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but is 40 to 50 times smaller than cross section

o,
1
'%here exists another possible method of com-
puting 0, using equation (7) which, taking o_;,
=0, can be written in the form

Go—1 == {28 (/’37‘/1‘).Z — 011019 — (10)

(3—10— %10)1} / 10-

Substituting here the value & = 1.03 x 103, ob-

tained from the curve in Fig. 1, and also the
values of 911, 919, (5—190—0,,) and £T/L
we obtain for the energy 29 kev cross section
o1 = 1.3X10™7 cm2. By computing o _, ac-

Ia. M. FOGEL’ AND R. V. MITIN

cording to Eq. (9) we obtain for this energy the
value 0.8 x 1017 em2. Considering the large
errors in the measurements of the quantities en-
tering into equations (9) and (10) the agreement

between the values of o, ; computed by two dif-

ferent methods must be considered satisfactory.

In conclusion we consider it a pleasant duty to
thank Prof. A. K. Val’ter for his constant interest
and dttention to this work and also V. Z. Surkov
for his practical help in the construction and ar-
rangement of the equipment.

Translated by J. L. Herson

88

SOVIET PHYSICS JETP

Nucleomesodynamics in Strong Coupling.

VOLUME 3, NUMBER 2

SEPTEMBER, 1956

Il. The Ground and Isobar States,

Nucleon Charge and Spin

V. N. BaIER AND S. I. PEKAR
Institute of Physics, Academy of Sciences, Ukrainian SSR
(Submitted to JETP editor July, 28, 1954)
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 317-329 (February, 1956)

A nucleon is considered that interacts strongly with a pseudoscalarmeson field. The
interaction is assumed to be of the symmetric pseudovector t{pe. The eigenvalues of the

energy, charge and spin of the nucleon are determined, and a

so the explicit form of the

wave function of the system. The ground and isobar states of the system are obtained.

1. WAVE EQUATION OF THE MESON FIELD
IN THE ABSENCE OF THE NUCLEON

I N a previous paper! (which appears in this issue
of the journal and which shall be referred to
later as I), an approximate method is given for the
consideration of a nucleon which interacts strongly
with the meson field. The Hamiltonian of the sys-
tem was simplified with the aid of a series of ap-

Is 1. Pekar, J. Exptl. Theoret. Phys.(U.S.S.R.) 30,

304 (1956); Soviet Phys. JETP 3, No. 3 (October, 1956).

proximations and the spin-charge part of the wave
function was determined. As aresult the problem
of the determination of the stationary quantum
states of the system reduces to finding the eigen-
function and eigenvalues of the operator

H=—G+ Yo

ax

g;—4q)» (1)

— 32/ 0g%-1.
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Here, all the symbols of paper I have been retained.
An operator similar to (1) has already been met in
earlier works [see Ref. 2, p. 9, and Ref. 3, Sec. 3]
and, as was shown therein, the eigenfunctions of
this operator must be sought in the form

D(g)=V(®, B B)exp{-—%Z[(m— v-)? (2)

ar

N
-+ % In r]} IIZII q, 21\/'/2'

a 9
a N - *
q“"" 9 qax
Do 2 = No. L
- % 0¢°. S % 0 g
324 ax oav 574

-+

axij ’ /

Taking into account Egs. (59), (64), (67)-(69) of 1

we obtain

S, (0 9%y o (5)
~ “x 0q . 0@']- dy . | vy,
axij 24 an
— __l_(i’i{_ t()‘? 0__
= o e 5y
< d0v; 0v; 2
A B A 6)
< dq .. 0q .. 0v;0v;
(inj ar aAA

1em 1 /o 0? . 0 9°
=y [sin‘-’ 5 <a—9 + gg T 208t e a.e) 1 55 ]

It must be kept in mind that even in the develop-

2 o 0v; a 9y
< x 09, | dv; dq .
ax oax
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Here ¢, is one of the coordinates q,.
The arguments ¢ enter directly into @, and,
moreover, are contained in vi(q). Let 9/0%q -
ax
denote differentiation only with respect to the
9oz, which do not enter into the argument of v,

Then

= éqa; dv; ’
dv; 9y, 92
+ Zm; 0q . 9q . 0v; 0y,
I.XZI.] an 2324
Q) 0v; 02
+2) 0 : (4)
i ‘ 99 - 99;0°q
fax oaxn oan

ment of Egs. (67)-(69) in I, it was assumed that
pfr) differed slightly from (pi(l-); therefore if the

function under the integral contained the factor

¢, and was significant only in thelocal region
where ¢, differed appreciably from zero, then ¢_
could be replaced by ¢, under the integral. On this
this basis, we can neglect terms of the form

ag7. a%%. (7)
< —aY av Y — % ax
Zl ( qa—;. qax) a'Ui ’ 2 (qax ql‘/_ ) avi a‘U]

