term in the asymptotic behavior of the electric
field perpendicular to the current. Notethat 4 is
connected with the anisotropy of the crystal. In
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the isotropic case 4 = 0%,

This discussion shows that the experimentally
well-known existence of a group of metals (Be, Zn,
Cd, Mg, Ga, Sn, Pb, C, Bi, Sb, As, Mo, W, Ba)
with anomalous group of resistance follows from
the most general considerations of the modern
theory of metals. Previously these results have
been é)btained only under extremely special assump-
tions .

ql‘he linear growth of resistivity with magnetic
field observed by Kapitza2 in many metals corre-
sponds to a transition from a quadratic dependence
in small fields to a quadratic dependence with a
different coefficient in high fields. The same con-
clusion was reached by Borovik3, from analysis of
the data in the literature and also from experimental
obsérvation  of both the quadratic dependencies and
the transition region between them ,which approxi-
mates well to a linear dependence.

The influence of temperature, i.e., the effect of
the exponentially small terms ( of order exp (—Ae/
k0)--cf. (28)] leads to a satuartion of all com-
ponents of the resistivity tensor. However, this
saturation is reached only in extremely high fields,
or order H ~ H jexp (Ae/k0).

2) When open orbits do exist in the range d¢
~ k0.

Generally speaking, in this case all the matrix
elements p_, tend to stauration, which naturally

* Note that in the presence of two overlapping zones
with quadratically anisotropic dispersion laws (n, = ny
=n) and with proportional mobility tensors (ug)
Sy

6y cos2a - o sinZ a H
o= + 01 (1+__3_>

0102 ]—]3.
poCHall 11—
JH 7 nect +r’
E(S) _ Ey(H) -+ Ey("—H)
Yy 2]
_ Sinacosa (oy—o0y) '1+E; .
G103 HS J

Here H = c/e\/u{l) u(g); 0y g are the principal values

of the conductivity tensor O, = ne2uik( 1+ k). The mag-
netic field is chosen to lie along one of the principal
axes (the third), the current is perpendicular to the mag-
netic field and « is the angle between the axis [ and

the current.

leads to saturation of the resistivity. The Hall
“constant”’, however, decreases quadratically with
increasing magnetic field. However, the symmetry
of the open surface may substantially change these
results. For instance, in the special case of the
“undulating cylinder’” (with magnetic field per-
pendicular to cylinder axis), according to (29) the
matrix p has the form

=25 ~—1h =1k’
(%0, 7 5 bxy (0,
_ — 14 ’ ’
—1}4 ’ ’
To bz-v bzy bzz

The elements of the matrix bi,k are determined by

It should be re-

the values of the elements ai’k.

membered that in the present case the x axis is
along the axis of the cylinder.

Thus, if the current flows in the (yz) plane, the
resistivity tends to saturation; in other cases it
grows quadratically.

The Hall field always grows linearly with mag-
netic field. The Hall “‘constant” has no simple
physical meaning.

At the present time, apparently, there are still
no experimental data on the asymptotic behavior of
the tensor p_ in high fields which can be used to

draw conclusions about the topology of the Fermi
surface.
In conclusion, the authors would like to thank

L. D. Landau and E. S. Borovik for helpful dis-

cussions.
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Structure of the Intermediate State of Superconductors
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Institute for Physical Problems, Academy of Sciences, USSR
(Submitted to JETP editor, March 13, 1956)
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 40-44 (July, 1956 )

The structure of the intermediate state was studied by application of fine ferromagnetic
powder to the surface of a tin specimen. Two-dimensional pictures of structures of various

types were obtained for various contents of normal phase in the specimen. The influence
of a number of other factors (method of transition, temperaure, specimen size and others ) on

the character of the picture was also studied.

INTRODUCTION

A S is well known, a superconductor in the
intermediate state is broken up into regions
or ‘““domains ”’ of superconducting and normal
phases (s — and n— phases ). The magnetic field
is concentrated almost entirely in the n— domains.
Thus the field outside the specimen and very close
to its surface is also nonuniform. The dimen-
sions of the s — and n—domains in thermodynamic
equilibrium must be determined by two basic
factors which act in opposing directions. The
field energy close to the specimen will be reduced
by reductipn of thefield inhomogeniety and from
this point of view it is energetically favorable to
increase the degree of disperseness of the state.
On the other hand the presence of a positive
surface tension at the phase boundaries tends
to increase the dimensions of the domains.

Agreement between experimenta and theoretical
investigation of the geometry of the intermediate
state would therefore permit the development of
amethod of finding the magnitude of the surface
tension from observation of the equilibrium dimen-
sions of the structure. A knowledge of this
quantity and its dependence on various factors
(temperature, crystallographic orientation of the
phase boundary and others Jwould be very useful
for the development of the theory of supercon-
ductivity.

This problem however is a long way from being

solved. Mathematical difficulties prevent consi-
deration in a general form of the problem of the
shape of the phase boundaries. Landau succeeded,
however, in giving exact calculaion of the shapes
and sizes of the domains under certain simplifying
conditions. In one calculation nealy plane

parellel s — and n— layers were considered,!

while inanother 2 a model was considered in which
the n— layers repeacedly branched as they
approached the external surface so that the
structure was homogeneous or ‘‘mixed ’’ at the
surface. Subsequent work by other authors 3:4:5:6
is based on the methods used by Landau. In
particular it was shown? that a model with layers
branching a limited number of times and coming
out to the surface without formation of the mixed
phase (i.e., in a certain sense a combination of
the models of Refs. 1 and 2) is energetically
more favorable than the origina methods. In one
way or another all the formulas proposed for
connecting the surface tension with the dimensions
of the domains, have been obtained only under
various simplifying assumptions, still requiring
experimental verification, about the shapes of the
domains.

The experiments of Shal’nikov, Meshkovskii and
Tumanov 7! on the pattern of the field distri-
bution in a gap between two tin hemispheres by the
methods of a bismuth micro-probe and ferromagnetic
powder have shown that the real structures of the



