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The ‘Fou'rier method is used to obtain expressions for the components of the electro-
magnetic field and for the total energy losses of a charged particle moving in an optically-

active anisotropic medium.

1 THE passage of a charged particle through an

® optically-active anisotropic medium is char-
acterized by many features. First, to satisfy the
conditions for the Cerenkov radiation the .moving
charge need have a considerably lower velocity in
an anisotropic medium than in an isotropic medium,
because the index of refraction of the waves be-
comes large at certain definite frequencies.Second,
if a charge moves in an active anisotropic medium
with a uniform velocity greater than the phase vel-
ocity of light in the same medium, the light emitted
by the charge is more complicated in nature as
compared with the isotropic case. Instead of the
single circular cone of rays observed for the iso-
tropic body, we have in the active anisotropic case
two noncircular cones of rays, with the radiation
intensity varying on different generatrices of these
conical surfaces.

The electrodynamics of anisotropic media was
developed in the investigations of Ginzburg! who
examined in particular the emission from an electron
moving in a uniaxial crystal and from an oscillator
placed in such a crystal. The problem of the en-
ergy losses of a charged particle moving in an aniso-
tropic medium was subsequently treated in several
investigations®™3. The work of Ref. 1 was gener-
alized by one of the authors for the case when the
medium is optically-active (gyrotropic) in addition
to being anisotropic.

This article employs a method different from that
used in Ref. 3 to determine the components of the
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electromagnetic field and the total energy losses of
a charged particle moving in an optically-active
anisotropic medium. The question of the singular-
ities of the expressions obtained in Refs. 1-5 for
the losses is discussed, and a computation method
that does not lead to singularities is given.

2. The electromagnetic field produced in a medium
in which a point charge ¢ moves at a velocity v is
given by Maxwell’s equations:

1 0H

TotE = — — 2=~

¢ ot’ (1)

1 0D 4 o
rotH:TT)t——!——cEan(r—vt);

divH =0; divD = 4=gd (r — v#).

We shall solve this system using the Fourier method

E(rf)— S S E (k, ©) e " “'gk g )

etc. Using the connection between the Fourjer

components of the induction and of the field inten-
sity
D; (k,w)=¢,, () E, (k, ®); (5, = er), )

we obtain the following equation for the Fourier
components of the electric field intensity E(k,0)

Ti{b“:rﬁ'_q_ Ui\ n \
e Lom o 0 (T *v—1), @
where
Tip = n® (wix, — Bip) + cn; 6)

=Rk x = ki k.

Using the inverse tensor Ti.kl , we can represent
the solution of Eq. (4) in the following form:
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Ep=—1

— ~ n
2_’_:‘_,’&)2 Th-i,l‘vio <——c-— xﬂ), - l) . (6)

To calculate the energy losses of a moving
charge we employ the relationship

—d&/dl=—(q/v)(VE),_,, (@)

where the value of the field is taken at the point
where the charge is located. Using (6) and (2) we
obtain the following value per unit path for the
total energy losses due to the remote collisions:

46 _ i q (8)
di — 7 2wy

X cg gﬂ S Trlvsid (% U — 1) %9 k2 do.

—o0 0 47

The integration with respect to k must be carried
out up to a certain maximum value % of the order
of magnitude of 1/b, where b is the minimum param-
eter of the remote collisions.

3. let us apply the equation obtained to the
motion of a charged particle in an optically-active
uniaxial crystal having a dielectric-constant tensor
of the following form:

51 i i€2 O A
Eik == (i€2 € 0 ) (9)
.0 0 €5

In the case under consideration the tensor Tik is
defined by the matrix

. 2
/nt (8 —1)+ ¢ 1P — I8y novg%g 10
. 2 :
Ti= n2u1x2 + e, n (xg — D4+ N xoug
2,2
fz2x1x3 n2vqx3 n(xg— 1) 425
To obtain the components of the inverse tensor it a1)

is necessary to divide the minors of the correspond-
ing elements of tensor T',, by the determinant con-
sisting of its components. This determinant
equals

3 ()=

(2—<2) sin?0+ g1 (14 c0s0) & V(2 — 2 —e,e5)?sin* 04 4e2e? cos? O

T = (s,8in% 4-¢, cost) [n2 — n2 (B)] [n* — 75 1

where

(12)

are the ordinary and extraordinary index of refrac-
tion and @ is the angle between the optical axis
of the crystal and the propagation direction k of
the wave.

