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and 8* obtained with the same parameter values.
Furthermore, the maximum is not found at %
= pc2 as in Ref. 6, but at a considerably higher
energy. The angular distribution resembles those
of Refs. 6 and 8. only for very small and very large
ko, and strongly differs at other values of ko;
this is especially true of the backward scattering
in the pre-resonance region and of the minimum for
6 = 77/2 at resonance.

In conclusion, I wish to thank O. P. Ryibalkin,
V. I. Petukhov and A. G. Trunov for carrying out

the numerical computations.

Note added in proof: After completing this analysis, the
author discovered that an analogous calculation was
carried out independently by R. Gurzhi.
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This is a discussion of the perturbation theory for particles with arbitrary spin. The
properties of the singular functions for such particles are discussed. It is shown that the

elements of the S-matrix may be found by the Feynman rules.

THE present theory of wave fields permits us to
consider fields corresponding to particles with

any integer or half integer spin or with any number
of ‘integer or half mte%er spin states.q1 LA spite

of the fact that particles with spin larger than
unity are not observed experimentally, the theory

of such particles can present some interest in the
interpretation of the properties of the newly dis-
covered mesons and in the study of the isobaric
states of nucleons. For instance, the theory of
particles with spin 3/2 has been applied to the
construction of the partly phenomenologi‘{:al theory

of interaction of 7-mesons with nucleons™ - and the
results obtained compare satisfactorily with the

experimental deta.

The basic problem in the study of the interaction
of particles vith arbitrary spin with other fields
amounts to the construction of the scattering matrix
S. It has already been assumed previously that the
elements of the S-matrix for particles with arbitrary

* The constants used in this article are almost
identical to those of Ref. 8.

spin may be obtained by the Feynman rules.®¢ ,

7
in analogy to the quantum electrodynamics case.

However, until now no basis was given to this
assumption.

A difficulty arises in the construction of the
S-matrix for particles with arbitrary spin. The
difficulty is related to the fact that for higher
spins not all the components of the wave function
¢ (x) are dynamically independent.! This fact is
the main impediment in the attempt to generalize,
for the case of arbitrary spin, the S-matrix theory;
the latter was derived by Dyson” for quantum
electrodynamics (spin 1/2 in the interaction repre-
sentation. (For more details on these difficulties
see Refs. 5 6).

In the present paper, it will be shown how one
can obtain the elements of the S-matrix for parti-
cles with arbitrary spin in the Heisenberg repre-
sentation. We follow the Yang-Feldman method.?
For the sake of simplicity, we will consider the
interaction with an electromagnetic field (the
interaction vith other fields can be treated analo-
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gously).

1. The interaction of a particle with arbitrary
spin  with the elecfromagnetic field can be
written in the form

(LyVy + ix)h = ieArLyY;
DAk = ji; jr=e(PLx})
(h=c=1; k=0, 1, 2, 3;

Vi=0/0xx; 0=V, (O

where 4, is the quantized 4-vector potential of
the electromagnetic field and L, are matrices
the properties of which are studied in Ref. 3.

It has been shown 2-10 that the matrices L,
subject to the conditions stated in the earlier
footnote satsify the identity

(Lapr)* LLrpr)® — G2/ 1) PR - -
[(Lrpr)®* — (x2/P§) pi] =0, 2)

where p, is an arbitrary 4-vector, 1y, oy 52+
i, is the rest mass spectrum of the particie )
and n is an integer dependent on the properties of
the matrix L , . For particles with spin %: n=0,
s=1; for particles with spin 0,1: n=1,s=1. In
the first case, (2) gives a known relation for the
Dirac matrices, and in the second case, (2) gives
the Deffin-Kemmer relations.

2. Let us first consider the basic singular
functions satisfying equation (1).

It has been shown? that, in the absence of
interaction the components of the wave function
Y satisfy the relation:

[V (1), Do ()] = — Res (x — ), (3)

R() = (— (@i 0 2| (avay

r=1

S INCANEa] AN CRPATY
i=1 Mg

i+r

*We are considering only equations with finite
dimensions (¢ has a finite number of components). Such
e?uations describe particles, the spin and the rest mass
of which are taking a finite number of values. Further-
more, it is assumed that the energy (in the case of inte-
ger spin) or the charge (in the half-integer case) are
definite.

**the mass spectrum of a particle is de ermined by
the relationship p; =| % N | where A; are © the non-zero

eigenvalues of the matrix L,
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br = J1 i) /11 (83 — 02, )
=t i
where n and s are defined the same way as for (2),

and A(x, the ) is the Pauli singular function corre-
sponding to the particle with a rest mass p_ .

