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The statistical model of the nucleus is investigated for uniform and nonuniform density

distributions of nucleons. It is shown that a two nucleon central interaction potential, whach
contains the ordinary nonexchange repulsive force along with the spin exchange force, leads

to a saturation of the nuclear binding energy and nuclear density.

PE theoretical explanation of the saturation of nuclear

in complicated nuclei (saturation of the nuclear
density and the binding energy ) is a basic problem
of nuclear physics. Up to now this problem has
not received a satisfactory solution because of the
fact that a precise law of interaction for nucleons
has not been established. The saturation proper- -
ties of the forces puts a definite limit on the
choice of interaction between two nucleons.
example, the possibility of explanation of the
stability of a nucleus with the aid of a single
Wigner force of attraction ( in the form of a rec-
tangular well and Yukawa potential 12) is ex-

For

cluded. Some spin forces ~ (;1 . ;2) also cannot
guarantee stability of the nucleus.

In Refs. 3 and 4 * it was shown that with the
use of the statistical model a two nucleon central
interaction potential, which contains the ordinary
nonexchange repulsive force along with the spin
force, permits us to obtain the saturation of the
binding energy for normal density of nucleons
which corresponds to the equilibrium nuclear radius
R, =1.48 x 10-'3AY3 c¢m. In this particular vari-
ant of the forces the general potential energy of
the nucleus consists of the usual positive potential
energy of repulsion }and the negative exchange
potential energy of attraction ¥ ¢ of the nucleons.
In Refs. 5 and 6, which are also devoted to the
statistical calculation of the energy of the nucleus,
and which take into account only the exchange
forces of attraction of a different type of n-p and
p-p interaction ( with the force law and density
functions different from those used in I, II) and
excluding from consideration the potential energy

V9, that is determined by the usual density
p(r, r) of the nucleons.

In recently published works?+8, the problem has
also been investigated of the saturation of nuclear
forces in complicated nuclei. It is pointed out in
Ref. 7 that the repulsive forces between three

* We denote subsequent references to these works
by I and II.
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nucleons, together with two nucleon forces in the
pseudoscalar meson theory, give a satisfactory,

qualitative explanation of nuclear saturation. In
this case it is found that the saturation of the
binding energy is approached for the equilibrium
value of the nuclear radius R =1.61 x 10-13413
cm. In Ref. 8 the authors show that consideration
of the weak repulsion in the odd state (P state ),
in addition to the repulsive core (r ) in the two
nucleon potential of the pseudoscaiar meson
thoery permits us to obtain the saturation of the
binding energy for the value of the nuclear
radius. Rs_ =1.15 x 10713,4Y5 cm without inclusion
of the three nucleon repulsive forces. In these
researches, as well as in Refs. 3 and 4, the
statistical model of the nucleus with uniform
density distribution of nucleons was employed.
Data on nuclear scattering of nucleons and elec-

trons of high energy9-14, on the shell structure of
15-19

nuclei and on x-ray emission of meson
20,21

atoms testify that a uniform density distri-
bution of nucleons (and the Coulomb charge ) in
the nucleus cannot explain a series of experi-
mental factors and force us to consider the possi-
bility of use of a nuclear model based on the
representation of a nonequilibrium distribution of
particles (charges) inside the nucleus. In this
connection, the investigation of the statistical
model of the nucleus from the point of view of
nonequilibrium density of nucleons is of con-
siderable interest; it would permit better agree-
ment of the ground state of the nucleus with the
data on the shell structure of nuclei (empirical
values of the mean square of the orbital
monientum of nucleons, etc. ).

The present paper is a development of our pre-
vious researches®**+22 for the case in which the
density of the nucleons is characterized by a
constant internal pat (for R < Ro)’ and falls off
on the boundary (for r > R ) in exponential fash-
ion. The role of the usual energy of repulsion of
the nucleons is made clear in the investigation of
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the problem of the saturation of forces in compli-
cated nuclei. The energy of the nucleus is cal-
culated as a function of the parameters of the non-
uniform density distribution of the nucleons. It

is shown that the saturation of the binding energy
and the density of nucleons in the central portion
of the nucleus is brought about by the presence of
arepulsive force in the two nucleon potential and
the Coulomb energy of the protons.

