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_ It is shown that the convergence of a pseudoscalar theor t
is not improved even when corrections for the propagation function for the mesons

with pseudovector coupling
which

are connected with the vacuum polarization) are taken into account.

A S is well known, the program of renormaliza-
tion, which has been successfully applied in
quantum electrodynamics, is not sufficient to ob-
tain convergent results that have physical meaning
in most types of meson theories.! The hypothesis
has been alvanced (Ref. 2,* see also Ref. 3 ) that
part of the divergences which take place in meson

theories results only from the inapplicability of
perturbation theory and that the convergence of
pseudoscalar meson theory with pseudovector
coupling can be improved if one were to use a true
propagation function for the meson (i.e., to con-
sider for the propagation function the energy cor-
rections connected with the polarization of the
nucleonic vacuum). Calculation of this function
reduces to the calculation of the ‘‘polarization
operator.”’

The authors of the works mentioned above make
use of the method suggested by Feynman* for
consideration of the vacuum polarization in
quantum electrodynamics, which is practically
identical with the regularization of Pauli-Villars.
In momentum representation, the propagation
function of the free meson is,as is known, equal
to (k2+p2 )1 (kis the external momentum). Im-
provement of the convergence of the theory is
obtained as a consequence of the fact that the
polarization operator computed by the authors
mentioned varies as k4 for £ =®. Making use of
several general properties of the theory, it is
possible to show that the polarization operator
varies as k2 as k =@, Consequently, the result
obtained in Refs. 2, 3 is based on a loose appli-
cation of the Feynman method to the problem
under consideration.

Thus, use of a true propagation function does
not improve the convergence of the given theory.
This is in agreement with the general results
obtained in Ref. 5; weighty objections against
the work of Ref. 2 were also put forward by
Feldman.® Thus there is left in principle only the
possibility of improvement of the convergence of
the theory by use of a true ‘“vertex part’ (see

*It should be noted that char%e renormalization is
carried out incorrectly in Ref. 2.

Ref. 7).

1. We shall show that for the pseudoscalar
mesonfield with pseudovector coupling, a certain
relation is valid which we shall for brevity call
the “‘theorem of equivalence’, in a certain sense
analogous to the law of continuity in quantum
electrodynamics.**

Following Schwinger,® we define the Green’s
function of the spinor field:

Gap (x, x') =i {T (b (x) g (X))

Making use of the equations for ¢ and ¥, we ob-
tain the following equation for G (x,x ”) ;
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where J is the external source of the meson field.
Making obvious transformations, we get

Sp {TsTu (’)‘?C: G (x, x)} (2)

+ 2m Sp {1;G (x, x)} = 0.

In the momentum representation this relation
has the form

{ (dp)Sp {15ikG (p, p— k) @

+ 2m { (dp) Sp (1:G (p, p— k)} =0,

**This relaion is an immediate generalization of a

similar relation obtained bﬁ Schwinger® without account
of the proper radiation field.
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where The‘polarization operator is defined by the
(@dp) = @) d'p; G (p, p) o i relation
P(x,y)D(y, x")d*y
= S e=P* G (x, x') eP’¥ (dx) (dx’). S (6)
The equation for the Green’s function of the — .0 S 3G (x, x) 1
meson field has the form: -8 0x,, P {75‘,? 3 (x) )"
0o 0 , From this it follows that
(a;cjm— )D (x, ) 5) s
‘ P(x,x') = 5— — Py (%, X'), (7
0 3G (x, x) ’ ox, 9x. "
—8 o e _ I Lo v
+g()xp‘ p{'ﬁ( ST (x) j:b} B(JC X ),
where where

D (x, x") =33 (x) /3] (x) |,y

Pav (2, &) = —ig® | dly diy’ Sp {357 G (5, 9) L5 (3, %, ¥) G (' 20
— i1, 0/ 0x) Ty (£, %, y) = 3G7L (£, ¥) /s (x).

(79

. Aiﬁ—mAi(ﬁ—E)—m}_
(atpsp (R imm i [E=D=m)— 0. 10)
This integral also figures in quantum electro-
dynamics, where it is equal to zero because of
the law of continuity.

