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A system ofrelativisticallyinvariant equations for a smeared-out particle interacting with
a fieldhas been obtained by using the method previously proposed ( see Ref. 1) for con-
structing a three-dimensional extended particle, The conservation laws for the total energy-
momentum four-vector are formulated. The particle is stable without the necessity for
introducing additional forces (of the Poincare pressure type). An exact mass renormaliza-
tion is carried out. For comparison with earlier equations, a rigorous limiting transition to
the case of a point particle is made. Interaction with the electromagnetic field and with a
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scalar meson field are considered.

1 THE theory of elementary particles is basic-
®ally a quantum theory. However, many diffi-
culties of the quantized theory have a classical
origin, so that it appears worthwhile to consider
some questions in classical theory, especially
since it is simpler and more pictorial, and may sug-
gest the way to construct a quantized theory.
Among the fundamental questions which have been
discussed in recent times from both points of view,
the foremost are the problem of the intrinsic mass
and the derivation of the equation of motion of the
particle.

Historically, the first elementary particle equa-
tion was Lorentz’s equation for the three-dimen-
sionally extended spherical electron. The decisive
shortcoming of this equation isits noncovariance and
the need for invoking forces of nonelectromagnetic
origin ( Poincare pressure) to stabilize the elec-
tron. The fundamental difficulty in constructing a
theory of point particles on a classical basis is
associated with the appearance of infinite intrinsic
masses. One can avoid this difficulty in the classi-
cal theory by taking the point of view that all the
particle mass is mechanical in origin, and eliminat-
ing all sources of electromagnetic mass.

Dirac? obtained an equation for a point electron
by calculating the flux of energy and momentum
from a world tube and using an artifice for eliminat-
ing the field-mass: the solution of the equation for
the proper field of the electron was taken to be
half the difference between the advanced and re-
tarded potentials. Later other attempts were made
to eliminate the infinite electromagnetic mass of
the point particle and to derive an equation of
motion for it. The electron, and also a nucleon
interacting with meson fields, was considered ( cf.,

for example, Refs. 3 and 4), but in all cases the
use of half the difference between retarded and
advanced potentials is a fixed requirement in de-
riving the equation of motion.

Attempts have been made!’® to construct a
theory of a three-dimensionally extended rela-
tivistically invariant particle. The equation of
motion of such a particle in an external field was
obtainedl, and it was shown that relativistic in-
variance is achieved, and that the difficulties as-
sociated with Laue’s theorem ( instability of the
electron, nonuniqueness of the 4-momentum) are
removed if a covariant form of the Poincare pressure
is introduced.

We make use of the method proposed.in Ref. 1 for
constructing a three-dimensional invariant ‘“‘smear-
ing’’. However, in contrast to Ref. 1, we shall
smear the interaction and not the charge, as are-
sult of which the particle will be stable without
the introduction of the Poincare pressure.

2. We consider first the case of an electron inter-
acting with the electromagnetic field. By analogy
with ordinary electrodymanics, we choose the action
S in the form

S=8"+8 + 8"

(1)

S" = — mgdt; 2)
gl 5 o
St = ng A (%) Ji (%), (@)

m
where S* and S7 refer to the free particle and the
field, respectively, and S*** to the interaction.
Here, in contrast to the usual electrodynamics
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j; (%) is the current of a three-dimensional extended
particle and not of a point particle. As shown in
Ref. 1, the conserved current for such a particle
has the form
ji () =S (r) 8 (o)1 + rpop . ®)
The notation usedhere and inthe sequel is the same
as in Ref. 1.
Varying S with respect to the coordinates of parti-

cle and field we obtain, respectively, the equations
of motion and the field equations:

mw Son() & (ren) (1 + rawy) Fij (%) 4

- :_T g dQP (f) 8 (rkuk){Aj (JC) Uju;riw;
+ Ai (X) riw; — Aj (x) riwj};

OA; (x) = — 4nj; (%). (7)

By direct substitution of 4, + d¢/dx, for 4,
one can verify that Eq. (6) is gauge invariant.

The equation of motion (6) is not identical with
Eq. (28) of Ref. 1, differing fromit by the term

£ g dQp (1) & (raun) {A; (x) wjwirw; (8)

+ Ai (X)riw—A; (x) riw;}.