- XK
a%

in the calculation of the derivatives of ® with re-
spect to v; and .3 We then have

N
_ai—« vV s . Nj2 (8)
67}1- - BT)L- € El ql 2 ’
1 0 v \¢ 1
SZTZ[(QT_‘]«;)Z‘{‘TM‘T], (9)
’ N

*o v Ne o

0v;0v; — dv,; 0v € 11;11 7,2 Rij'0, (10)
oo oV v N aqvf -

ety = g (15— 05) Tl e+ S, (1)

2 8. 1. Pekar, Investigations on the Electron Theory
of Crystals, Gostekhizdat, 1951,

3 S, 1. Pekar, J.Exptl.Theoret. Phys (U.S.S.R.)
27, 411'(1954).

Taking into account Eqs. (4)-(6) and also Egs. (59)
and (64) of I, the effect of operator (1) on ® can
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be put in the following form:

J j(n+1) (1)7(2n)
i\ 3 [\en

N

+ @V e[ ¢ 2V + @,
l=1

where
R 1 @) 1 92 9 (13)
%=*7ﬁmkmﬂw+7@
~ 07 02 ~ 0
+ 20083 ) + 5 + ot g |
av_ 9y oS T (14)

Ho= S IV
1 me Gvi 6(] -
axi ’

24

The wave function (2) corresponds to a state of the
system in which all the oscillators of the meson
field are in the ground state, with the exception of
N oscillators which are in singly excited states.

In Eq. (12), the term */ _{Jm; represents the
n
energy of the zero point vibrations of all the oscil-
N
lators and the term | ©,the energy of the single
1=

excitations of the N oscillators. Physically, this
means that there ae N free mesons in addition to
the nucleon.
.. In the case of the absence of free mesons, N =0,
H1<D =0, and if V(vi) is so chosen that it satisfies
the e quation

HV =HV, (15)
then ® is an eigenfunction of the operator (1), as
is seen from Eq. (12):

A® = HO. (16)
The eigenvalue of the energy of the system is
H=—G+23
2 L% (17)
_ ](”+1) 3 1(1)1(2'2)
JIC (19)2

In the absence of free mesons, ¢ does not desgribe
the stationary state of the system. The term Hyp

V. N.BAIER AND S. I. PEKAR

determines the scattering of the mesons on the
nucleon. This scattering will be considered in a
subsequent paper; here we shall limit ourselves
to the case of the absence of free mesons (N = 0).

2. DETERMINATION OF THE ANGULAR PART OF
THE WAVE FUNCTION

We now find the eigenfunctions and the eigen-
values of Eq. (15). Inasmuch as the variables 0
and B do not enter explicitlyinto the operator
(13), its eigenfunctions must, as is known, depend
on these variables exponentially; therefore we

must seek the solution of Eq. (15) in the form

V =D (3)e' ¥+p9) (18)

Substituting (18) in (15) we get an equation for
the function D(5):

d*D ~ dD 1
as? +ctg °4s T sin’s

(s? (19)

+ p* 4+ 2spcosd) D = — 1D,

)\1(2'1) / 2 ([(”))2 = .

If Kq. (52) or (53) of I is written in explicit form,
then it is evident that they are trigonometric e qua-
tions relative to the angles §, Band 8. The roots
of these e quations, & and 3, for each given con-
figuration of the meson field g are determined only
with accuracy to shifts of multiples of 27. If the
given configurations of the meson field ¢ corre-
spond to values of the angles & and 3, then these
configurations will also correspond to the angles
¥+ 27 and B + 27. Usually, the requirement in
quantum mecheanics that the wave function of the
whole system be a single valued function of the
configuration g leads to the requirement that this
function possess a periodicity of 27 in the argu-
ments $ and 8. Inasmuch as y* changes sign upon
change of $or B by 27 (see Egq. 35, Ref. 1), then,
according to Eq. (9)!, ® must also change sign.
Therefore,the quatum numbers s and p in Eq. (18)
must be half integers. The eigenfunctions and the
eigenvalues of Eq. (19) will be found by the method
of factorization (Ref. 4, part 4). Substitution of

Y (3) = sin':3 D (3) (20)

in Eq. (19) leads to the standard form
suitable for factorization:

* L. Infeld and E. Hull, Revs. Mod. Phys. 23, 21
(1951); Sec. 4.
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ey 1 (o1 2 (21)
—d_ST—_simS(S TP

+2spcos?—%>)’+()\—|-—i—>)’:0.