Equation (8) is a general expression for the
energy losses of a moving particle. Let us apply

2 (g4 8in? 0 -+ g3 cos? B)

on ”mrc

this equation to the two simplest motions of a
particle, along and perpendicular to the optical
axis of a crystal.

4. Inthe case of a particle moving along the
optical axis, we orient the coordinates as in Fig.
1. In this case Eq. (8) takes the following form:

n cos® 6 — n%; (1 + cos?0) + & — €3

48 _ ;¢ \ %S
dz me? J J (e 8in* 0 + €5 cos? 0) [22 — n2 (8)] [n® — n2 (0)]

~o00 () 0

(13)

X o (ngcosl — 1)sin b din?dnwdw,

where £ is replaced by a new variable n = kc/w.

The delta function yields the integral with respect
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to the angle variable, while the integration with
respect to n must be restricted to a region from
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1/B ton, =k c/w. The integration yields

*Z—? _ q_“’ c\?(l—si;(:;: s;)g)—@?eg 1“n2mfz__n$2 © doo w
+£;R go (1-s;i:: E:%::;)_ B2l nzipi;;:;@zw do,
where
1y = (5 5 o) 8 — (59— 20) & (82 — 53 — a2y (15)
2 (61— 5o ) B o 23, (251 -+ DB (20 — =2)? 1}/ 204,

are the values of the indices of refraction in the
direction of the emission maxima, determined by the

following equations:
=1 /p2n 2(61,2)'

It is evidentthat the energy losses of the moving

cosz0

P =) (1} — &) — 8%}

charge will be caused by the frequency regions in
which the arguments of the logarithms become
negative, and also by frequencies at which the in-
tegrands have poles, for it is only in these cases
that the real part of (14) differs from zero. We

thus have

ag __ q*
____?S

2 2
dz €,82 (n? —n?)

qZ (l)i
T Zi"l_;isl/dmjiln {1 +

where the integration is carried out in the first two
terms over the frequency regions defined respec-
tively by the following inequalities

RIS A2 > 15 p2E > 2> 1, (16)

_ 48 _
dz ~—

¢ (1—=,B?) (”0-51) 52
odo c“S S () 2odo
k2P ¢ l
2 -{;j ’

and in the third term the summation is over those
frequencies w;, at which ¢, , €9 and.c3 vanish
simultaneously. Substituting the explicit expres-
sions for n12 and n22 we obtain finally

Bi(1-5t)

| odo

{ + g (sf— eg — g1e3) Bt — (Zef — 2ey83 eg) B2—e5 4 ¢
(1—esf?) [(e] —ei—e165)2B"— 21 (3 —e3+-e2) 2+ 2es(2e2+ D)2 - (eg—ey)?] /|

9® @
T2 Zmzl/dwh ln{
1

(integration over the regions defined by Eq. 16).

(17)

2
mU” [ &
2 es /i

This expression determines the total energy losses
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of the particle, including both the polarization and
the Cerenkov losses. Let us note that Eq. (4.5) of
Ref. 3 leads to the same expression for the inte-

gral of (17), which determines the Cerenkov losses.

’ Fic. 1
5. To clarify the character of the losses given
by (17), let us compute the energy flux through a

(I —e 8% (nf —e)) — 22

cylindrical surface swrounding the trajectroy of

the charge. For this purpose we shall first deter-
mine the field produced in an optically-active
anisotropic medium by the motion of a point charge.
Inserting Eq. (6) into Eq. (2), and using the known

relationships

n

S etreosd g = 2=, (xr);

0

| L™ = Ko (k) Rek>>0,

taE S

0

we obtain the components of the electric field
intensity in cylindrical coordinates as follows:

= Ky (rky) (18)

Biet =24 |

—-—00

(1 —e B n2—c,) —p22
-+ 2 2
)12 — IZl
E,- (ry t) - 7!:‘—— \

2 9
n—n,

Ko (rkz)} eie@o—H —— odo ;

€
Py 1

[ f_ 1 kK
1 1(rky)

ni—e, )
Ty R (rkz)} et Ev=0 do;
np—m

_ g T
Bl =y )

where kl,i =(v/v)? (1 -B2 n21,2), and "i,z ar

given by (15).