1.CALCULATION OF THE EXCHANGE AND ORDINARY
POTENTIAL ENERGIES OF THE NUCLEUS

We assume that the interaction energy between
two protons u§5, between two neutrons u'} and a

proton and a neutron u%}} is represented by the ex-
pression [see Eq. (D inI]:

uf =ujy = (g2 + 2 (3132))9_:”; W
. - - —Fkor
1 = (g% + 2 (519,) “ (2)

—(@+ P (e e Qu,

where (J; is the Heisenberg operator for the per-
mutation of the space and spin coordinates of
particles 1 and 2; g2 and f2 are constants of the
interaction; r = |r; —r, | is the distance between
the nucleons 1 and 2; 1//1:0 is a certain constant
determining the radius of action of the nuclear
forces. For simplicity, in first approximation, we
omit the Coulomb repulsion between the protons.
The wave functions for the protons ¢, (r, 5) and
for the neutrons cpk(r, s ) in the nonrelativistic
approximation can be represented in the form of a
product of coordinate and spin functions:

by (r, s) = Ux (r) ax (s); ok (r, s) = ok (r) bi (s) (3)

(% = propagation vector, s =nucleon spin). For
the isolated proton and neutron, we choose the
coordinated part of the wave function in the form
of a plane wave

by (r) = V=1 exp {ikpr}; 4)

or (r) =Vl exp {ik,r},

where kp and k are the propagation vectors of

the proton and the neutron; V is the volume of the
nucleus. For the spin functions ak(s) and bk(s)

we have the Egs. (6) of .
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Applying the Hartree-Fock method and consider-
ing Egs. (1) and (2) for the total energy E of a
nucleus consisting of Z protons and N neutrons

(4 =N + Z = mass number of the nucleus), we
obtain

E=Vyp+Vor +Vo + V5, (5)
+Vin+Ven+ Tk + Tk,

where (the index i denotes either p or n every-
where ):

—kor
Vi =g e {{(dr) (dr) =it o () ©
o (7)

V?vn = 'gz SS (dry) (drs) e_,. pp (r1) pn (r2);

a (8)

ii =

—+ e+ 37 { | (@ry) (@ry)

e—k.r
P | pi (rh l.2) Iz;

Vin=— (@ +37) {{ @r) ©)

x(dra) S gy (ry, 1) oo (11, T2)
V4
= gD | v v @,
=
Ti=gim 3 | ver () ver ) (n),

Here V:,)p, V'?n and Vgn are the ordinary parts of

the total potential energy of interaction of the pro-

tons with protons, neutrons with neutrons and pro-

tons with neutrons: V% |, V? and VV® are the ex-
pp nn pn

change parts of these same energies; T? and T}

are the kinetic energies of the protons and neu-
trons. The ordinary and mixed densities of pro-
tons and neutrons in Egs. (6)-(9) are determined
by the expressions

pp (r1) = pp (ry,1r1) (11

V4

= Z l':’;c (ry) Y (ry);

k=1

z
pp (ry, Ty) =I§ q’;r(rl) b (r2)



STATISTICAL THEORY OF ATOMIC NUCLEUS. III 715

and similarly for P with @in place of i) and sum-
mation over N.

With the help of Eq. (4) we obtain from Eq. (11)
the following relation between the densities and
the maximum wave numbers of the protons K and of
the neutrons K : :

K3 = 3x%; (r), (12)
pi (ry, 1p) = (sin Kir — Kir cos Kir)/=2r®.  (13)

In this case we consider that each proton and
neutron state is occupied by two protons and two
neutrons, respectively, with antiparallel spins.
Substltutmg the values (13) and (12) in Egs. (8)
and (9) and 1ntegrat1ng, we obtain the exchange

potential energies of the nucleons as functions of
the densities pp(r), p,(r) in the form

= —(g® + 32 (ke/24=%) Vo (pi),  (14)

pn = — (g% + 3f2) (k8/127%) Vo (pp, pu), (15)
where

v (pi) = Buctp;* — a?pi/* — 8ap; arctg 2api* (16)

+ Yy (1 4 12a20i") In (1 + 4o2py);

0 (05> pn) = 304 (00, + pr*0p) ()

— 2ot + Y, [1 + 6 (pr* + py)")
. N 2 s 1/] 2
— 3t (p"[, _ Ppla)zl ln +a (Pn + Pp’)

14+« z(p:lln p/a)z
- 4e® (p, — pp) arctg a (p* — pyf*)

— 44 (pn + pp) arctg a (p* 4 pyf*

Here V = 4w/3R? is the volume of the nucleus;
o= (3772)1/3k0.

F.quations (14) and (15) are the exchange ener-
gies of the nucleons of the nucleus with constant
density distributions of protons P, and neutrons
p,. For nonuniform densities, Eds. (14) and (15)
change so that multiplication by V is replaced by
integration over the nuclear volume. Here Pp and
p, arethe densities of protons and neutrons in the
volume element d7 of the nucleus, so normalized

that
Jestn=2 fonde=¥ (18)

For the ordinary potential energy of repulsion of
the nucleons of the nucleus (in the case of con-

stant densities Py and p_ ), we get from Egs. (6)

and (7) [ see the derivation of Eq. (14) in II]
2"_2 _ irg? (19)
Vi=ZEn v v, (")e, ()V.

