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IN a calculation of the stationary states of hydro
gen atoms a representation of the wave function 

in the form 

'F (r, .&, cp) = R (r) Pr (cos.&) e ±imq> (l) 

leads to the following differential equation for R 
and E < 0 (in atomic units): 

d2R +~ dR +(2£+ 2Z _l (l + 1))R = O (2) 
dr2 r dr r r2 ' 

The characteristic equation corresponding to the 
differential equation (2) has two roots l and 
- ( l + l )at the point r = 0. Consequently, the ex
pansions of the particular solutions R 1 and R 2 be-

. · h h 1 -<l+ 1 > · l Th gm w1t t e term r orr , respective y. e 
eigenfunction R 2 , which behaves in the expansion 
as r- (l+ 1 ), is discarded for l ?:_ l since the condi

tion of quadratic integrability cannot be satisfied. 

For l = 0 Sommerfeld and Kramers 1 and Rellich 2 

proposed that there is no basis for discarding the 
second eigensolution, since all eigensolutions are 

' 3 
normalizable. Subsequently, Falk and Marschall 

showed that the second particular solution R 2 still 
should be discarded because of the normalization 
condition, and the problem appeared to be clari
fied. 

The proposals of Sommerfeld, Kramers and 

Rellich are indeed incorrect. However, the proof of 
Falk and Marschall is applicable only for the case 
l- 2z/x. =- n, n = 0, l, 2 ... and therefore, it 
tacitly assumes the continuity of the solution at 
r = 0. The purpose of the present letter is to show 
that for the case l = 0 there is only one solution 
which can be normalized. It will also be shown be
low that it is necessary to impose some local 
condition at the point r = 0 in order to obtain the 
correct spectrum of eigenvalues. 

For l = 0 we have the following independent 

eigensolutions: 

(3) 

The following abbreviations were introduced in 
Eq. (3): 

2£ = -x2j4; xr = p >O. (4) 

1F 1 denotes the confluent hypergeometric series, 

and <P is the second independent solution of the 
confluent hypergeometric differential equation. 

As is well known 4 , <P may be written 

'"' ( b ) - r (1- a) -arci 
"" a, ' x - 2rri e 

(5) 

(0+) 

X ~. e-xt ta-1 (1 + t)b-a-J dt, 

oo·etq> 

- rt/2 ~ cp < rt/2. 

The asymptotic form of this function for x--> + oo 

is 

<D (a, b, x) = ra [1 + 0 (1/x)]. (6) 

Therefore, our second solution R 2 has the follow
ing form for p--> + oo: 

This formula shows that the second eigenfunction 
R2 can be normalized for larger. For small r the 
relation 

lim xb-1 <D (a, b, x) = r (b -1)/f (a); b >1 (8) 
x-+o 

shows that R 2 approaches in the limit of p--> + 0 the _ 
expression 

. e-P/2 1 
hmR2 = -. (9) P-+o f[1-(2Z/x)]p 

Equations (7) and (9) show that R2 can be normal
ized for all eigenvalues E < 0. Thus there always 
exists a solution that can be normalized. Further-
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more, we note that the normalization conditions 
are not sufficient to obtain the correct spectrum of 
eigenvalues, This deficiency can be overcome by 
imposing an additional regional condition, namely, 
the condition that the function be regular at the 
origin. If we demand that 1 -{2Z/x) =- n, n = 0, 
1, 2 ... , then <I> goes into the Laguerre polynomial, 
and consequently, the function R2 is regular at 
r = 0. For 1-(2Z/x) = -n the functions R and 
R2 are lineraly dependent and for 1-(2Z/x)~ -n 

they are linearly independent. In conclusion, we 
note that for l = 0 the t~eory of Weyl also demands 
some regional condition. In the present case the 
demand that the solution be regular corresponds to 
the choice of some fully determined boundary condi
tion of Weyl for r = 0. In this way the demand of 
regularity guarantees the physical correctness of 
the spectrum of eigenvalues. It is also possible 
to substantiate the regional condition at r = 0 by 
making a use of the Hermiticity conditions5 • 

1 A. Sommerfeld, Atombau und Spektrallinien, 2 Auf. 
2 Bd., Br¢schweig, 1944; H. A. Kramers, Quanten-
theorie des Elektrons und der Strahlung, Leipzig, 1938. 

2 F. Rellich, Math. Z. 49, 719 (1943-1944). 
3 G. Falk u. H. Marschall, Z. Phys. 131, 269 (1952). 
4 F. G. Tricomi, Math. Z. 52, 668 (1950). 
5 T. Tietz, Ann. Physik 15, 79 (1954). 

Translated by M. J. Stevenson 
189 

Nuclear Capture of Neutrons with an Energy 
of Several MEV 

V. L. GUREVICH 

Leningrad State Univers,.ity 
(Submitted to JETP editor January 4, 1956) 

J, Exptl, Theoret •. Phys. (U.S.S.R.) 30, 961-962 
(May, 1956) 

THE object of the present note is to caculate 
the cross section for neutron capture by exci

tation of the nuclear volume vibrations. 
The incident neutron, interacting with the vibra

tional motion, gives up its energy md goes into 
a bound state in the nucleus. We consider the 
excitation of the first radial vibration, the fre
quency of which w corresponds to m energy· of 

0 -

the order 10 mev. 1 The corresponding level has 
an appreciable width y as a result of dissipation. 
However, such a mechanism of capture makes sense 

if the width of the level is not too large compared 
with the vibrational energy. 

The Schro"dinger equation of the system, nucleus 
+neutron, is 

[- (h 2!2M) V' 2 + U0 (r) 
(1) 

+ U (r, Q) + T + W] '¥ = E'¥, 

where r is the radius vector of the neutron, U 0 
is a spherically symmetrical potential well of depth 
V0 and radius R; U (r, Q) is the potential 

arising from the nuclear density vibrations des
cribed by coordinates Q; T and W are the kinetic 
and potential energies of vibration. According 
to Ref. l, for a two-fluid compressible model of 
the nucleus 

where 8 Pp and 8pn are the deviations of 
neutron and proton densities from their static 
valuesmd8p =f (r)Q; n,p n,p 

(2) 

(3) 

Here the constants D and q depend only on the 
number of neutrons and protons in the nucleus; jz 
is the spherical Ressel function of order l. 

In zero order 

'F = <jJ (r) 'P (Q); 

Rearing in mind the short range of nuclear force, 
we consider that the interaction energy of the 
neutron with the vibrations is proportional to 
the density deviation i!p = i!pn + op0 at that 
point where the neutron is located. We define 
the coefficient of proportionality such that the 
interaction with a single-fluid static distribution 
of charge could be described by a potential U • 

After summation over all final states of the 0 

captured neutron, the cross section is, to first 
approximation in perturbation theory; 

a=~ ani =(21t/tL) ~I U nl12, 
nl nl 

(4) 

where l is the angular momentum of the captured 
neutron, n is the quantum number of the bound 
state with momentum l; 