Ax, w) = (27c)‘3§eipx S——-——ml’;"x" d3p;
o 0

Po="Vp* +p;-

In (3) the minus sign is taken for inteéer spin and
the plus sign for half integer spin. The vacuum
expectation value (in the absence of interaction)
has the form

A% (1), Ta(¥)]50e = iRG (X — %) (6)

(the plus sign is taken for in(tf;g;er
in, minus for half integer s in ), where x
isglélbt;nined from the expigessign of R(x) {eEq. 24; ]
by substituting for A (x, p, ):

A® (x, pr)

— (2«)‘38@'9* C————OSpi“x" &p; po=V p+u}

The Green function of the equati.on (L, V, tik)
x 1 (%) = 0 can be presented in the form® :

Sag (X — X') =S (V) Ebr G (x — X5 P‘r); @)

where b, may be obtained from (5) and S (V) is a

differential operator of the form

(V)
n42s—3 _ s
=— 2 () v 1@ ) e

+ (’T>" (LyVy, — ix) (LVi)

s s [[l‘hvh)z—‘ —:% O ]
x 1
2l
i+r

(O +#)- 9
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In particular, in the Dirac equation (n =0, s=1),

S (V) takes the form L.V, —ik; in the case of the
Deffin—Kemmer equation (n=1, s=1), one obtains
from (9) the known formula

S(v)
= (i /%) [(LaVi)? — ¢ (LaVi) — (O + )]

To define completely the Green’s function
~. (x = x ") one has furthermore to define the
integration path in (8). Let us denote by

A (x—x"p)and by A, (x —x75 gy ) the
Green’s function G (x — x”; p, ) for the Klein-
Fock equation (  +p2) ¢ (x) =0, giving solu-
tions in the form of retarded and advanced poten-
tial, respectively; by A, (x—x % p; ) the causal
Feynman A — function, and by A(x — x5 1, )
the Green’s function corresponding to the principal
value of the integral in (8).

The corresponding Green’s function for particles
with arbitrary spin will have the form

S(x—x')=S(V) EZ(x—x'; Tk

i=

S,(x — x)=S(V) DA (x— x5 p);

i=1

Sk(x—x') = S(V) D Ar(x — x5 m1);

i=1

Sa(x—x)=S(V) ZAa (x—x'5 ). 10)

i=}

Furthermore, let us define two more functions

S(x—x)=S(V) Qb (x—x'; pi);

i==1

S0 (x— x') = S(V) D0A® (x — x'; pa). (11)
=1

Using formula (9) and also the fact that A(x—x ")
and AY) (x —x ) satisfy the Klein-Fock equation,
it is easy to see that

S(x—x)=—R(x—x);
SO (x—x)=RO (x — X'),
where R(x —x*) and R 1) (x — x *) are the func-

tions defined in (3) and (6). In this fashion,
Eqgs. (3) and (6) can be replaced by

V. 1. KARPMAN

(9o (£), o (x)]x
= S(x—x), V(%) Po(x)]5D0

= —iSW(x—x). (12)

From HZ) one sees that, in the Frqen’s functions
as well as in the permutation relations and in the

vacuum expectation values, the only operator
operati ng on the singular A — function is the
differential operator S (V); this is the same situa-
tion as in auantum electrodynamics. This
situation will be considerably taken advantage of
in our work.

It is also important to note that the relatiornships

between the Green’s functions S;» Sq5 Sp {a"d
S are the same is in quantum electrodynamics,

namely:

Sr(x)=S(x)—(i/2)S"(x),  (13a)
S(x) =1, {Sa (¥) + Sr (x)},  (13b)
(13¢)

S (x) =S, (x) — Sa (%),
Sy (x”“x’) =0 (x0<x01);
Se(x—x)=0 (x> %) (13d)

Towever, the case of particles with spin larger
than J differs considerably from that of quantum
electrodynamics. This difference is that, in
general, Egs. (10) and (11) defining the functions
S (x) and S(x) do not imply the equality

S (x) = /a2 () S (%),

i _{ I x>0
*W=1_1 x<o,

as they do in quantum electrodynami cs.
Indeed, from the definition of S(x) and S(x) it
follows that

S(x) = S(V) {22 (x) A (x)}

=1/y5 (%) S (x) + /2 [S(V), e (x)]_A(x).(14)

***See, for instance, Refs. 11 and 18. The proof of
this statement given in Ref. 12 is erroneous, as it is
based on the assumption that the matrix (L pj, +K )y

can be diagonalized. But all the relativistically invari-
ant equations satisfying the conditions stated in the

footnote ", except the Dirac and the Deffin-Kemmer
equations, cannot be diagonalized (see Ref. 3, p. 726)-
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If the differential operator S(V) contains derivatives
of order not higher than one, as it does only in the
case of paticles described by the Dirac equation,
then [S(V), e(x) ] A(x)= 0, because e(x) depends
only on x, and

Y210/ 0%y, = ()]_A (x) == 3 (x0) A (x) = 0.