The mtegral index m, according to which factori-
zation is carried out,? is connected with the quan-

tum numbers by the relations

1) m=s—1, for s>1,, (22)

2) m=

In the first case the factorization is carried out by
the usual method, with the use of the recurrence
form (2.6, Ib) of Ref. 4. In the second case, we
take as the initial eigenfunction the function found
by the first method with quantum number s = 1/2;
we then apply the recurrence relation (2.6, Ia) of
Ref. 4.

As aresult, the eigenvalues A in the e quation
(19) are given by

:J(J+ 1)’ j“__l 2y 3/2, 5/2, 7/2.. (23)

For the eigenfunctions of Eq. (21) we get the re-
currence relation

Vo= |7 +5) —( (24)

=4

X [(S——%)Ctgg—l— sins + d8] Yl‘

The latter enables us to get the totality of eigen-
functions from the initial function

/o—58 for s <1/,

343
v :[ T2/ +2) J/ (25)
L= TGFp+DI(G—p+1)
X qinitPtis 8 i-piin 8
Sin 3 COS 5

We can obtain completely analogous recurrence re-
lations with respect to the index p, inasmuch as s
and p appear symmetrically in Eq. (21). The half
integer quantum numbers s and p change in the fol-
lowing way

, . (26)
IsI<j, |PI<J.
In the ground state
ek g 2w 1B 3 oen QD)
P 2 2 (7(1;))2 8 (1(/1))2
there exist 4 eigenfunctions of Eq. (15),
118 (et
Vl,]_ =97 Sin 5 e .
Vi = cos ¢ =02,
1, —1 2 2 ’ (28)
Vi, = 5 COS - D g
1 L8 —ietae.
Vi, 4= 7= Sin 5-e

Here and later we shall write, for brevity, the dou-

ble of the quantum numbers s, p and j: vz
In the first excited state, i

=3, G, =151 /801" 29

there are 16 eigenfunctions:

3 3*
Vis=— VI, _

VJ 3= V-1, —3 =

3
V-—l.3 - Vl —3

Vs
i

A
2n

V.-s, V3 —3 =

3
31— V-z -1 =

V2

V31~——~V_1_1— P2

V'
Via=Vi=52

3
-31 = —

Vi =

VT
S
VE
e

cos—s—{l—Ssin

V6
T 2x

_Vz2
2

3 8

l (3%-+3p)/2,
z >

sin

s>
co 3

2 &
COoS 2

sin? % i (9+3m/2;
3

t (—o-+3p)/2.
sin— ’
2
3 8

2
2 3
2

i (— (30)
cos? 2 ¢! (—evFuRI2.

S .
sin® — cos —2—61 @3+0)/2;

3 i (84-p)/2.
sm——(3cos3z —1>€( ;

2 8 g (94812,
24 2 ’
6 . 8 S i(—
" sin —-C0s25- gl (738482
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For a given j, each of the quantum numbers s
and p, being limited by the inequalities (26) have
2j + 1 values; therefore the multiplicity of the de-
generacy of the level -34]. will be (2j + 1)2.

Thus, in a system which consists of a nucleon
that interacts strongly with the meson field, three
types of excitation are possible:

1. Excitation of the spin-charge motion, with
transition from a state defined by Eq. (28) of I.
These excited states are evidently always unstable;
they will not be considered in this paper.

2. Excitation of the oscillators of the meson field,
i.e., creation of free mesons. Th}s energy of such

excitation is given by the term ) ®, of Eq. (17).
=1

3. Excitation of rotational motion, described by
Egs. (15) and (13). The energy of this motion, in
accordance with Egs. (19) and (23), is given
by the equation

(31)

The wave equation of this motion coincides in form
with the equation of motion of a symmetric ratator.
However, in the latter case, s, p, and j are inte-
gers, while in Egs. (18), (19) and (31) they are half
integers. Such states, excited in the quantum num-
ber j, are appropriately called isobars.