However, one can verify this fact by direct
calculations only with the aid of artificial pro-

L. (y, x,y)G (Y, x ]} . cedures (the regulators of Pauli-Villars, the

X Sp 115G (xy) b 0 el ) “ s-parametization’’ of Schwinger® ). This is
connected with the fact that all methods of
calculating divergent integrals that are applied

Taking the equivalence relation (2) into account,
we find that P (x,x *) is

P(x,x') = a—i— {Qimg2 S daty d'y’ (8)

v

2. Inthe first approximation of perturbation

theory, in quantum field theory (introduction of a shape
. factor, integration over an invariant finite
Ty (tsy) =10 (¢ —5)3 (£ — ¥)- region ) are not invariant to a change of variable,
or more precisely, to its ‘“‘displacement’’, since
In accord with Egs. (7) and (7a), r_f(p—-k) d*pand [f(p)d4p differ by some
P (k) finite quantity in the case when the integrals are
(9) quadratic. Meanwhile, repeating the argument of
. the ““theorem of equivalence’’ in momentum space,
= ﬂ_& S d*p Sp {75/:3 1 15k —— 1 it is easy to convince oneself that the possi-
(@r) i(p+ k) +m'® ip+mj bility of such a displacement of variable of in-
—8imt g2 1y 2 tegration is substantial.*
= T@myt % p (P*+ m? (p— k)* + m* *The necessity of a displacement of the variable
ig? 1 L to reduce the %ntegrgl of Eq. (10) to zero is also
+- __Sd4 {k _ % _ } seen from the following:
@i )P ip+m i(p—k)y+m}- SS . . 1
= kR —=x = 4
It follows from Eq. (8) that (98) P {Y‘* ip+m i(p—k) + m}d p
1 A ~ A
_ Simgw #p = —i{sp {Y,ﬁ* [ip 4+ m—i(p—B)— m]
P k) = — i\ G G e
—————, d*
. . Xio—h+m P
Comparing Eqs. (9) and (9a), we find, in the 4 1
first approximation of perturbation theory, the — — i\ Sp {~ — _ - dip =0
. PAYe F Yp 73 P »
following consequence of the theorem of ‘‘equiva- i(p—FR)+m ip+m
lence;”’ if we replace p by p +k in the first term of thedifference.
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We shall start out from Eq. (9a) for the polari-
zation operator. We subtract from the integral in
this expression its value for % = 0:

S d*p - d*p
(PP+m?) [(p—kP+m?]  (p*+ n?)?
(2pk — k)
Al(p — k)2 + m?)

(11)

Sdp(P -+ m?

= 2% {1 — Octg 0},

P (k) = P (k)

1
2%mS (k% 4 p2)?

—P (k) lh2=—p2 -
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where we have set k2 = -4m? sin2 6. Conse-
quently, ‘

— 1682 (27) ¢ m2g*k?
P (k) = 16=* @2=) m’g (11a)

X (1 — 6ctg ) - k24,

where 4= —8i @)t meg? { (p* + m2) 2 atp
is a logarithmically diverging constant.
After renormalization, (9k) takes the form:

(R? + 1?) %z (12)

R2=—up2

= — LG (oo [m 5 (1 — o] [me =4 (1 — o]

__4m? g

where p? =4m? sin? 0
3. Upon calculation of the polarization opera-
tor by Feynman’s method, we get

P (k)="—8i(2=)*g2k?2r%
(1 —fctgb -+ &2/ 12m2} + k2C,

where C is alogarithmically diverging constant.
The difference from our result (11a) is associated
with the fact that in the Feynman method *

\ m*f (p)dip v me S fp)dp.

In electrodynamics, this does not lead to non-
single-valuedness in the calculation of the finite
part of the polarization operator, since it mani-
fests itself only in the change of the renormali-
zation constant. In our case also, because of
the fact that P (k) has a positive factor k2 in
comparison with electrodynamics, thisnon- single-
valuedness is not removed by the renormalization.