{lel (rkl) — k2K1 (rkz)} gio(z/v—1) de,

For the magnetic field intensity we obtain analo-

gously:

2

Hale by = — s | Ko (rk) + T Kk ete-0 o
) T:B,Uz_—mel nl 0 1 ? >
He(r, 8) = — ;:Z)ca g £(n? — n?) {k1K (rky) — koK (rky)} et v dw; (19)
g 7 4 a—d+e
Ho (r, t) '*n—c_\m“en e bk (rh)

2
+ _1__2—"_2 kgKl (rkg)} euo(zl'v—t)d(l)
fl

2 "1
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The optical activity of the medium results in an
electric field intensity component E, and in
magnetic field-intensity components H and #,
which are lacking when a charge moves through an
inactive medium.

Using the Poynting theorem, we now determine

—e,8%)(n} —

MOTION OF A CHARGED PARTICLE

the quantity of energy radiated by the charge per

unit path
_ t_id_ci_ - \ (EH, — E H,) 2=rdt. (20)

Inserting Eqgs. ?1 8) and (19) into Eq. (20) we obtain

through simple transformation

e,) — B2e]

— G = LioRe S{

(1 '—5132)(”3 - &1) - P‘232

2o
& (my —n3)

2 2
e,(ng —ny)

Ife, ey and €, have no zeros in common, the real

part of the expression just obtained will be made up

of contributions from only those frequencies at
which %, and k, are imaginary. Noting that in the

case of i 1maglnary k we have
K"Ky (rk") Ko (rk) — kK, (rk) K, (rk") = ix/2,

the losses due to Cerenkov radiation assume the

following form [ compare with Egs. (16) and (17) ]:

(22)
g g (1—e,B?)(n? —e;) — Bl 4
T T v t_ g2 eae
v ey(ny—n3)
) n2>1
2 1 —e B%)(nd —¢,)— Bl
q % ( ny — o
S do.
v 2 3— n3)

f
¥

The second term of (22) diverges logarithmically.
This is because we obtained the fields £ (r;) by
integrating with respect to & from zero to infinity,
while macroscopic electrodynamics is not valid for
Lk -, It is evident that in (22) one is restricted to
the frequency region 8 2"r2n > ang > 1.

The total losses ‘taking the near collisions into
account) in an isotropic medium are known to be
independent of the parameter,, ~1/b. This parameter
which enters logarlthmlcally into the expression tor
the losses in the case of near collisions, and which
also enters into the expression for the polarization
losses that account for the interaction between the
moving charge and the longitudinal field, cancels
out in the final expression. In an anisotropic me-
dium the losses in the case of near collisions are
the same as in the isotropic medium. But now the

2 Ko (rky) kuk (rE7)
(21)

Ky (rha) sk (rk;)} iodo.

parameter k., enters logarithmically into the ex-
pression for the losses due to the radiation of the
extraordmary wayes, which are also longitudinal
in the case of n ~%, Thus in an anisotropic
medium the total losses, taking the near collisions

into account, are also independent of the undeter-
mined parameter
m

6. If a charge moves along the axis of an inac-

tive (f = 0) uniaxial crystal, expression (17) for
the losSes is conmderaﬁly simpler:

%(Z: Z ! (1“ o )wdm (23)
(>t
+ f: S(E;%T——I)mdw

(]“ )
- E Zm_l/:1m|1 ]“{ *

( the second integral is taken over the region
n2 B?>(e;/€) (B2e; —1) >0and B2 <1
while w; are the common zeros of ¢, and €,). Ex-

pression (23) is identical with those obtained in
Refs 2 and 3. However thanks to inequality