Comparison of the energy (17) with the correspon-
ding energies calculated by Panli and Dancoff [see
Ref. 5, Eq. (76)], shows that the term G, proportional
to g?‘, agrees exactly with the corresponding
term of Pauli and Dancoff (in the comparison it
should be noted that our g is equal to 2°1/2g in Ref.
5). The energy of excitation of the isobars of ¥,
determined by Egq. (31), agrees exactly with Eq.
(80) of Ref. 5, if we set n =0, i.e., if the parame-
ters v, (g) are chosen by approximating ¢_by the
functions ¢, by the method of least squares (see
Ref. 1, Sec. 5). In obtaining Eq. (76) of Ref. 5,
Pauli and Dancoff evidently made an approximation.
Without this approximation in their work, the energy
of excitation of the isobars would have been ob-
tained that would have agreed with that obtained by
us in the case n =2, i.e., in the case of most ac-
curate energy approximdion. Comparison of the re-
maining terms of the energy (17) is difficult, since
they are not explicitly calculated in Ref. 5.

F.quations (17) and (31) determine the energy of
the system only in the zero approximation. Below
we have also calculated the corrections to the
energy .in higher, approximations.

5 W. Pauli and S. M. Dancoff, Phys. Rev. 62, 85
(1942).
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3. THE BASIS OF THE ADIABATIC APPROXIMATION
AND ACCOUNT OF NONADIABATICITY

It was assumed in I that the spin-charge motion
stook place adiabatically because of the compara-
tively slow vibrations of the meson field. We shall

now consider nonadiabaticity as a small perturba-
tion and criteria will also be given for the adiabatic
approximation.

We begin with the exact wave e quation

AY=H,+ H)¥=HY. (32)

We now introduce a complete set of orthogonal
functions Y5 (¢),which satisfy the e quation
Cis
C2s

C3s ’
Cus

H'(9) 95 (q) = H'(g) b (q), b, = %)

in which the g appear as parameters. We expand
the wave function of the system in the orthogonal
functions (q):

¥ (9) = 2 Ds(g) V().

§=]1

(34)

Substitution of this expansion in Eq. (32) leads to
the following equations for the expansion coeffi-
cients <I>s(q :

[Ho‘i‘['[; (9)]1 s — 2 W- (35)

*%%
1 -
*72%

slax .
oy,
Eye }(DS’ZH@*’; s=1,23,4.
U q_‘
s ax

34

0y, 0D,
6q+}<7ff
-3

x an

[v:,
ﬂ

The second and third terms of the left hand side
represent the nonadiabatic perturbation. In order
to be able to use standard perturbation theory, we
must put the system of e quations (35) into form of
the usual operator e quation. For this purpose, we
introduce the four vector ®(g), whose components
are the @ s(q). Furthermore, we introduce the
matrices

;;{ . aq"s' .
ssl(Q) = —(.0; {d‘)s, "ﬂ}: (36)
1 - 62'4)81 .
BSS' = ———2— —’0); {d?s, aqz_’}r

ax ar

Oss’ == H; (C]) 8s.vs’-
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Then we can write the system of equations (35) in
the form of a single vector equation of the opera-
tor type:

[l:lo+0(q) + ZA“?)qa_‘f"B]@:H(I).

aK ax

37)

Here 00, A™ 6(13/0(]';; and B® are to be
understood as the usual muliiplications of ma-
trices and vectors.

The nonadiabatic perturbation
O = M B = gox
Q~M+B,M=%A a/aq& (38)

is omitted in zeroth approximation. Then the vec-
tor equation (37) breaks up into a series of inde-

pendent equations for the different components of

the vector ®; these equations have the form:

[H, + Hi(g)] D5 = HO,, (39

Since, in the different e quations (39) (with dif-
ferent s), there enter different functions Hs(q),

the spectra of the eigenvalues for these equations
will in general be different. Therefore, the entire
series of equations (39) can be satisfied only by
such a vector @ for which all the components are
different from zero except the single component ®_;
the latter must satisfy the corresponding Eq. (39).
If we number the solutions of Eq. (39) by the
quantum number m in the order of increasing H, then
the solutions of the zeroth approximation will be
denoted by ®_ and H , where s is the number of
the only component of the vector ® different from
zero.

In the zeroth approximation in the decomposition
134), there is only one term. Consequently, we can
consider that the nucleon is found in the state
U (g), defined by Eq. (33), and possesses the en-
ergy H’ (q). In this case the index s takes on the
sense of a quantum number of the nucleon.

The zeroth approximation described above coin-
cidés exactly with the adiabatic approximation
used in the previous research (FEq. (11) of I).