This term is connected with the Thomas preces-
sion: a particle displaced relativistically along a
closed contour will, when it returns to its initial
position, turn out to have rotated through some angle
about its axis. This is unimportant for a point
particle, and in fact Eq. (8) goes to zerofor r,~>0.
For rectilinear motion, even if accelerated, this
term again gives zero. It describes forces which
appear only during curvilinear motion and are as-
sociated with rotation of the particle about its
axis. Thus, for a rigid relativistic particle in a
field there appears, so to speak, an additional de-
gree of freedom, so that initially we must assign
not only the coordinates and velocities, but also
the angular velocity of the Thomas precession,
which is uniquely determined by the normal com-
ponent of the acceleration. This is the reason why
the term (8) contains w,, the third derivative with
respect to 7. If the partlcle is initially free, then
(8) vanishes and the assignment of the auxiliary
initial condition is unnecessary.
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3. To obtain the total conserved 4-momentum P ,
we use a method developed by Pauli®. In this
paper there was obtained for the first time an ex-
plicit expression for the energy-momentum integral
in a quantized nonlocal theory. It satisfies exact
conservation laws, and not asymptotic ones as
previously supposed. Thus one can at any stage of
the computation make the transition to a local
theory which coincides with the usual theory.

Although we are not considering the interaction
of fields, but rather of a field and partlcle we
shall also use the method proposed in Ref. 6. As a
result of computations similar to those of Ref. 6, the
total 4-momentum is obtainedin the form

P;(t)= PP (t) + PL(t) + Pi" (¢); ©)
P (t)
Sde (x f)_l(_)}_{ e(t—T)—e(t —1')
*g"g'ﬁ( VD sy

+ SdQ’ SdTa (T — ) {A; (¥') wjuir s (10)

+ A; (%) r'lw, — A;(x) r;wj};

P (t) = mnguiB'(T—t); 1)
PLt) = i @ ¢ — 1) (12)
X {F”(x')Fu (’C)—-*—F2 (x' )}
where
e(t)=+1 for >0

and —1 for ©<<0; T (1) = —iX,(v).

One can verify by direct test that the 4-momentum
defined by Egs. (9)-(12) is conserved, i.e.,
dP;(t)/dt = 0. (13)
4. Using the expression for P (t), we get the
completely renormalized particle mass M. For this
purpose we solve the system of Egs. (6) and (7) for
an electron at rest in the absence of external

fields and substitute the solution into the expres-
sion —iP , = M; we get



THREE-DIMENSIONAL EXTENDED PARTICLE 15

1
o= —idy=\dVo () ;=77 (14)
4 =(0,0,0,i); A=0;
M = m + n/;
where
1 , 1
mf=7Sde(r)Sde(r)lr_r,I (15)

is the finite electromagnetic mass of the electron.
In the special case where the charge is distributed
over the surface of a sphere of radius Ty m

f

=e?/ 2r, while for a volume distribution, m

= 382/57'0. m is the primitive mechanical mass,
which enters explicitly into the equation of motion
(6), M is the renormalized or experimental mass. In
contrast to the quantum mechanical case, the re-
normalization is exact.

From consideration of the stationary case and
using condition (13) it follows that the electron is
stable without introducing any additional forces
of the Poincare pressure type.

We can introduce the completely renormalized
mass M into the equation of motion (6) in place of
the primitive mass m. The equation of motion with
the renormalized mass takes the form:

Mw; = m'w; (16)

+ (g (r) (ruaw) (1 + ruwy) Fiy (0) g
— ‘%Sde () 3 (ruie)
X {Aj (x) uuirqwr + A (x) raw; — A; (x) rawj,

where m' is to be taken from (15).

But this doesnot complete the renormalization
process. We must similarly renormalize the field,
i.e., eliminate from the right side of the equation
of motion that part of the proper field of the parti-
cle which is already included in m’.

In (16), Ai(x) is the sum 4, + A7, where 4,is

the electromagnetic field external to the particle;
A7 is the field produced by the particle. The latter
consists of two parts: the field 4 radiated by

the particle, and the field A:a permanently attached
to it. A7 is just that part of the field which must

be taken out to get complete renormalization. Ob-
viously we must require that in the stationary case

A; , coincide with the field of the free particle.
However, the choice of 4] is not unique.

We shall take for 4] a solution of Eq. (7) in the
form of a retarded potential, which corresponds to
the natural physical description:

Al (x) = SdQ’4ﬁGm (x =x)Ji(¥); 7

G™ (x — x')=(1/47) 3 (18)

X {,x~x'[—(t—t’)}/[x—x’[,

where G"¢¢ is the familiar Green’s function for the
retarded solution of the d’Alembert equation.