2 132 > (eg/€,) (B2 ¢, — 1), the boundaries of the

frequency regions, over which the integration is
carried out, are so shifted that expression (23) con-
tains no singularities. If ¢, and ¢, have no com-
mon zeros, the third term of (23) drops out. In this
case, making the transition in the limit to the
isotropic medium (e ~€; ), the second term of (23)

reduces to the ordinary expression for the polari-
zation losses.
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In the case of the simplest gyrotropic medium
(€; =¢;) the equation for the losses becomes

Tdz T2 W\ ey )

5 _ L 1\{141

AN @ /
T’U—IZ' [deijdes |, ln(‘l+

The summation extends over all frequencies at
which €, and ¢, vanish simultaneously. If ¢ ; and

€, have no common zeros, the total losses are

determined by the first term of (24). The integra-
tion in (24) is carried out over the frequency regions
defined by the inequalities

B > 125 — =) B b2y | b, + B3] BY2: B> 1.

Expression (24) contains no singularities in the

415

(cf. also Ref. 3):

Bl Bre) |, (24)

(1— %) Ve, + g2 |

2 23

ky,v* )
o2 /)"

1

indicated frequency region.

7. Let us consider now a charge moving per-
pendicularly to the optical axis of the crystal.
Choosing the coordinate system shown in Fig. 2
we obtain:

#; = sindcosg; %y = COS 9;
%3 = sindsiny; kv = kv cos 9.

Let us determine the component of the inverse
tensor T2'21 , substitute it into Eq. (8), and inte-

grate (8) with respect to the angle ¢ . As aresult
we get:

d o X2 lm .
— _(8 — ZL S \ S n*(1—p%; cos2p—p%, sin %)+ B2e1e5—e; sin%p—e4c080
dy 2ric? Ant + Bn? +- [
—001/58
Xndnd ¢ o do, (25)
A = § (¢, cos’ + ¢, sing);
—_— 32 02,2 2 .
B = (2 — ¢3) sin’g — (*(s] — €2) Coszqo — B (14 81n2cp);
2. 2 .2 2 .
C=p%s (] —e5) — (] —e2 — 2,85) sino,
Assuming for simplicity that €, €5, and €, have no equation for the total energy losses:
common zeros, we obtain finally the following
271
d . T,
__ﬁzrq_z\d@“h— . _ !
dy ATes [3¥ (g1 cOS? @ - gg sinZ ¢
0
P g e 0
X {1 F D0 T P8 0 ledo,

VB *—4AC

n,=(—B+ |/ B*—4AC)24A

(integration with respect to dw in the regions de-

fined by Eq. 16). The upper sign of (26)corresponds

to losses due to the radiation of the ordinary

waves, and the lower to those of the extraordinary
ones. The conical surfaces for the ordinary and
extraordinary waves are complicated in form (ex-
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varies on the different generatrices of the conic
surfaces.

In principle, it is possible to carry out the inte-
gration in (26) to the very end, provided the com-
ponents €, €,, and ¢, of the dielectric tensor are
given as the functions of the frequency.

Ife, =¢, Eq. (26) becomes identical with the
result of Ref. 3, provided the integration limits are
changed in that reference in the manner shown
. above. Inthe limiting case of an inactive uniaxial
Fic. 2 crystal (el.z= 0) we obtain the corrected Ginzburg

equation":

hibit a dependence on the angle ) and the intensity

_EQ=_qigd@{ S (1_ 1 ) Bejcoste oo
0 n2 62> ep2>1 ' Ppecost @27

1 2
1— 1 €3 Sin ¢
+ S ( Pres > (sin @ - [B%; c0s? p)(e; COS” ¢ + ¢4 sin? ) dw} )

The second integral is taken over the region In conclusion, we thank Prof. A. I. Akhiezer for
- \ interest in the work and for evaluation of the re-
[~ [ .
B > e85 sults obtained.

+ (55— sz(?]/(sl cos? @ 4 ¢4 sin® o) > 1. Q'I;’ranslated by J. G. Adashko