_kZ‘p

The total potential energy of the nucleus is
composedof the total exchange potential energy of
attraction and the total ordinary potential energ
of repulsmn and, in accord withEqgs. (14), (15)
and (19), is equal to

W (o, 0,) = Ve, + Vo, + V5 (20)
+ Vo, + Vo +V5,)
(& + 37 kS
=— Lm_o [v(p,) +v(p,)
+ 20 (p,, p )1V + 2“g [o, (1) + o, (N2V

0

for the case of constant density of nucleons.

Taking into account Fgs. (4) and (12), we get
from Eq. (10) the well-known expression for the
kinetic energy of protons and neitrons:

Th = (4=h/ 5M) (30,/8%) "V (21

M is the mean value of the masses of neutron and
proton. For variable densities multiplication by V
in all formulas is replaced by integration over the
volume. Thus we have obtained the exchange and
ordinary parts of the total potential energy of the
nucleus as a function of the density distribution

of the particles and the parameters of the nuclear
forces.

2. CASE OF A STATISTICAL NUCLEUS WITH
P, =p, ().
DETERMINATION OF THE PARAMETERS OF THE
TWO NUCLEON POTENTIAL

Let us consider a simple case, assuming the
density of protons and neutrons to be equal:
p,(r) = Py (r) = %p(r), where p(r) is the total

density of nucleons in the nucleus. Then the con-

dition (18) takes the form
Sp(f)df——*/l- (22)

In accordance with Fq. (20), the total potential
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energy of the nucleus as a function of the density
p(r) is equal to ( we compute the formulas for con-
stant p ):

4 (P) = V?i. pn (P) + V?l. pn = (23)

O o2
gt KVo, (p) + —:‘;’T e (r)V.
0

673

Here,

v, (p) = 6atp‘ls — a2p'/s — 8adp arctg 2a p'ls  (24)

+ 5 (1 4 12020%) In (1 + 4a2g%h),

%, = (312/2)'s/k,.

With the help of Egq. (21) we will have for the

Fermi kinetic energy of the nucleons:

Ty = Th + Th = (8=h?/5M) (3p/16%)*V.  (25)

For the determination of the parameters of the
interaction potential (1) and (2), we limit our-
selves to a consideration of the zeroth approxima-
tion, when we can consider the density p (r) of the
nucleons to be a constant in the volume V of the
nucleus. It follows from Eq. (22) that p = 4/V
= 34/4nR3. TVere R is the radius of the nucleus
with constant particle density. Then, carrying out
_ the substitution (18b) of II, we get the total
energy F as a function of the radius R from Egs.

(23) and (25): |
E=Tr(x)+V°(x)+Viy (26)
—{&+5 a4,

where

9 ‘s
=0 ;B;(g2+3f2); (27)

a_(3>"s SR =3 ;
PT\m) eom2’ 0T 2B

1 1 8 \'s
® (Bx) = E_’G—('&E) Bx

— —g— (%)ll' arctg 2 \.981 s —;}-
e ()

B=rory; x=R/r A" (28)
The quantity x determines the departure of the
density p from its equilibrium value. For x = 1 we
have the normal density, for which the energy
ought to have a minimum, equal to the empirical
value. With the help of F.q. (20) of II, which
determines the stable state of the system of nu-

cleons, and the empirical value of the binding
energy

{E(*)}em1=—yA; oy=14 mev (29)
we find g2 and f* from E.q. (26) as functions of
the quantities 3 and Tol

_ %P (B)+a20@)+" @)]. (30)

gt =
my 30 () + @ (B)] ’

, my — n,® (B) a; + %
f2 = 3n,® (B) g2 T 3n,® (8)° (31

where
my=3/28ry; 1, = (3/)"38/4r,.