Substituting A‘i(x) into the right side of (6), we
get the self-force

Fi(z) = Sde (r) 8 (rauy) (19)
X (1 4 riwn) { dQ 426" (x — x')

X g de'd (1) {uj (wiu; — wiuz) p (r)

+ u; (u, a‘;i',;') — u; 6—2—%;))(1 + f;nw;n)}

1
d N ™
— d—TSde (r) & (raur) {rewy (win; + 8;;) — raw;}
e
X \ dQ4G™ (x — x) Sdc’?» (rutty)
X1+ 1) o (',

where r'=x"—- X% X’=X(7").
The equation then takes the form

Mw; = m'w; + F; 4 F3, (20)

where m/ is taken from (15), F:from (19), and Fi

from the right side of Eq. (6), where it is under-
stood that now A,(x) includes only external
fields satisfying the free-field equation
OA4; (x) =0. 1)

The system of equations (20 and (21) is a com-
plete system of exactly renormalized equations de-
scribing an extended electron in interaction with
the electromagnetic field. The total 4-momentum
of the system is conserved despite the presence of
odd time derivatives in the equation of motion.

5. The self-force F* can be integrated approxi-
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mately under the condition on the smallness of
the acceleration

wry <1, (22)
where r  is the size of the particle.

Multiplying (22) by M we get a simple interpre-
tation: the change in energy ( or momentum) along
the path r; must not exceed the self-energy of the
particle. For r, approaching zero and the point
particle, the condition (22) drops out.

We carry out the computation in the rest system.
In the final result we transform to an arbitrary sys-
tem. We integrate in turn with respect to ¢, t), 7,
using the three d-functions

8(ratn),  8(ratn), OS{|x—X|—(t—1)}
and make use of the normalization condition
JdVp(r) =1. The 7’ integration is approximate.
Introducing the new integration variable s = 7"~ 7,
we expand the integrand in series subject to the
conditions

ws << 1 (23)

and (22). But because of the d-function in the in-
tegrand, s is of the same order of smallness as Tor
Therefore, conditions (22) and (23) are equivalent.
As aresult of the integration we get a series in
powers of r. The first term of this series (of
degree minus one in ro),

1

S, Sde (r) g Ve (r') ,?i—r—l (24)

corresponds to A:a [the Green’s function is taken
in the form % (Gret + G2%¥)]. In the equation, it
combines with mfwi from (15).

The second term of the series (of zero degree in
ry) is

2/3€® (Wi + Whltrlti) (25)

and is the well-known term for the self-force or
reaction of the radiation from a point electron inter-

acting with the electromagnetic field. It corre-
sponds to A (here the Green’s function is

% (G — Gadv),

Al + Al =4 (26)

and correspondingly,
1/2 (Gret_ Gadz’) + 1/2 (Gret + Gadv) — Grg[.

The remaining terms of the series (first and higher
degree in r ) are small under the condition wr
<< 1, and can simply be dropped. For large accelera-
tions they cease to be small, and the series ex-
pansion and integration of the self-force lose their
meaning.

The final form of the renormalized equation of
motion is

Mw; = ng.o (r)3 (raun) (1 + rawr) Fij (x) u; (27)

+ —;—ez (w; + wplpt) + . . .

where terms of first and higher degree in r, have
been dropped (they are expressed in the form of
integrals). Equation (27) reminds one of Lorentz’s
equation but differs from it in being relativistically
invariant. In addition, the electron is stable with-
out the introduction of auxiliary forces (Poincare
pressure). Together with Eq. (21) for the free
external field, Eq. (27) gives a complete system of
exactly renormalized equations for a three-dimen-
sional extended particle interacting with the electro-
magnetic field. Wehave already given the conserva-
tion law (13) for the 4-momentum P, defined by Egs.
(9)-(12).

For comparison with Dirac’s equation, we go to
the limit of a point particle. Then the terms of
first and higher degree in r ) vanish. The condi-
tion wr <<1 no longer restricts the acceleration,
and the equation of motion takes the form

Muw; = e2F i (X) wr + %5 €% (wi + wruns). (28)

In this form, the equation of motion coincides with
Dirac’s equation. However, unlike Ref. 2, the
physical interpretation of Eq. (28) is clear. Through-
out the whole computation, we used finite quanti-
ties, considered the physically understandable case
of retarded potentials, achieved exact mass re-
normalization, and also obtained rigorous conserva-
tion laws (9)-(13).