The usual program of renormalization consists
of the separation from the divergent expression
of the part which contains some first powers
of the external momentum, while the remainder no
longer contains divergences, and the diverging

*Our result corresponds to the fact that the regulari-
zation of Feynman is applied to

R #p
S (p? - m?) [(p — k)* + m?]’

and not to S = 2m2d4p 3 5 -
) (PP +m*) [(p— k) + m?]

“@n)? {kz (6o ctg B,—06 ctg 0) - (k24 p2) (L 1 9, )}

" sin 26,

parts are removed as a consequence of the re-
normalization of mass and charge. For an ex-
pression which diverges logarithmically, this
program can be carried out effectively. But in
the case of the proper mass of the photon or
meson, the initial expression diverges quadrati-
cally. A stronger divergence leads to an im-
possibility of separating the divergent part
without introduction or artificial procedure, and
the available natural methods violate the general
properties of the theory (such as the law of
continuity in quantum electrodynamics, orthe

‘theorem of equivalence’ in the case of pseudo-
scalar meson theory with pseudovector coupling ).

We have shown that, using the ‘‘theorem of
equivalence’’, it is possible to represent the
polarization operator in the form of an expression
which diverges logarithmically, for which the
program of renormalization can be effectively
carried out without use of any artificial prodedures

The reason for the difficulty in the calculation
of the vacuum polarization both in guantum elec-
trodynamics and in our case lies in the fact that,
in the determination of the polarization operators
(see Ref. 5), there enters G (x,x), understood
as the limit

G(x,x)= IEiml/2 {G(x,x+2)+G(x+¢& x)}

However, this limit is insufficiently defined, since
the direction has not been indicated along which

& approaches zero. As a unique method of defi-
nition of this process (£ = 0) there is the
requirement that the limit process not violate

the general properties which follow from the

basic equation of the theory. The condition of
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gauge- invariance in quantum electrodynamics and
the ““theorem of equivalence’’ in our case will,
as we shall show, be satisfied if the limit

process satisfies the condition & &= 0, where
k is the external momentum of the photon or

meson.
In fact, let us consider the polarization opera-

tor which corresponds to an ‘“open loop” of the
meson eigen energy:

P(x+—§—; x—-g—; x')

SG (x +£/2, x——Z/Z)}
3g9 (X))

0
=g25;r—u5p{75.u

In the momentum representation,

P(k,}) = ok Aefﬂi dip

A 1 2 1
X Sp {nk TR I - /%/z)+m‘f'

Here the polarization operator of interest to us,
P (k), is the limit of P (£, &) as £ 0. Justas
in Eq. (9) we divide P (%, &) into two parts:

P(k,t) = P1(k,8) + P (k. %);

Py (k&) = | dtpe* Sp &

8im? g2k?

1 “ 1 .
i(p+ kI2)+m i(p— /%/z)+m}’

1

Py (k%) = — S L8 ( qipeire

The integral which enters into P, (£, &) is computed
in Ref. 10 and leads to

P, (k,8) = —4ig?

X {kv %— A+ ) i dv (k%) et® (k,E)/z}.

—1

[(p+ R[22+ m?| [(p—k/2)?*+ m?’] ~

U

If we superimpose on the limiting process £ — 0
the condition & & = 0, then P, (k, & ) reduces

to zero in correspondence w1th the theorem of

equivalence.*
In analogy with (11), we remove from the in-

tegral entering into P, (k, &) its value for
E=0:

4
Sd PO TR P T m (=R 27 F m7]

" Prad
~ar i

€8 (k) 2) (p®—m*—k?/8)

=Sd4p
[(p+k/2)*4m? [(p—k/2)2+ m?) (p2 4+ m?) *

This lntegral has no singularities for £= 0 and is
equal to 2727 (1 = O ctg 0 ) in this case.
After renormalization, we again obtain the value

(12) for P (k).
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*This is also seen from the following:

g dpet?® Sp {13

1 a 1
~ = k—= ~
i(p+ kI2)+m i(p—k/2)+m}

1
— ipE -
—Sd‘i"e Sp{k ip+ B/ +m
e }
i(p+k/2)+m

S dipet PEFREID) g {

zp + m}

1o,
ip+m

if & £ = 0. The validity of the change of variable here
is not called into question since all the integrals

converge.

_ S dipet (PEHREID) Sp { 3
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