®(B) and D(B), ®*’(B) are the values of the
function ®(Bx) and its derivaives for x = 1. The
inequality which determines the upper limit of the
value of the constant 8 = £ r has the form:

1o (o0 25) @' (B) 42D (B) (32)
b2, — 12 =g e T o ,
30‘0 + a2 ”
oEmroee ©)

For the determination of the upper limit of the
value of B we make use of two different empirical
values of the parameter r, for judgment on the
accuracy of which we make reference to in the
literature. The data on nuclear scattering of high
energy electrons, on the isotopic shift, on meso-
aoms lead to a value of the ralius R of anucleus
with constant density, equal to10:11,20,21,23,

ro=RA™" =~ 1.2x107" cm. (33)

On the other hand, it follows from the theory of
o -decay, and the results of experiments on the
scattering of fast neutrons, that®:24:25

(34)
ro=RA™" ~ 1.48<10™¢1y and 1.5x10™% cm.
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For thevalue of T from Eq.(33),we find from Eq.(33) that
B <1.80. We then obtain alimit for the value of
the effective radius of action of the nuclear
forces:

1/k,>0.667X10718 cm. (35)

For the value of Eq. (34), it follows from F.q. (32)
that equilibrium of the nucleus is possible i?
B < 1.75. We then obtain

1/ky > 0.846x10713 cm. (36)

It follows from Egs. (30)-(32) that the usual
potential energy of repulsion V'~ ~ o5 of the
nucleons plays an essential role in the problem

under consideration, since this energy determines
the value of the limiting effective radins of action
of nuclear forces. In accord withEgs. (35) and
(36) we take the effective radius of action of
nuclear forces 1/k to be equal to the Compton
wavelength of the 7-meson:

(37)

lky = h/mMec = 1.4X1078 em  (my = 276 m,).

Substituting the values of Egs. (33), (34) and (37)
into Egs. (30) and (31) we find

g2/hc =0.051;  2/hc = 0.340 (38)

for ry=1.2x10718 cm,

g?[hic = 0.132; f2/hc = 0.479 (39)

for ro= 1481072 cm.

For the values of Eq. (38), the usual energy of re-
pulsion, the exchange energy of attraction and the

total potential energy per nucleon are, respect-
ively ( for x = 1),
V?/A = — 51 mev; (40)

T/A= 20 mev;

V%A = 17 mev;

W/A=VA+ VA= —34 mev,
_and for (39) we have
VA = 23.6 mev; V?/A = —50.8 mev;
T/A = 13.2 mev;

(41)

W/A = —27.2 mev.

The dependencies of all quantities on x, com-
puted from E q. (26), are shown graphically in
Figs. 1 and 2. It is evident from these graphs
that the total potential energy per nucleon has a
minimum, equal to

W/A = — 43.67 mev

for Ry = 0.7 r,A"* =0.840.107124"
for the case (38) and .

W/A = —30.54 mev

for Ry, = 0.8 r,A"" =1.184x107*A™ cm

for case (39). Consideration of the kinetic energy
leads to the result that the minimum mean energy
E/A, equal to the empirical vdue ~ ~ 14 mev, in-
creases for x = 1, i.e., at the equilibrium, value
of the nuclear radius R, it is somewhat larger

v vt 7

YRV

ut

b/ad

J+
W+

0r 1
2

1 L 1 L 1
Cr—zv{as\as 10 1z i¥ 7
o}

J
¥
-0t
5
-t
-t

F1G. 1. Potential, kinetic and total energies per
nucleon as functions of x = R/r. A ¥3 for values of the
parameters from Eq. (38): 1-T/4, 2-V°/4, 3-E/A,
4-(V%4 +V°/4), 5-V°/A.
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F1G. 2. Potential, kinetic and total energies per
nucleon as functions of x for values of the parameters
from Eq. 39). 1-V%4, 2-T/A, 3-E/A, 4-
(Vo4 +ve/4), 5-v°/A.

than R . Thus, in the simplest case of the
statistical model ( constant density of particles),
a two nucleon potential which contains both the
exchange forces and the usual short range forces
of repul sion, leads to a saturaion of the binding
energy which sets in for normal density (x =1).

3. CALCULATION OF THE BINDING ENERGY OF THE
NUCLEUS WITH NONUNIFORM DENSITY
DISTRIBUTION OF NUCLEONS

Taking into account the empirical facts that the
mean binding energy per nucleon is dmost con-
stant and the nuclear volume is proportional to
A, the density p (r) of particle distribution in the
nucleus can be taken equal to2?%(see also Refs.

2 - 28)

o(r) = {Po for r <R, 542)
Po-€xp {— (r — Ro/a)} for r>R,.

