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we obtain

(12)

, , 2\ —(e2/2m) (3—d0
a ~a, (1_ %) ) l)’

—(e? —d®
b'~b(',(1_ kz) (e2/2m) (3—df).

m2

Equations (9) and (12) which we have obtained as
a qualitative illustration of the method of renormali-
zation groups agrees with those results obtained
earlier? by means of a summation of a series of
Feynman “primary diagrams.’’

In conclusion, I wish to express my deepest
thanks to Academician N. N. Bogoliubov under

whose guidance this work was completed and, in
addition, to D. V. Shirokov for discussion of this
work.

! N. N. Bogoliubov and D. V. Shirkov, Dokl. Akad.
Nak SSSR 103, 203, 391 (1955).
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IN the present quantum theory of fields, point
(local) interaction is often considered as the
limit of smeared ( nonlocal ) interaction!2; this
permits oneto operate with finite expressions in
the intermediate calculations. For this purpose a
scalar smearing function F, a form-factor which
contains a cut-off parameter A, is introduced into
the interaction Lagrangian. This factor converges
to unity when A » c. In this point of view the
interaction has the form

S~e{ F(pok, p— i, 2)(p) A(R) Y (p — B) dipate
+4-charge interaction. (D

In order that the smearing function does not lead
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to a violaion of physical reality (i.e., the Fermitian

character of the Lagrangian) it must satisfy the

condition 3%

F(P»k’P—k)='F*(P‘—k»kxP)- (2)

To each node in the Feynman diagram (or to each
operator of the vertex portion ) there will corre-
spond a factor in F which depends on the momentum
associated with the node.

It is known that the use of the simplest square-
form smearing functions* leads to a violation of the
gradient invariance; a violation which appearsin
the form of a nonzero photon mass. In this con-
nection in Ref. 1, where a square-smearing func-
tion was used, the photon mass was eliminated by
subtraction. In addition to this it was expressed
by these authors ( whose larger goal was the
elimination of the divergences without the use of
a subtractive procedure ) that the assumption about
the existence of such a smearing function leads
automatically with its use to the falling-out of the
photon mass. This note is devoted to a considera-
tion of this question.

The mass of the photon corresponds to the value
of the polarization operator at &k = 0 (the symbolism
of Ref. 1 isused here ):

P,, (0) (3)

4
= 2 S\ GO (P P, OG (D)1, 1 F (2, 0, p, )P at'p.

The appearance of the square of the modulus of F
is associated with the Hermitian character of the
Lagrangian [Eq. (2)]; it specifies the presence of
two vertex parts in the diagram of the polarization
onerator for which the momenta differ only in
direction**.

To study Eq. (3) we shall use the asymptotic
expressionl,5

Gp)=pTu(p,p.0O) =7, @)
which means we will consider the case where the
longitudinal part of the photonic Green’s function
dy is equal to zero. With the help of Eq. (4), we
find

P, (0)=P,, (0)+ [P,, (0)— i‘w 0],

2
€1

~ (1 1 (5)
P, (0)= ,TI-SSP\;YF ;y\,) | F2asp.

If, as is customary (see Ref. 2), F(p, 0, p, A)
= f(p2/A?), then
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I R S
B,© =2 A%, § | f (x) [2dx.

The eliminaed part of Eq. (5) was of the order of
In(A%). An analogous evaluation occurs in the

more general case of Flp, A) = f(p2/A2, p?); at
the same time, of course, one assumes that

F d 1 as A -> 00,

In this fashion the problem of dealing with the
elimination of the photon mass for any sufficiently
large A by means of the selection of a suitable
form for the smearing function rests, in all cases,
upon the necessity of reducing Eq. (6) to zero.
This leads to the condition

® (7)
J17 0 12ax=0,
0
which cannot be satisfied because of the essential
positive deinite form for the integrand.

It may be remarked that the elimination of the
photon mass by the Pauli-Villars method$6 is possi-
ble because the method does not depend on the

smearing of the Lagrangian; therefore, the form-
factor.

§° NG ()
3§ (PP A%
with Ay >> m, which corresponds to |F(p, A) l2 in
the present method, is an oscillating quantity. Eq.

(7) assumes the well-known form [ A2G(A)dA = 0,
A

0
then the condition can be satisfied.
For the case of a nonzero longitudinal Green’s
function d,, va(o) becomes an explicit function

of d, inasmuch as the phase factors in G and T’ !
which depend on d; cannot be completely reduced
in expression (3). Consequently if, indeed, one
could eliminate P#V(O) with the aid of smearing,

then the corresponding function F should depend
. explicitly onthe arbitrary and abstract (i.e., with-
out direct physical meaning) quantity d;.

In this exceptional case the use of a square-
smearing function allows one to calculat.e the
magnitude of P,W(O) exactly. Transforming Eq.