We now introduce the previously discarded terms Q
as a small perturbation and compute the correction
of the next order. In this case, we can replace Y
by ¥? [see Egs. (33) and (42) of I, inasmuch as
(in addition to the adiabatic approximation) it has
also been assumed that ¢_(r) differs only slightly
from ¢, (r). With the help of Eq. (29) of I, we get
B= o, g—llaP+laP =0,

%

(40)

In accordance with Egs. (4)-(6) and (13), the opera-

1 0?2

T2 2 % o,
ax

ar

in application to the function

~
of v, is equivalent to the operator {, Further, we
can represent the functiony¥ in the form

(41
ZV111 "l’_ Vll.,—l + V}—l,l - iVl—l,—l
- Vlll +iV}_1 - l.V.l_l’l - Vl_l,_l
- ‘/il _—iV{,—l + ivl—l,l - Vl-l,l
— iV + V},—1 + V1—1,1 -+ iV1—1,1

It is evident from this that each of the four com-

v . . h
ponents ;' is an eigenfunction of H and corre-
sponds to the eigenvalue

(2n)
Hy, =31

? 8 (1(”))2'
Therefore
B., — L7 &g :_5_3 12m)
11 + {1)1 ) ..% 7)1 } 8 ————(1(”))2 . (42)

Taking into account Egs. (49) and (42), we find

the correction due to nonadiabaticity of first order
in the energy to be

3 16em

&MH = S(D;,mfzq)l,m dqdf(l = m,

(43)

dv = sin 8 d9% dB ds.

It must be emphasized that the correction to the
energy (43) is the samefor all states of the system
which are not excited by the spin-charge motion.
Consequently, this correction does not change
the energy of excitation of the isobar states and
free mesons.

Here it should be clear why the integration in
Fq. (43) was carried out over the variables ¢ 3
and also over v, in spite of the fact that v, an
9,3, are not independent variables. In Eq. t37),
only the variables g3 appear at first. Expressing
A and g . inKq. 36) by ¥y, and also repre-
senting ® in the form of Eq. (2), we introduce into
Egq. (43) the arguments v; which are definite func-
tions of g, (see Sec. 5 of I). Simultaneously,
differentiation with respect to g ;> leads to the
form (3) and the operaor H takes the form (12), (13).
For this reason, Eq. (43) must be treated as a more
general problem in which the variables v, and ¢, 3
are considered as independent. If, in the solution
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of this generalized problem, we replace v, by the

above mentioned functions vi(q), then we obtain
the solution of the original equation (43). Because
of technical advantages, we introduce the nonadia-
batic perturbation at that stage of the calculation
when v; and g_3 are considered as independent
variables. In connection with this, the eigenfunc-
tions obtained above for the unperturbed problem
are orthonormal for integr ation over dvdg; there-
fore, we can integrate in Eq. (43) over dvdg, con-
sidering v, and ¢ 2 to be independent.

For a calculation of the correction to the energy
of second order of smallness, we must copsider
the perturbation M in Eq. (38) and ignore B, since,
in the adiabatic approximation, as is well known,
B is a quantity of second order of smallness in
comparison with M. The perturbation operator
has the form:

M= 3 AT 52— (49)
a; ax
—_ §\ Q(l‘)] w0y 0
‘_‘ i) lq)l ’ dvi ‘07"
ij =1 1
w07 | v, P
_ng q)]_, avi aq_.a*q_,’
iax ax ax
where
™ _ v dv; v,
Qu Zm; Oq " 0‘) — (45)
a: ax ax
{«b‘i}. a_l;);’J — —_'6"{8
T o 2V2 ’
vb‘u’ _(?ib_é—’ e d‘)?}’ a—q}g
19 ) ap - 1 ‘)B
[ge 05| [ as 09
v a\__ ), _f4 —
ReSrral R

In going on to the calculation of the second order
energy correction, defined by the perturbation M,

it should be noted that the perturbed ground state

of the system is fourfold degenerate [see Eq. (28)],
but the matrix elements of all transitions between
these degenerate states are e qual to zero, inasmuch
as A% = 0. In this case the second order
correction to the energy is determined by setting
the determinant equal to zero:®

6 L. D. Landau and E. M. Lifshitz, Quantum Mecha-
nics, Gostekhizdat, 1948, p. 165.
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With the help of Egs. (67)-(69), (59) and (64) of
Ref. 1, we obtain

J(2n+v—1)
M)z sin2s”’

QW =G —

l(zu v—1) (46)
(](n ))3 ’

V) _

(V) _
n =

o) _
22 = =

33

1@ +Hv=1) (o5 5
Iysinz g °

v _

() _
13 = =

(
31 2‘:;) = :(3‘2') = 0.