Herep  is the particle density (independent of r)
in the central part of the nucleus; R is the radius
of the central part, a is the thickness of the
surface layer, where the density falls off ex-
ponentially. For such a density choice, the
nucleus has a dense interior part (core) and a dif-
fuse periphery. More recently, Jastrow and
Roberts 26 chose, for the explanation of the
nuclea scattering of neutrons in the energy range
14-270 mev, a density of nuclear matter of the

same for as in the work of one of us?2? [see Eq.
(42) 1.We note that the theoretical mdysis of ex-

perimental data on nuclear scattering of nucleons
ad eledrons of high energy shows that the nuclear
model (42) gives better agreement with experiment

.than the model of Born and Yang27,28,

We proceed to the calculation of the binding
energy of the nucleus as a function of the variation
parameters a, Ro and p, with the help of the Ritz

method. Carrying out integration over the volume
of the nucleus, we obtain for the exchange and
ordinary potential energies

kRS
g+ 3f* ) = {Bo (9) (43)

+ €0B1(q) + €B: (9) + 3Bs (9)},

gk 3 3 (44)
V=R 1+ e+ e+ )
where
3 1
Bo(q) =54"—7 ¢ (45)

+ 2 (14 3¢%) In (1 + ¢2) — g arctg ;
Bi(g) =54*— 3¢+ 3 In(1+¢?)
9
_7_ ¢*In (1+4¢*)—3q¢° arctg g+ - X1(9);
By(q) = gz0*— 2 g2+ Fin (1 + g7)
__1_ g?In (1 + %) — 643 arctgq
243 291
+2 Xl(‘])+ X2(q) By(q) = 559" — 5 7
+ 3R (1 +¢7) + J5 ¢°In (1 +¢?) — 6¢°arctgq
135 81
I X1(9) + 12 Xa (g) + 5 Xa (9);
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X,(q)= S In (1 4 ¢%2)dx;
[\]
X,(q) = S x1In (1 4+ %) dx;‘
]
X;(q)= {2 In(1 + ge=29 ax;
0
e =0a/R; q= (127 'lplv/k,.

For the kinetic energy we get
N 54
2 162
Tk = 55 RO{I + 5 % 5z + 12583} (46)

Making use of Eq. (45), we get from Eqgs. (22) and
(42) asingle relation among the three parameters
Ry, q and €,

(47)
Ro = (9" (fgq) 2A"s (1 + 3e -+ 622 -+ 623)~.
Eliminating R, from Egs. (43), (44) and (46), we

reduce the total energy of the nucleus to the
following form, making use of Eq. (47):

(48)
E=Va+V°+Tk

_ A By () B1<q)
_i+3eo+652+63{ [ T

+ 0?14 3/2 g0+ 32 3¢2) 43/, el

+b2q2[1+9/580+25 °+:g§ 3]}

Hee,

by = 2k (g? + 3f%)/x: by = ggkg/G“;

by = 3K%E/160 =*M.

The energy E depends on the two variation para-
meters g and ¢,. The parameter ¢ characterizes the
dens1ty p, of the central part of the nucleus, and
€, gives the ratio of the region of exponential de-
cay to the linear dimension of the central part of
the nucleus (which has constant density). From
the condition of minimum energy 0dE/dq =0, we

719

find the equation which connects the parameters ¢
and €:

@, (g, 50) = — by [Co (q) + £C1 ()
+ 3202 (9) + ssc3 ()] + 36192 (1 + 3/5 ¢,
3/4 53)

162
e°+z5 °+125 ) 0,

(49)

+ 32 53

+2hg(1+ 5

' 1 2 X
Xi(g) =2EED; X, (q) = L,
Xy(q) =272,

For each chosen value of q in Eq. (49), we can
filld the corresponding 60 a_nd thus establish the
dependence of ¢q on ¢,. For this purpose, we first
determine the interval of possible vdues of the
parameter q and consider two limiting cases of the
density distribution (42). In the limiting case

R0=O or

€9 —> 00

(50)

Eq. (42) goes over to a density that falls off ac-
cording to the simple exponential

o (r) = poexp (—r/a). (51)

With the aid of Eqgs. (22) and (45), we find the de-

pendence between the parameters ¢q and a:

= (3/2)' A" kog. (52)
Setting R = 0 in the general expression for the
energy (48) (or ¢; » =) and considering Eq. (52),
we get the binding energy E of the nucleus with
density distribution (51) in the form

by B 27
E={ 5 "(q) 3+1—23baq2}14- (53)

5 +
We get the equation defining g from the condition of
minimum energy:

0, (@) = — 5 5 (%)

( (54)
q

3 54
+ 5 b19* + 155029 = 0.
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For the values (38) of the constants 92 2, we
find from Eq. (54) that ¢ = 6.2 or, from F.q. (52),

a = 0.39x107*4"" e (85)
for the values of Eq. (39), we get ¢ = 4.7 from Fq.
(54), or

a=0.49x10"2A4" cm (56)

For these values of the parameter g or P, the
mean binding energy per nucleon is, from F'q (53),
E/A = -8.5 mev.