(3) with the help of Warden’s edquality
T(p, p, 0)=0G (p) dp,,

we obtain the expression***
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N

2
1

P, O)=—o

9

Sp (Gv,) d*p, (8)
ap, P ( Jap |

og/g‘/

to which the Gauss theorem can be applied. At
the same time, the surface integral around the
point p2 = m? disappears in view of the proximity
of a series of poles of G at this point?. As a re-
sult, it appears that P“V(O), like its value in the

second order perturbation theory, is cut off at the
momentum A. This is associated with the fact
that over the surface of radius A nonexcited func-
tions must be inserted in Eq. (3). In the excep-
tional case investigated it appears that P’LV(O)

does not depend on d; because the region p2<AZ,
where the phase factors are different from unity,
does not contribute to Eq. (8).

Thus, in the elimination of the photon mass by
means of a smeared (nonlocal) interaction through
the use of a scalar form factor F one meets with a
serious difficulty; in view of this fact one cannot
possibly avoid the use of one or another form of
the subtraction process.

My deepest gratitude to Academician I. E.. Tamm
for his interest in the work and for valuable advice
and to E. S. Fradkin for detailed discussions.

Note added in Proof: Academician L. D. Landau has
graciously directed my attention to the possibility of
eliminating the mass of the photon by a method which
is tied in with the use of a spinor F-function together
with the customarily used (see the q;llote references)
scalar F-function. The analysis of this question, how-
ever, is difficult in view of the absence of an aymptotic
theory for such a smearing function.

* A square-shaped smearing function (F(p, A) =0 for
p2 > A? and F(p, Ay =1 for p2 <A?) corresponds to the

customary cut-off for integrals in momentum space.

** The question of possibly using a non-Hermitian
smearing requires special study.

*** In the derivation of Eq. (8) the smearing func-
tion is essentially constant for p“ < A2 (and equal to
unity ).
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IT is well known that below the A-temperature

A point the wall of a container of liquid helium be-
comes covered with a thin (~ 3 x 10-16 c¢m),
rapidly creeping film which moves (under iso-
thermal conditions ) in the direction of a lower
level!-# (i.e., toward a lower gravitational po-
tential ). It is of interest to ascertain how the
motion influences the thickness of the film. The
fact that some influence is expected follows from
the dependence of the thermodynamic potential of
He II on the rate of relative motion of the super-
fluid and the normal component?:6,

We shall consider the leaking of a film over a
vertical wall. The rate of overflow of the film,
i.e., the volume of fluid @, transported by the
film in unit time and across a unit perimeter, shall
be considered as a known quantity. The hydro-
dynamic equations of motion in a constant potential
fie ldare obtained in the customary manner from the
conservational laws and the requirement of the
existence of a velocity potential for the super-
fluid motion®+®. The equations of motion for the
superfluid component prove to be

Vo + V (02 + T+ U = 0. @

~

Here p is the chemical potential of helium per
unit mass in the absence of a field, U is the
potential energy per unit mass of fluid. For the
problem under consideration, U equals By +gz,
where f3 is a constant specifying the Van der
Wall’s interaction with the wall. The y-axis is
directed along the normal to the wall and liesin
the plane that contansthe horizontal surface of
the helium in the container.

We shall consider the motion quasi-stationary.
In view of the extremely small film thickness we
can neglect the motion of the normal component in
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comparison to the superfluid: v, =0. If we insert
w=ulP, T)= (pn/2p)vf into E.q. (1) and inte-

grate over the free surface of the film, we find that
(05 /20) V241 (P, T) + gz — B8 = u (Py, T), @

where & is the thickness of the film at height z and
P, T is the pressure and temperature, respec-

tively, at the horizontal surface. We shall con-
sider the flow isothermal. Then

w(P, T)—w(Py, To) = (P—Py) /p. ®3)

The boundary condition at the free surface re-
quires

Pc + P= PO! (4)
where Po is the pressure associated with the
curved surface. The change in the pressure of
helium vapor with height is neglected. If we
consider a z sufficiently large in comparison with
the capillary constant of helium so that the film
can be considered plane-parallel, then we obtain

from Eq. (2) through (4)

(ps/ 20) v + gz — 38~3 = 0. (5)
In this part of the film the flow rate is
]

e
0= pig'vszdyz 7/882 .
0 3

Expressing v, in terms of ( and allowing for the
fact that

(p/6ps) (Q%B) B/ g2) =g < 1,
we find from Eq. (5) that

8= (B/ge)* (1 —q). ©)

For oliserved values of Q we find that ¢ ~ 10"} to
102 B2 | For O = 0 we obtain the usual equation
for thin stationary helium films?. We note that the
form of the first term in Eq. (5) is specified by
the dependence of the chemical potential on the
relative rate of flow.

I use this opportunity to express my sincere
gratitue to Prof. I. M. Lifshitz for detailed dis-
cussions on the problems considered in this note.
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