In (44) there appear the eigenfunctions of Egq. (40)
of I-¢¥, which represent the perturbed spin-charge
state of the nucleon in the fixed selfconsistent
field configuration of the meson field go3 in the
ground state. These ¥ are put in the following
form, with the aid of Fgs. (32)-(33), (42) of I:

=TI 1Sl e, (47)

YT=11T| -1l S|,

=TSy b2

Here we have multiplied ¢y on the right by an
arbitrary factor of modulus unity. This factor(exiv)
does not depend on the spin-charge degrees of free-
dom. As aresult, the 1) are functions not of the
four angles 9 ¢ BB, y, but of only three angles 9,
B, 8. Making use of Eq. (47), and taking the ortho-

normality of the ¢ into account, we obtain:

o O3 | 1 s
{*’1 T T o
_ 1 f’ o* z} - 12 (4'8)
=wvE\Mewm T T2
v* ‘N’g I o* 04’;
% 55 }:\% T
(49)
(Im | M| smy) (smi | M| 1m) .
& [Z— — Balfbmm | =0.

Here the energy difference which appears in the
denominator is basically the energy of excitation
of spin-charge motion, and is approximately equal
to —(2/3)G. Carrying out the averaging of the
energy difference before the summation sign, we
can treat the sum as a matrix element of

A [(lm[/M[lm):O]. It is equal to
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. A af sem 2 (50)
(Im| M| 1m’) = Smm {-1_6-[(—1(—"))*_]

4+ ?_](])[

I'=n ]2 3 ](2'n+1)}
7 .

1™y 8 My

Here @, and @, are two degenerate states of
the ground level of the system.

The determinant (49) is diagonal. Inasmuch as
the matrix elements (50) do not depend on m, the
same correction to the energy is obtained in all
degenerate states of the ground level of the system,
namely

AH = —3(Im| M2 1m)/ 2G. GD

The nonadiabaticity can be considered as a small
perturbation if A/ is significantly less than the
difference G between the levels of the unperturbed
problem:

(Im| V2| 1m)/ G* < 1. (52)

This same inequality guarantees the smallness
of the energy correction of first order A,H [see (43)]
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in comparison with G. If we assume a simple and
monotonic path of the form factor u(r) and charac-
terize its effective radius by a(a@ £ 1), then the
ine quality (52) means

g/!"'a>>1' (53)

In completely analogous fashion, as was done
in Ref. 7, it can be shown that the use in Ref. 1
of an assumption on the smallness of ¢, (F) in
comparison with ¢? (r) is correct for satisfaction

of the ine quality (53).

4. SPIN AND ISOTOPIC SPIN OF A SYSTEM

The momentum operator of a system
3
\! aQa aQa
-2 S[xi T, g | AV

a=]1

Ly (54)

1
+7°’ih; O12 =03 ..

commutes with the energy operator of the system,
i.e., the momentum is an integral of motion. With

the help of Eq. 1%, and also (3), we obtain

Liw= L+ L;Ik"*‘%' ik}

. [ 99, 09, — 9 (55)
Lo =i Zglxi —ax—k—th] 1. (VaV Vo, 5
e ax
. de 99, 5 v, o
L =i Zg[xio—;;—xh o ] r. WdV Vo, 3ot
a; j=1 ax J
In the calculation of L the expressions0v;/ 09 5, v =Y = L7
are put in the form of El:qs. (67)-(69)!, and as are- Ly=lz 52 (57)
sult of the use of Eq. (1), expressions are obtained . o 0, cos® 9 | o 0
which contain integrals of the form =—1 (Ctg 8 cos & 09 + sind op + sin & a8 )’
v___ v ___ v . 0 .
9%, 99, |~ 007 L=la=—1Ls =155 (58)
S Xi5——Xp5— | 0" —= V. (56)
P o I oy v_so (59)
Ly=Llp=—1L3

In the calculation of these integrals, ¢_ is replaced
by . For the latter, the expressions (60) and

(38) are used!. It is convenient to express the
operator x,; 9 / d.x, — X0 / Ox; in spherical coardinates as
the derivative withrespect to the corresponding
angle. One should also note that the unit vector

r/r is an eigenfunction of the operator &. As are-
sult, we obtain

R . 0 sin® 0 0
=—1 (ctg831n q‘}ﬁ—}- Sins 08 ——cos&—58—>.

Only one of these three expressions need be obtained
by calculation; the other two can be obtained from

7'S. L. Pekar, J. Exptl.Theoret. Phys. (U.S.S.R.)
27, 579 (1954).
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the three commuting relations

Lil; — L3L7 =L}, (60)

LILY — LYLY = iLY; L3LY — [YLY —iL®.