It was shown in Ref. 13 that the charge densn:y
distribution in the nucleus of the type (51) gives
better agreement with the experimental data on the
nuclear scattering of fast electrons on beryllium,
gold and lead (energy of the electrons~ 125 mev)
and tantalum (energy ~ 150 mev ) for values of the
parameter a = 0.636 x 10~13 cm for Be; (2.3 £0.3)

x10°13 cm for Au; 2.36 x 10713 em for Pb and
(2.80 +0.3) x 1013 ¢m for Ta. From our
theoretical expressions (55) and (56) for a, we have,
respectively, a = 0.81 x 10°3 cm for Re; 2.27
x 10713 em for Au; 2.31 x 10713 cm for Pb, 2.21
x 10°13 ¢m for Ta and a = 1.02 x 1013 ¢m for Re;
2.85 x 10-13 cm for Au; 2.90 x 10-13 cm for Pb;
285 x 10-13 cm for Ta.

In the other limiting case,

a=0

or gg=0 (57)

the density relation (42) gives a constant density
for the entire extent of the nucleus:
for <Ry
p(r)={ o O S (58)
O fOI‘ r> Ro-
Taking into account F.gs. (45) and (57), we have
the following relation between ¢ and R, from (47):
Ro — (91: l/aA /s /kOq' (59)
Substituting Fgs. (57) and(59) in (43), (44) and (46), we
obtain the binding energy of a nucleus with con-
stant particle density in the form of a function of
q(~pg):
E={— B(q+b1q +b2q2} (60)
It follows from the condition dE/dg = O that : a)
in the case (38), the binding energy per nucleon
has a minimumwith a value of ~ — 14 mev for ¢
= 3.5 or, in accord with Egq. (59), for R =12
x 10°13 43 cm; b) for (39), the blndlng energy per
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nucleon has a minimumwith value ~ — 14 mev for
the value g = 2.8 or for R ) = 1.48 x 10713 4Y3 cm.
Thus, for ¢, which changes from 0 to «, all the
values of the parameter q, which are determined
from the requirement of minimum energy, lie in the
interval

3.5 < g < 6.2 for the value of (38),  (61)
2.8 < g < 4.7 for the value of (39).  (62)
The dependence of the parameter g on €, com-

puted from Eq. (49) in the case of Fgs. (61) and
(62), is shown in Fig. 3, fromwhich it is seen that
in-both cases the parameter g reaches its limiting
value ¢ =6.2 and g = 4.7 for ¢, = 13.798.

As is evident, in the approximation under con-
sideration, when we neglected the Coulomb and
surface energies, the density of the nucleons in
the central part of the nucleus p  and the ratio
q/l% are constant quantities which do not depend
on the mass number 4.

w/

i8

3¢

28

1000 30 %0 S0 60 10 49 .&’,7 1711 {7 17 &,

F'1G. 3. Dependence of g upon €y 1-for values of
the parameters from Eq. (38), 2-for values of the
parameters from Eq. (39).

According to Fgs. (45) and (47), the parameters
R,, a and 7, can be represented as functions of ¢

and €0

Ry=Ry(q,5) A" a=ay(q, ¢) A;  (63)

;-o = Ro+a=r;(q, <) Al/',

where the following notation is introduced:
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Ry (g, 2o) = (9m) " (ko@) ™" (1 + 32
| + 63+ 6:5) 7
a,{(q, &) = SOR; (g, =0)s

r:) (q7 60) = R; (qr 80)-*— (223 (qr eo)-

For each pair of values of g and ¢y we obtain from
Fq. (63) the corresponding values of R¥(q, ¢,),

a, (g, e and r§(r, € ). The results of the calcula-

tion are shown in Fig. 4, from which it follows that
for a given A4: a) the initial point of these curves
with coordinates

Ry (q, &) =~ 1.2x1073 cm;

a,(q, &) =0;  py=0.362k;
Ry (g, &) ~ 1.48x10713 cm;
ay(q, ) =0; p,=0.185 k5

corresponds to a nuclear model with constant
density of nucleons (58); b) the final point of the
curves with coordinates :

@y (q, &) =~ 0.39X107%3 cm; -
Ry (g, 5) =0; po=2.012f;

a, (g, &) = 0.49X10713 cm;
Ry(q,5) =0; py=0.877k}

corresponds to the nuclear model with ‘variable
density (51). The intervals X (q), X,(g) and

X,(q) were computed numerically.