It is easy to see that in the general case

2 [S(V), e(x—xN)]A (x — x)

=[(L, V)o(x—x), (15)
where F (L, A) is some polynomial in the matrix
L, and in the differential operators V, = d/dx, ,

and d(x—x") is a four-dimensional J-function.
Insofar as ¢ (x —x *) depends only on time coordinates,
the function F has a non-invariant form. To give

a relativistically invariant form to all the formulas,
it is necessary to change somewhat the definition

of e(x—x"). For this purpose let us introduce the
ensemble of space-like surfaces o(x), in such a way
that one and only one of the surfaces would go
through each point x of the universe. Let us denote
by n the unit vectors orthogonal to these surfaces.
Let 'us introduce the notation: x > x“if o (x) lies

in thé‘future’with respect to o (x ") and x <x " in

the opposite case. By the symbol € (x, x ") we will
mean

[ 1 x>
e(x, X') =)

|l—1 x<x.

with this definition, the relationship between
A(x—x") and A(x—x") retains its form

Ax—x)=s(x, x)A(x—x).
Instead of (15) and (14) we get:

S(V), e(x, x)].A(x —x")

— F(Lay, Vury D)3 05— %), (L6a)
S(x—x)=1,z(x, x)S(x —x')
4+ F (Lyny, Vyny, )3 (x—x'), (6b)
where F is some polynomial in =V)\v)\’ in

Vyn) » and in the matrices L ny- It is important

to note that the quantities n) are involved in F°

in such a manner that if one puts ny = 0, then F=0.
In particular, it follows from (16b) that
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< P (Y (x), ¢ (x") >0 *is in general not equal to
p (x—x7), as it is m the case of quantum
electrodynamlcs Indeed, it follows from (12) that:

P (B (%), & ()

=1ye(x, ¥)S (X —x)— (i/2) SO (x — x).
Jsing Egs. (16b) and (13a), we get
CP (% (%), §(¥)))o = Sk (x —x')
— F (Lyny, Vi, O)3(x—x). (17

3. Knowing the Green’s function, one can solve
Eq. (1) by the method of successive approximations.
For this purpose it is easier to replace (1) by
their equivalent integral expressions. If one uses
the retarded potential, the latter will have the
form

b (x) = 40 (3)

—ie S S, (x — x') LLA, (x) ¥ (x") d*x',

A (x) = AP (%)

—e D (x—x)j, ()t (18)

If, on the other hand, one uses the advanced po-
tential, one will get

¢ (x) =D (x)

—e S Sa (x — &) LyAu (¥) 9 (¥') dix’, (19)

An(x) = AP (x) —e S Da (x — X') ju (") d%x’,
where (%), 4(9) and (1), 4 () satisy the
equations and the commutation relations of the free
fields. Let us assume that the interaction is
adiabatically turned on at £= x ,= — © and turned
off at ¢t = +©, Then, according to (13d)

PG (x), () {::;Z)‘i—(;()) xix'
)P (k) x<x

o= 11; plus sign for integer spin, minus — for half
integer.
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b (x) =0 (x),

Ay (x) = A (x)

for t— — o0,
b (x) =9 (x),

Ap(X)%ALf)(x) for {-— 4 oo. (20)

This leads to the physical interpretation of

W) 409 and of W (), 400, l/l(i) and 4 (%

il‘escribe the corresponding fields when ¢ —— ©
b((;fore the interaction has been turned on”’, and

v . and A4 (f) describes them when ¢ =+ @, “after

the interaction has been turned off.”” These opera-

tors have to satisfy the relations 8

P9 (%) = 871 (x) S;

AP () = 14D ()8, (1)

where S is the scattering matrix.

On the othe hand, using Egs. (18) and (19), one
can express ¥ (f) (x) and 4 (f) (x) in terms of

(i) 1
¢ (%) and 4% (x), as a power series in e. For

this purpose let us subtract (18) from (19) and use
equation (13¢). We get

4O (1) = 40 (x)

e | (r— ) LA, () 4 ()i, (22)

o~

AP ()= AL (0) + e\ D (x —x) ju (¥) d*".

It is easy to get the desjred expressions of v 7/
and 4 (f), in tgerms of v,b}‘r)eand gr?i). First, l){o’ne has
to apply an iteration method to (18) to get an
expression of ¢ (x) and A(x) in terms of (¢) (%)
aui)A(‘) (x), and then substitute these expressions
in Eqs. (22).

4. Let us now determine the elements of the
S-marix. Let us first note that ¢ (f/ (x) and
(¥ (x) describe free fields, and that they can
therefore be presented in the form

***In equation (23), the symbol p denotes the whole
set of quantum numbers which define the state of the
considered particle. In analogy, in Eq. (25), k denotes
the set of momentum 4-vectors and the polarization
of the photon; px and kx represent the scalar products
of the 4-momentum and of the 4-vector of the point x.