One can prove the relations (60) without resorting
to concrete expressions for the operators (57)-
(59), if we first prove the analogous relations for
LY i

i

61
LILS— 1308 — i1, oy

LIl — L{LY =ilf; LIL9 — 1919 — iLg.

The latter are proved by means of simple sub-
stitution in Eq. (61) of L%,in the form (55) and di-
vision into products of integrals of sums of the

foom ' x.(r)x.(r') 3(r—r’). Inasmuch as
P %

®
the commutation relations of the form (61), as is
known, are valid even for L, and 1/, 53, Egs.
(60) follow at once, since L, L? and o, commute
amongst themselves.
The operator of the isotopic spin of the system

Tup =\ [pamp — 2amal AV + 5 tapi 15 =1,... 02

commutes with the operator of the energy of the
system and with the operators L,,. Consequently,
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the isotopic spin is an integral of the motion.
With the help of Eq. (1) of I, and also Eq. (3), we
get

‘ 1
Tug=Tag+ Tap + 5 Taps

q R 0 0
T“Ii:'—lZ(qa; 0*q - _q»@*q__) s
T\ 0o 7 T ) (63)
- . v, 0v; 0
TO!B =—1 Z[q - aq ]_’ - ‘] - aq I-’ W-
Lo M e Y 10

In the calculation of Tq , the expressions

0v;[0q,; are putin tge form of Eqs. (67)
- (69) of I. As aresult of the use of Eq. (1) of I,

we obtain the expression in the form

S[(Pam" 2B ggan o ] av. (64)
i

v,

In the calculation of these integrals, ¢, 1s replaced
by ¥, and for the latter, use is made of Egs. (60)
and (38) of I. With the aid of Eqs. (63), the inte-

grals (64) reduce to expressions of the form:

(65)

™ —4? 9 ¥ —7 —4?
5 2 a0, Tvi Tgo, — T, 30, 9, |,

v

which are calculated directly. As aresult, we ob-
tain

R v v . / N 0
T{’:T23=—Tazz—z(.ctgocosﬁb?—{_;—f;ffa%——{—sinﬁ;%); (66)
Ty=Ts=—Tj,=id/0p; (67)

Vv —_ v .o 0 , sinB 0 0
3 12 = T21 l <Ctg 3 sin B B + ma? — COS @ %). (68)

The components of the operators 77, T{, T?
and (1/2)7; satisfy the general commutation rela-
tions of the form (60).
Comparison of L, and T*, shows that they inter-

change with one another upon substitution of

9 2B. This means that the eigenfunctions
of these operators are identical, and their eigen-
functions are obtained from one another by exchange
ofhthe angles & >p, Direct calculation shows
that

; ; o, ()
A W PR T

=1 i—1 em '

A~
where X is the operator of the energy of rotational
motion, determined by Eq. (13).

It is interesting to note that the operators L’
and T coincide with the operators of infinitely
small rotations in three dimensional space, while
the Euler angles of these rotations are identified
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with the angles &, 8 and 6. These operators of
infinitely small rotations have been suitably inves-
tigated in the theory of the representation of three
dimensional rotation groups (see Ref. 8). The
eigenfunctions of these operators were investi-
gated and a series of interesting relations among
them were established.

It should be emphasized that the operators L,
T‘«ﬁ represent operators of infinitely small rota-
tions, respectively, of ordinary and isotopic space,
and therefore commute. The operators L and
TY, are operators of infinitely small rotations of
the same three dimensional space, in which the Euler
angle belongs to ordinary space, the Euler angle
B to isotopic space, and the o angle 8 =¢ + 7 is
related to both spaces. Nontheless, L’ and T';,@
also commute. The operators L7, and Tki differ
from those operators of the zero field introduced
by Pauli and Dancoff?®, because the laiter are opera-
tors of rotation corresponding to ordinary and iso-
topic spaces. However, the operators LY and

TS also satisfy a condition analogous to Eq.
(69).

We now proceed to the determination of such
eigenfunctions of the energy operator which are
related to the lowest level (j = 1/2), which would
simultaneously be eigenfunctions of the operators

L,, and le . The latter is related to the charge

operator of the system e by the expression

§ = le + 1/2- (70)

First, let us consider the result of the action of
the operators L, and T,,, which are defined by
Egs. (55) and (63), on the wave function of the
ground state of the system:

‘Y;s.zp = ‘vaés.zp (9B3) exp {_’:— 2 ((q - (71)

ax

v 1
- qa;)z + '2— ln TC]},

8 1. M. Gel’fand and Z. Ia. Shapiro, Usp. matemat.
nauk 7, 1(1952),
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where Vaszp  is defined by Eq. (28) and ¢* by
Eq. (41). In the application of the operators Ly,
and T{, to W3, ,, , we are obliged to differen-
tiate only the exponential factor in Eq. (71). We
can neglect the result of this differentiation, inas-

;nuch as we have previously neglected terms of the
orm

~ ¥ (72)
Sg, — %) 0% = (e — DogdV.