£.a,50°
l\
0\
1\
W\
v\
109 \ \
\
\ .
\&
¥
//‘\
. /
[
i
]
0 % 77 70p,

FiG. 4. Sl‘)ependence of Ry*, ry* and aj on p, (in
units of k£°) for values of the parameters from Eq.
(38) (Solid curves) and for values from Eq. (39)

(broken curves).
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4. CALCULATION OF THE ENERGY OF THE NUCLEUS

AND THE DENSITY DISTRIBUTION OF NUCLEONS
WITH CONSIDERATION OF COULOMB AND SURFACE
EFFECTS

In Sec. 3 for the calculation of the density of
nucleons in a nucleus, we took into account only
the energy of the specific nuclear forces and ne-
glected the Coulomb repulsion of the protons. Now
we determine the parameters of the density (42),
taking into account the Coulomb energy of the
protons and the Weizsacker correction to the
kinetic energy of the particles. In the Hartree-
Fock approximation for the Coulomb energy of a

" nucleus with Z protons, we have

E.= EJ+ E3, (64)

where :
E =5l @r)So, 000,00, @)
B =—{{@r)@r) Lp,aur) . (66)

The first term in (64) is the usual Coulomb energy,
the second, the Coulomb exchange energy.
In the case of variable density p, (r), we get
E? from (66) with the help of Egs. (12) and (13):
3e?

Ef = — 3 =i (o (n) d.

T

(67)

Substitutingforpp inEgs. (65) and (67) the expres-
sion (42), and carrying out the integration, we find,
in the notation of (45),

(68)

e®kg 75 5 75 4

15 75
E} = 5—40"—5qu6[1 + 5o+ 10 7 +—8-€g],

(69)
9 27 81
344[1 + Z %+ —gsg +§-—2€g]-

2,4
o R
e 48m2

Making use of (47), we obtain the Coulomb energy
of the nucleus as a function of the parameters

€, and g:
Fem Bt B (70)
- b3A‘/-q(1 R R R %553>
X(1+3e,+6¢3 __|_6€g)—'/.
—biAq(1+ oot e+ )

X (14 35y + 663 + 683)_1_
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Here

by = ek, /60 (9%) "*; b, = 3e%k, / 16.

The kinetic energy associated witha nonuniform
density of nucleons on the periphery of the nucleus
is determined by the Weizsacker correction, which
in our case has the form:

(71

Ty = TS+ T = — Sﬂﬁia__“j")zdc.

32m2M

Keeping (42) and (47) in mind, we get from (71)
after integration,

Tp=b,4"¢*(2+ 250+ 2") (72)

X(1 + 3¢, + 65 + 625) 7",

where

2
b — (9m)lr YA kg
57 T96n® M °

The total energy of the nucleus in this case will
be equal to

E,=E(q, )+ Ec(q, <o) (73)
+ TB (qr 8()) = E (qv S0)

A
1+ 3eo+ 68(2) -+ Geg

L

[b A:/' 1 + 15/233 + 75/4 Eg+ 75/’4 53 +75/8 Eg
X% (143, 6e3+ 6c3)°/e

B. K. KERIMOV AND A. V. DZHAVADOE

273 81 3

—bag(1+ T o+ 5 +5)

+ bsg? A2 + 26y + 77
X (1 + 3¢, + 622 + 653)”'} .

Pere E (g, €;) is the energy of the nucleus with-
out consideration of the Coulomb and surface
kinetic energy which is determined by F.q. (48).

The e quation which relates q and €00

0E,/0q=F,(q, &, A) =0, (74)

was solved by us for €, with g in the intervals
(61) and (62) for the values 4 =40, 60, 80, 120,
140, 180, 200 and 220. For each pair of values
(g, ¢,) found from Eq. (74), we calculated [ by

means of Fq. (73)] the corersponding value of E/A.
The dependence of E/4 on ¢ for certain 4 is given
in Fig. 5. Itis evident from these graphs that to
each 4 there corresponds only one pair of values
of the parameters (g, ‘0) for which the nucleus pos-
sesses minimum energies almost equal to the
empirical values; these pairs of values (g, ¢ ) are
shown inTablesI and II. There are also plotted in
these tables the values of the parameters Ro’
and p with the aid of Eqgs. (63) and (45), in
which cases the Coulomb and surface eneages have
been taken into account.

aro

a b ¢
41 0z 47 0% 05 46 47, . 07 42 03 44 45 L6¢, 01 07 00 0¥ 05 46§,

_52'_ —r— T T 64 T Tt
-set -f¥t
-64} 68} ,
72 ~ 72
) 3
-7 5 -76+ \/

7 2

40 \]\w 80
-4 KM 4-220

-84

-88

F1G. 5. Binding energy per nucleon £/A4 as functions of € =a/R,
“for the values 4 =40, 120, 220, I~ for values of the parameters from

