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THE basic goal of the present note is the generali-
zation of the Lie equations for the Green func-
tions for the case of an arbitrary longitudinal
coupling of photons.

1. We shall work with finite Green functions and
shall assume that all divergences which exist in
the theory have been eliminated by means of the
subtraction formalism2. However, there still re-
main, even after the elimination of the infinites,
final ambiguities which are associaed with the
finite counter-terms introduced into the Lagrangian
of the same operator which occurs in the elimina-
tion of the divergences2, In the case where the
zroth coupling of the photon contains en admixture
of an arbitrary longitudinal coupling,

. . k

@gnn d(k2)=-,:—§(g"‘”— kr;fu) + _k_l_zk_7;Tf1 mzdl (k2),
the calculation of the introduced counter-terms
introduces a multiplicative renormalization factor
for the transverse part of the photon coupling
but does not change its longitudinal part. Insofar
& the introduced finite counter-terms (for the
transverse photon coupling) led to a renormaliza-
tion of the Green function and of the electron
charge, then, in the present problem, because of

the circumstance shown above regarding the ‘‘in-
complete renormalization’’ of the zeroth coupling,
we shall work with the following transformation

group:
G1— Gy = Z,Gy; O — O = Z,0),; [Ty =2Z7Ty;

2 2_ »—1,2. 2 2 2
1 22—-23 el’ 0)1—->(,02223m1; ZI:Z2' (1)

e
This transformation group is a generalization of
the transformation group® for the case of an arbi-
trary longitudinal photon coupling. The signifi-
cance of these transformations is that the set of
quantities (Gl' @1, e, wl) and (62, S, T,,
€y m2) can be used in the same form for the speci-

fication of particles with their mass and charge
equd to the experimental values.

2. The transformation group obtained above per-
mits one to derive the equations for the Green func-

tions. If we represent the Green functions in the
form

G (k) — § RO (kD) + mb (k%) @)

EZ _m2 ’

_ i k k [ kR
. <k>=k—2(g’""— ";2”)d<k2)+#i"z—"mzd, (k)

ad if we reason as in Ref. 1, we obtain with no
difficulty the following functional equations,

d(x, y, e2)=d(—t,y, e)d(x Lyltetd(—t, y, e?),

t>0, 3)

" (4,9, 02,e%) = s’ (x/t, y/t, ¥ ed(—t, y, e?)
| ST YT W P (— 1y, e)

where

k2 A2=x, m?/A=y,

s'(x, ¥, 0% e?) =s(x, v, wz-, e?)s1(—1, y, w? e?),

Thefirst of these equations agrees with the analo-
gous equation for d in Ref. 2, insofar as the
transverse part of the zeroth coupling.

Differentiating each of the above equations with
respect to x and setting ¢ = —x, we obtain,
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5 Ind(x, y, €) @)
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—Iny (8)
The functions s’(x, y, w2, e?) and d(x, v, e?) are ' (%, y, oF, )= 1_3%)2 d,(2) dz
. . » y - 4Tt l 1
real in the region x <0. In order that we deal i i)
only with real functions in the region x >0, we oy
can write the Lie equations separately for the real b (5 3, Wb, ef)
and imaginary parts of the Green functions: —iny
1 w?
di Indy (x, y, %) 5) =1 = [3 In{—x) +o S d, (z)dz] .
x In (/)
170 y \]
Ind <, W (—x, y, & ) . .
[02 MR (i x ¢ - )/ Bl If we insert these expressions into Eq. (4), we
a have )
2
-3; 1r1dj(x, Y, € ) 02 w? —Iny
a’ (%, y, o, ¢?) = exp [_ s S d,(2) dz], 9)
1[0 27(— x 2 } R In (—2
:7[05 1nd,<£, , e ( x,y,e)) o 0 (=x/y)
b (x, y, 0 €
d ! 2 p2
g , €
3x PSR (3, o ¢ o, —Iny
1— £ (—x) l xp[— 9 d, (2) dz
_Aro ’( y 24-1 24 ( 2>] =[—§:—n——x:|e [—471 S l ]
_7[0_ElnsR \&7 —}—y o’d ’ed( £ y’e) E=1, In (—x[y)
0 ’ . .
% Ins; (x, y, 0% €%) Let us consider the region k2 ~ m2, where the
. functions a”and 5" possess an ‘‘infrared charac-
_1 [__0_ Ins, <g, Y o, etd(— x, ¥, ez))]i:1 ,  teristic.”
x 108 * If we represent s”in the form.
k2 m? (10)
(R M 2
where d =d +id;; s"=s% +is]. s<x2’7\2’°’2’e)
3. Let us consider the asymptotlc region of m?— B2 m? 4 2
=8|— = — w?, e?
large momenta, i.e., for m? < |k?|. According to ( mEie o ©% )
excitation theory we find:
transform Eq. (4) to
R, ol ©) we can q !
Az @ ) =172 \ d;(2) dz, t dx ] x
e Ins’(x, y, o e?) = = S'(n, ——1
In (—h2/me) x—y {07 Ty '
LT
b, (F ) @, eo) w’d1, e*d(x, y, 1—’2))] )
n=-—1
82 B2 b . .
=1 _4_0_ [3111 <_~ —?) + mg d, (2) dz] ,  fromwhich, by means of the formulas of excitation
m
In (—h2|m?) theory,
. . . aA, ’ —_ 17 21 2
where 4,(z) is a slowly varying function of z and, (2, x an % &) ~ (11)
a, and b are counterparts of the real electron =
Green function. If we consider the obvious rela- __e? [__6 + wd)} 4 20}
tion between the function s(x, y, e?) and the T 4m X X2
lel 2
real electron function s_(x/y, 0, e7) +(1 ) (20t — 6) In (1 — x) N 2d0]
2 2 ®
S’ (x, ¥, »?, e?) = M , (N x
Se(—1/y, o}, el) aB’ (n, x—1, w, e?)
1 an n=—1
o? = ojd; ! (—j}—, eﬁ), ez—eod( R e%).
' e? o [1—x x+1
:E(s-—mm,)[ —Zin ( - ]