®

The result of the action of operators LY and T,
: 1 ;
on the function Vps2p has the following form:

i
sz Vh =5 Vl—u )

1 i
2 12V = 7 Vi-i

v 1 i v 11 i (73)
LypVi,= 5 Vo Tha Vou = 5 Vl—l—-l;

v i n i
LyyVoyy=— 5 Vi T;/zV}—l =—7 Vh;
v /1 i, i

LV =— 7 V11 TV =— - Vi

With the help of these formulas, and keeping in
mind Eq. (8) of I and Eq. (41), we get

- 1 v (74)
Ly = -7 o129 s

From this it is evident that the action of the opera-
tors L, and T\, on Wi ., reduces to the
action of LY, and2 T, on the factor Visep in

Eq. (7B.

The problem consists .in looking for such linear
combinations of the four functions Viss,, which
would simultaneously be eigenfunctions of the
operators LY, and TY,. These linear combinations,
fortunately, exactly coincide with the components
Y [see Eq. (41)], because Eqgs. (74) show that
each of the four components /¥ are eigenfunctions
of the operators LY ,and T ,inasmuch as o, and
T,, are diagonal.

&'hus the eigenfunctions of the charge and spin
operators of the system are given by an expres-
sion of the form (71), in which we must put the
appropriate linear combination in place of the

function Vjssp . This combination can be taken
from the table below:
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Ch f the system  (T1i.+/2)
Projection of the spin of aree © y "
the system L g 1
(neutron) (proton)
1 1
v v
—'h T | T o
1 1
+/ —C,® —Cp0
vz? vz ¢

The C} are defined by Eq. (35) of I.

The calculated eigenvalues of the charge and
spin projections of the system consisting of a
nucleon that strongly interacts with the vacuum
vibrations of the meson field, coincide with the
observed values.

In subsequent papers we shall consider,on the
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basis of the theory developed above, the scattering
of 7 mesons on nucleons, the magnetic moments

of nucleons, quasi-statistic nuclear forces and
other phenomena.

Translated by R. T. Beyer
57

OCTOBER, 1956

iheson Component of the Cosmic Radiation at an Altitude

of 3200 m Above Sea L

evel

N. M. KocHARIAN, M. T. AI1vAZIAN, Z. A. KIRAKOSIAN AND
A. 5. ALEKSANIAN
Institute of Physics, Academy of Sciences, Armenian SSR
(Submitted to JETP editor, Dec. 1, 1954)
J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 243-247 (February, 1956)

The momentum spectrum of u-mesons was measured in the momentum range 0.4 <p <14
bev/c at an altitude of 3200 m above sea level. The ratio of the number of protons to u-
mesons at this altitude was determined. The ratio of positive to negative p-mesons was

found as a function of momentum.

n 1951 we began an investigation of the proton
I end meson components of the cosmic radiation at
an altitude of 3200 m above sea level. For*this
purpose there was constructed a special magnetic
spectrometer, a description of which was given in

Ref. 1. The proton component was determined as a
result of the investigation. The actual shape of

the spectrum was determined for the meson compo-
nent. By using a series of improvements, the mo-
mentum of the particles in the magnetic field was
determined with great precision.! The relative
error in determining the momentum of the particles
is equal to

5 = [(0,035 p)? 4- (0,018 / B)*]'">. (1)
IN. M. Kocharian, J. Exptl. Theoret. Phys. (U.S.S.R.)

28, 160 (1955); Soviet Phys. JETP 1,
128 (1955).

Here and everywhere below the momentum p of the
particles is measured in units of bev/c; 8 is the
velocity of the particles, measured in units of the
velocity of light.

1. Protons in the Hard Component

In a second variation of the determination of
Ref. 1, in which there was no lead above the mag-
net and under the magnet was located x =45.2
gm/cm? of lead and x,=139 gm/cm? of Ycopper,
then simultaneously with particles which were
stopped in the absorbers, we also detected those
particles which had gone through the complete
system of absorbers. In contrast with the former
particles the latter are called the ‘‘hard’’ compo-
nent. The hard component consists principally of
p-mesons with momenta greater than 0.370 bev/c
(i.e., kinetic energy £ 2 260 mev), and a certain