Eq. (38),

2~ for values from Eq. (39).
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TABLE I. For Values of the Parameters Used in Eq. (38)

4 7 e :—;— Roa It | a.aon | 7,47 %t0n | e, (B enummmax k%)
40 | 3.7 0.300 0.872 0.262 1.134 0.427
60 | 3.69 0.265 0.908 0.241 1.149 0.424
80 | 3.65 0.242 0.941 0.228 1.169 0.410
120 | 3.64 0.218 0.968 0.211 1.179 0.407
140 | 3.64 0.210 0.976 0.205 1.181 0.407
180 | 3.63 0.205 0.984 0.202 1.186 0.404
200 | 3.63 0.205 0.984 0.202 1.186 0,404
220 | 3.63 0.205 0.984 0.202 1.186 0.404

TABLE II. For Values of the Parameters Used in Eq. (39)

A q g = — R,,A"/’HOW aAJI";dO“’ 'r'.AJI’qu ¢, (B enumumax k%)
4 | 3.0 0.233 1.155 0.269 1.424 0.228
60 3.0 0.215 1.178 0.253 1.431 0,228
80 3.0 0.204 1,192 0.243 1.435 0.228
120 3.0 0.195 1.204 0.235 1.439 0,228
140 | 3.0 0.195 1.204 0.235 1.439 0.228
180 3.0 0.195 1 204 0.235 1.439 0,228
200 3.0 0.195 1,204 0.235 1.439 0,28
220 3.0 0.195 1.204 0.235 1.439 0,228
]

It is evident from the tables and graphs that
consideration of the Coulomb and surface kinetic
energies leadsto the following results. First, for
each A, the parameters ( g, € ) of the nuclear
density (42) have only one pair of values, for
which emilibrium of the nucleus is possible; this
shows that the existence, in the medium and heavy
nuclei, of a core (of radius R ;) with almost
constant density is due to the effect of the usual
repulsive force in the two nucleon potential and
of Coulombrepulsion, without which the density of
the distribution would be close to (51) for all 4
(see Sec. 3).

Second, the ratio €. = a/R, is a definite func-
tion of the mass number 4 of the nucleus ( see
TablesI, I); for 4 > 120, the ratio a/R,
practically independent of 4: ¢, =0.2.

Third, the value of the parameter qis
v1rtually independent of 4 for 4 > 50, i.e., for
medium and heavy nuclei, the density of nucleons
in the core of the nucleus is constant. This con-
clusion is in agreement with the known empirical
law, according to which, for medium and heavy
nuclei, the density of nucleons inside the nucleus
does not depend on the mass number 4. We give
here the values of the parameters Ro' a, p, and

7o —the particle distribution densities (42) for
nuclei with 4 > 120 for two systems of valuesof
the constants (38) and (39):

(75)

R, = 0.98x107124'/s; a = 0.21x10714'"h,

0o = 0.414; ro=1.19x107134",

(76)

Ry =1.20x107%A"; @ =0.24x10"4";

0, = 0.233; 7o = 1.44x10724'",

The average energy per nucleon E/A4, computed as a
function of 4, is shown graphically in Fig. 6. The
dependence of E/A on A is in good agreement with
the empirical curve of the binding energy, com-
puted from the mass defect. Thus, for nuclei

with 4 > 120, the parameters R, and a are ob-
tained proportional to a¥/3. We note that a de-
pendence of the form a ~ 4 Y3, R,~ 4 Y3 follows
from the connection between the structure of
the nuclear shells and the density of the
nucleons16:17:27,28. The density of p(r) is
shown in Fig. 7 as a function of r for various 4
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W20 A5 %0 37 &7 17 40 d7rut%e

FIG. 6. Mean binding energy per nucleon £/4 as a
function of A for values of the parameters from Eq. (38),
For values of the parameters from Eq. (39) for A=40-220,
the quantity E/4 = —8.5 mev.

mev

o NN

. Ou

/_7\
W N WM R W W 8 W 204

F1G. 7. Dependence of the density distribution p(r)
on r for A =40, 80, 120, 180 and 220, and for values
of the parameters from Eq. (39).

(see Note added in proof at end of paper).

In conclusion, we convey our deep gratitude to
Prof. A. A. Sokolov for suggesting the theme and
for discussions of the results. We also express our
thanks to L. [. Morozovskii for help in the compu-
tations. ' :

"Note added in proof: We have the value

V<res = 1.1x 10718 4Y3 em

for the mean square of the nuclear radius from the
density function (42).
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