V. I. KARPMAN

OO (x) = V~'ha
X 2 {el ¢ (p)et#r + of" 4= (p) e~irsy,
P
40 () = Vs

X e o* (p) etPx - ¢ o (p) e—irx), (23)
P

where C(i* and C(%) are the creation and anni-

hilation operators 1in the occupation number repre-
sentation ‘‘before the interaction has been turned
on’’, and Cp(f) * and Cp(f) — the same operators,

“after the interaction has been turned off’’. It
follove from (21) that

) =81 S. (24)

Analogously, one can write

Ag) (X) = V_'{:
X2 {all Au (k) e 4 aff’” Ay (k) ek,
k
AD (x)y =V—'n

XE {a;j) Au, (k) eihx + a;‘i)* A;_ (k) e_ih.v}. (25)
kR

The p*hysical interprt;t%tion of the operators
ak(f) » Oy 1) and o’ *, ot t;orresponds to the
interpretation of C(¥/ and C(*. It follows from
(21) that
af) =S4 s. (247
Let us denote by ¢, the vacuum wave function
of the system. One can write

SO, = D, (26)

The element of the S-matrix corresponding to the
transition from the state (i) at ¢ =— ®(which
involved the considered particles in the states
Pys Pgs - - - and photons in the states &, kos oo
to the state (F) ~(p{, Pg +- s hkyskyyeennn.
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at ¢ = + ®is given by the formula

N o .. g
S(,)——<Cp; ak

1

; chl)’. . af,fl". S (27)

where < > is the expectation value over the
vacuum ¢, . Expressing C, 6) and a;, - through
Cpm and a 7 vith the help of (24), and taking

into account (26), let us rewrite Eq. (27) in the
form 7

f _ s ) (i)* ()*
S(i) = <Cp' R al;l “ Do (28)
1 1

To calculate this quantity, it is necessary to
express the operaors C,(f) o (f) through c,(#alt)

with the required accuracy with respect to e, This
can be done using the expressions of i (f) ()

A (x) in terms of t/f(i)(x), A (%) [obtained
with the help of Eqs. (18) and (19) by the iteration
method ]. After this is done, it is in principle
possible to cdculate the vacuum expectation value
of the right hand side of (28). The procedure can
be applied with relative ease to get the matrix
elements to the first and second order in e. It
happens that these elements are such as required
by the Feynman-Dyson rules. To the vertices of
the diagrams correspond the matrices [, [involved
in (1) ], and, to the solid line, the function

Sr(x —x') = S(V) D biAr (x — x'; ny), (29)

i=1

where S (V) is given by (9),

The method given above becomes quite compli-
cated when applied to compute the matrix elements
S(i()f) to any order in e . It is however possible to
show that even in this case, the matrix elements

Willl have a form corresponding to the Dyson-Feynman
rules.

Indeed, it follows from what was said above, that
the calculation of S,.(Jf) involves only the expression

of the operators i/ (fz A7) through 5/1(”, 4,09

the formulas (12), the Green’s functions (10) and the
relations (13), (16b) between them. All of these

are absolutely analogous to their equivalents in
quantum electrodynamics — with only one exception:
the formula (16b) has a second term, depending on
the normals to the space-like surfaces, which van-
ishes identicdly in the quantum electrodynamic
case. The effect of this form is such that the
expression of the matrix element in the general case

has the form

SH = S& + S, (30)
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where S'(Sﬁs the term which would be obtained if
one set F(L#n#, Vo, )=0 in (16b), and

S('i')(F) is the term containing F (Lun#, Vo, )
S(;)'(F) vanishing if one sets S= 0. In quantum

electrodynamics S=S7, and §” as is well known,
is given by the Feynman-Dyson rules. Hence,

in general, S "has also to be constructed according
to these rules. Let us now show that § =0 in the
general case as well as for spin % particles. For
this purpose, let us note that the elements of the
S -matrix cannot depend on n,, — as it can be
seen, for instance, from Eq. (lél). Hence S"also
does not depend on n,, and therefore does not
depend on F (L#n , %an , ) (because this
function vanishes 1f n, = 0). This is possible if,
and only if §”=0.

In the matrix elements of any order in e, the
terms depending on the normal to space-like sur-
faces have to compensate each other, and these
elements are constructed according to the Feynman-
Dyson rules — in the sense given above. For
matrix elements of the first and second order, this
was verified directly.®

After the completion of this work **** g paper
was published in which the author considers the
commutation relations, the Green’s function and
the S-matrix for spin 3/2 particles, described by
the Pauli-Fierz equation.! The results of this
work are contained in ours, as a special case.

The author wishes to express his deep grate-
fulness to Prof. V. L. Ginzburg, and also to
E. S. Fradkin and V. Ta. Fainberg for valuable

discussion of the results of this work.
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