6. Let us now consider the case of a nucleon
interacting with a scalar meson field. We proceed
in complete analogy to the calculation for the elec-
tromagnetic field, so that everything previously
stated also applies here. We shall only note the
differences and peculiarities inthe present case,

and give the final results.
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We choose the action function S in the form

Muw; = m'w; + F; (¢) + F, (35)
Sm=—mgd'c; (29)
f__ 1 2,52 . where m/ is the finite field-mass of the nucleon,
S'= snSdﬂ g () + 1% (1)} Bo) | qual to
(31) —X[r—r'|

(36)

1 !’ ’
m = —g e\ Vo) | Ve ) =
S = — g S dr S dQp (r) 8 (raur) (1 + riwi) ¢ (x), F () is the right side of Eq. (32), where ¢(x) now
includes only external fields, satisfying the free-

where ¢(x) is the potential of the meson field, field equation

cpk(x) =dlx) /9%, x is a constant numerically
(O =22 =0. (37)

equal to p/ 7, p is the meson mass, g is the scalar
coupling constant (the nuclear ‘‘charge’’).

s .
We then get the equation of motion F;, the self-force, is equal to

man = — g (a0 ()6 () () (1 + 7o) B2 FI6) = 22§ (nanp (1) (L re) - 9)

d R

s S dQ g={p () & (ruun) o (x) us) X SdQ’ AxG™ (x — ')
and the field equation , P
X Sd’t'a (fnun)(l 4 rmW@Wm)
(O —=x)e(x) (33)

e (r') /» , _
x { fm Bk + i) +p (r') w; (1 4 rowy) 1}.

— 47cggd':p (r) 3 (rr) (1 + i)

In contrast tothe electron case, F'7 consists of

It is interesting to note that the equation of mo - ; "
tion (32) contains no derivatives with respect to 7 two parts--a singular part F' 7 and a nonsingular

higher than the second. part F>i<
The action for vector coupling is . i?s -

) i=Fi+Fi,

spt = — (a0 22 fu ) = — a2 (i 9

k k corresponding to two parts of the Green’s function

because the divergence of the current vanishes ret =rot ot

identically, and is thus the integral of a divergence G =G"4G"", (40)

and therefore gives no contribution to the equation.
The total conserved 4-momentum has the form

P () = g (de: () | dp ()3 (rian) (1 + rin)

where the singular part G "t js given by (18) while

the nonsingular part G Xret i

(41)
1y h GV E=P— =2
m V(IR —(x—x)

0

X Tie(t—T)—s(t—1t)
eret<x_x,) :J

+g S dQ's (x') S dTp (') 3 (rhur) i (T — t);

P:n(t) _:mS dTuia (T——t)a t l ,l
t—t >

Plty = ~(daoat — v
(1) = 7 |43 (t — 1) p<l—r]

~

(o (o () — L3 (a2 :
X 19 (%) 4 (x') — 5 Bia (€1 (%) + x°¢% (x ))} . (34) The singular part of the self-force F ; is inte-
grated, subject to the condition (22) just as in the
The renormalized equation of motion is case of the electron. The nonsingular part F can
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be expanded in series with respect to r, and approxi- in this equation (although the equation would be

mately integrated only if we impose on the accelera-

tion the new condition

W< Y. (42)
The integrand is expanded in series subject to
conditions wr << 1 and ws << 1. However, in con-

~

trast to the case of F fand that of the electron,
here s is a variable taking on values from R to e
(the limits of the s integration). It proves to be
sufficient to integrate, not to o, but to some s
such that xs  >> 1, while ws; << 1, so that the ex-
pansion in series can be accomplished. These
two conditions together give w <X This new

condition which did not occur for F] gives a
stronger bound on the acceleration than the earlier
wr,, << 1 (for the chosen values of the constants
1/x=F/p~14x 107! ¢m) and is not eliminated
when we gotothe limit of a point particle.

The renormalized equation of motion (35) under
the canditions w <<y, w << 1/r0 has the form

Muw; = Fi(3) — 2 g @i + wpttptts) + - .., (43)
where terms of first degree and higherin r, have
been dropped and Fi(cp) is the same as in (35).

For accelerations limited only by the one condi-
tion w << l/r the self-force FX cannot be ex-

panded in series and mtegrated In this case the
equation of motion is expressible in the form

(44)

Muw; = Fi (9) + /5 g2 (©i + wrtntt;)

4 F Y, g+
Together with the Eq. (37) for the free external
field, the equation of motion (35) [ or, inthe special
cases, Egs. (43) and (44)], gives the complete

system of exactly renormalized equations for a
three-dimensionally smeared nucleon interacting

with a scalar meson field.
From Eq. (43), we obtain by rigorous transition
to the point charge:

Mw,; = — g {3, (X) + (d/d=) (¢ (X) 4.}
— s 8* (wl -+ M.Jkuhui).