then we obtain
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we obtain

(12)

, , 2\ —(e2/2m) (3—d0
a ~a, (1_ %) ) l)’

—(e? —d®
b'~b(',(1_ kz) (e2/2m) (3—df).

m2

Equations (9) and (12) which we have obtained as
a qualitative illustration of the method of renormali-
zation groups agrees with those results obtained
earlier? by means of a summation of a series of
Feynman “primary diagrams.’’

In conclusion, I wish to express my deepest
thanks to Academician N. N. Bogoliubov under

whose guidance this work was completed and, in
addition, to D. V. Shirokov for discussion of this
work.
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IN the present quantum theory of fields, point
(local) interaction is often considered as the
limit of smeared ( nonlocal ) interaction!2; this
permits oneto operate with finite expressions in
the intermediate calculations. For this purpose a
scalar smearing function F, a form-factor which
contains a cut-off parameter A, is introduced into
the interaction Lagrangian. This factor converges
to unity when A » c. In this point of view the
interaction has the form

S~e{ F(pok, p— i, 2)(p) A(R) Y (p — B) dipate
+4-charge interaction. (D

In order that the smearing function does not lead
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to a violaion of physical reality (i.e., the Fermitian

character of the Lagrangian) it must satisfy the

condition 3%

F(P»k’P—k)='F*(P‘—k»kxP)- (2)

To each node in the Feynman diagram (or to each
operator of the vertex portion ) there will corre-
spond a factor in F which depends on the momentum
associated with the node.

It is known that the use of the simplest square-
form smearing functions* leads to a violation of the
gradient invariance; a violation which appearsin
the form of a nonzero photon mass. In this con-
nection in Ref. 1, where a square-smearing func-
tion was used, the photon mass was eliminated by
subtraction. In addition to this it was expressed
by these authors ( whose larger goal was the
elimination of the divergences without the use of
a subtractive procedure ) that the assumption about
the existence of such a smearing function leads
automatically with its use to the falling-out of the
photon mass. This note is devoted to a considera-
tion of this question.

The mass of the photon corresponds to the value
of the polarization operator at &k = 0 (the symbolism
of Ref. 1 isused here ):

P,, (0) (3)

4
= 2 S\ GO (P P, OG (D)1, 1 F (2, 0, p, )P at'p.

The appearance of the square of the modulus of F
is associated with the Hermitian character of the
Lagrangian [Eq. (2)]; it specifies the presence of
two vertex parts in the diagram of the polarization
onerator for which the momenta differ only in
direction**.

To study Eq. (3) we shall use the asymptotic
expressionl,5

Gp)=pTu(p,p.0O) =7, @)
which means we will consider the case where the
longitudinal part of the photonic Green’s function
dy is equal to zero. With the help of Eq. (4), we
find

P, (0)=P,, (0)+ [P,, (0)— i‘w 0],

2
€1

~ (1 1 (5)
P, (0)= ,TI-SSP\;YF ;y\,) | F2asp.

If, as is customary (see Ref. 2), F(p, 0, p, A)
= f(p2/A?), then