(45)

This is the equation for a point nucleon interacting
with scalar meson fields, subject to the condition
w << x. The constant y does not appear explicitly

different, if 3 = 0.
For arbitrary accelerations, by making the limit-
ing transition we obtain from Eq. (44)

Muw = — g {2 (X) + 2= (¢ (X))}

. . 1
+ %gz (@i + wrttntts) — 5 &5(Wi
1 2.2 2.,2 ( i '
+geu—gp | Fhd(¥)ds

—0r
T

— gy fu et

—00

- Xk, Y=+ --(Xk —Xk)z.

Comparison of Eq. (46) with earlier equations
for a point nucleon interacting with a scalar meson
field shows that for the case of w << ¥ Eq. (46)
leads tothe well-known form of the equation ( cf.,
for example, Eq. (50¢) in Ref. 7], which is ob-
tained using G X in the form %(GX 7" ~ GX adv) But
in the general case, (46) differs from Eq. (50¢) of
Ref. 7. In addition, precisely for the case of w <<y,
Eq. (46) was obtained by us in the entirely new
form (45) where its interesting feature (opposite
sign of the self-force) is explicitly clear.

Equation (46) differs from the equation obtained
by using for GX the retarded solution GX "* [ cf.,
for example, Eq. (210) in Ref. 7] by having the
additional term —¥%g? Xxw, on the right side of the
equation. The effective mass correction —/zg X
obtained in Refs. 8 and 9 combined with our addi-
tional term, so that the results of these papers con-
cerning changes of effective mass are incorrect.

7. The fundamental problem facing the present
relativistic quantum theory is to obtain in closed
form a system of renormalized equations not con-
taining infinities. This problemis solvedin the
quantum theory of fields in the weak coupling
approximation. The solutions (or the renormalized
equations) are obtained in the form of series in the
fine structure constant. It is of interest to try to
solve the problem in another way: by first renormal-

izing the classical equations andthen quantizing
them. In this paper the first step along thispath

is carried out: systems of completely renormalized
classical equations are obtained for particles inter-
acting nonlocally with electromagnetic fields (20,21),
(27,21) and meson fields (35,37), (43,37) and (44,37).
It is important to note that the exact renormalization
was carried out for a smeared interaction andis

where Yk -X
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finite. The transition to the point particle is ac-
complished after the renormalization so that infinite
expressions are absent not only from the final
equations (28,21) and (45,37), (46,37), but also from
every stage of the calculation. The attempt to
quantize the renormalized equation is a fascinating,
but obviously not simple, problem.
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Temperature Dependence of the Viscosity of Liquid Nitrogen
At Constant Density

N. F. Zupanova
Khar’kov State University
(Submitted to JETP editor January 25, 1956)
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 14-17 (July, 1956)

The results of measurements on the temperature dependence of the viscosity of liquid
nitrogen at constant density are presented. These measurements were conducted over the
density interval from p = 0.38 to p = 0.86 grn/cm3 for temperatures ranging fr om the con-

densation temperature at each density to 300° K. The gas-like character of the variation
of viscosity with temperature in liquid nitrogen at low densities is revealed for the first

time.

I N 1950 Verkin and Rudenko! first investigated
the temperature dependence of the viscosity of
liquefied nitrogen and argon for constant values of
the density. These experiments, in which it proved
possible to distinguish quite fully the effects of the
two factors of temperature and variation in molar
volume upon the coefficient of viscosity, were con-

ducted over a narrow density range.
The purpose of the present experiment has been

to extend such an investigation to cover a wide
range of densities--from a value of the density near

that at the tr(iiple point to the value at the critical
point. Liquid nitrogen was selected as the subject

of the experiment, inasmuch as it belongs to the
class of simple liquids; i.e., nonpolar, nonassoci-
ative liquids consisting of particles having spheri-
cal or nearly spherical symmetry. The full and sys-
tematic study of the properties of such substances
is of great interest in connection with the problem
of constructing a theory of the liquid state.

APPARATUS AND METHOD OF MEASUREMENT

In investigating the viscosity of this liquid use
was made of the viscometer constructed by Verkin
and Rudenko® and loaned for the present experi-
ment by the Low-Temperature Laboratory of the
Physico-Technical Institute, Academy of Sciences,
Ukrainian SSR. The viscosity was determined from
the time required for a cylindrica] weight to fall
along a tube of slightly greater diameter filled
with the liquid to be investigated. Since pressures
as high as 3000-4000 kg/cm? are developed as the
temperature is increased with the density held con-
stant, the tube and its contents were enclosed in
a thick-walled bomb. Tube, weight and bomb were
all made from the same material--beryllium bronze--
and were placed within a metal Dewar flask. A
core of iron-nickel magnetic alloy was pressedinto
the weight. Two pairs of induction coils were



