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but is 40 to 50 times smaller than cross section 

a1o' 
There exists another possible method of com-

puting a 0 _1 using equation (7) which, taking a_ 11 

= 0, can be written in the form 

cro-1 = {20 (kT I L)2- cr1-1 [cri-1- (10) 

(L1o- cr1o)]} I 0 10· 

Substitu!ing here the value o = 1.03 x l03 , ob­

tained from the curve in Fig. 1, and also the 
values of crl--1 , cr10 , (cr_10 - cr 10 ) and kT /L 
we obtain for the energy 29 kev cross section 

cr0_ 1 = 1.3Xl o-17 cm2. By computing a 0_1ae-

cording to Eq. (9) we o'btain for this energy the 
value 0.8 X 1 o· 1 7 em 2. Considering the large 
errors in the measurements of the quantities en­
tering into equations (9) and (1 0) the agreement 
between the values of a 0 _1 computed by two dif-

ferent methods must -be considered satisfactory. 
In conclusion we consider it a pleasant duty to 

thank Prof. A. K. Val'ter for his constant interest 
and attention to this work and also V. Z. Surkov 
for his practical help in the construction and ar­
ranl?;ement of the equipment. 

Translated by J, L. Herson 
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A nucleon is considered that interacts strongly with a pseudoscalarmeson field. The 
interaction is assumed to be of the symmetric pse?dovector ty;Je. The ei.g~nvalues of the 
energy, charge and spin of the nucleon are determmed, and also the exphc1t form ~f the 
wave function of the system. The ground and isobar states of the system are obtamed. 

1. WAVE EQUATION OF THE MESON FIELD 
IN THE ABSENCE OF THE NUCLEON 

IN a previous paper 1 (which appears in this issue 
of the journal and which shall be referred to 

later as 1), an approximate method is given for the 
consideration of a nucleon which interacts strongly 
with the meson field. The Haniltonian of the sys­
tem was simplified with the aid of a series of ap-

1 S. I. Pekar, J, Exptl. Theoret. Phys.(U.S.S.R.) 30. 
304 (1956); Soviet Phys. JETP 3, No. 3 (October, 1956). 

proximations and the spin-charge part of the wave 
function was determined. As a result the problem 
of the determination of the stationary qtHt~tum 
states of the system reduces to finding the eigen­
function and eigenvalues of the operator 

fl = -a + 112 ~ w~ [(q __ qv _ )2 (l) 
- X CO( CO<. 

<XX 
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Here, all the symbols of paper I have been retained. 
An operator similar to (l) has already been met in 
earlier works [see Ref. 2, p. 9), and Ref. 3, Sec. 3] 
and, as was shown therein, the eigenfunctions of 
this operator must be sought in the form 

<D(q)= V(~. ~. o)exp{-- ~ ~[(q~-q~:)2 (2) 
GO( 

N 

+.~ Jn;:]}flq1.2"v;2. 
1=1 

Here qi is one of the coordinates q"'t._· 
The arguments q"' )tenter directly into <I>, and, 

moreover, are contained in vi(q). Let iJjiJ•q _ 
"" denote differentiation only with respect to the 

q""t._ which do not enter into the argument of vi' 
Then 

3 
a a ~ avi a 

aq ~=-a· + .L.J __ -aq -av · 
- q - i ax. a: L=l aY.. 
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(3) 

(4) 

Taking into account Eqs. (59), (64), (67)-(69) of I 
we obtain 

~ w _ av 1 (__il_ -~L- \ _jJ__ 
___ " aq ~ rh'i a,1 -} a,,i 

(J.Y.tj G(.;.{ :t.;...: 

(5) 

(6) 

J(2"l [ 1. ( ;p a~ , iP ) a~ ] 
= (l(ll}p sin" i) a-&·J + d~" + 2 cos 0 a& a[:l + as..: 

It must be kept in mind that even in the develop-

O:Y. 

ment of Eqs. (67)-(69) in I, it was assumed that 

cp~r) differed slightly from ~ (r); therefore if the 

function under the integral contained the factor 
cp"" and was significant only in the local region 
where cp~ differed appreciably from zero, then cp"" 
could be replaced by cp~ under the integral. On this 
this basis, we can neglect terms of the form 

aq'~. a2 q v_. ( 7) 

~ ( q a~ - <-J a~ ; ~ ( q ~-;. - (;.) ov; aa;i 
"" 
in the calculation of the derivatives of <I> with re­
spect to vi and q ocl..· We then have 

(8) 

(9) 

N 

~=~ -srr 2Nj2 (1} avi av. av- av. e ql - Rii <I>, (10) 
1 ' I 1=1 

av ( ., ) N N' aqv_ av -
a a* =- -~-. q-- q- e-s[l q ·2 i2 +~<I>+- -siT""' 

V; q- au, "'"' "'" I av,- av,- e , 
"'" 1=1 

(ll) 

- N 

ll "'" ==:" a:- 11 ql· 2Ni2. 

"" 1=-1 

2 S. I. Pekar, Investigations on the Electron Theory 
of Crystals, Gostekhizdat, 1951. 

3 S. I. Pekar, J,Exptl.Theoret. Phys ,(U.S.S.R.) 
27, 411 (1954). 

Taking into account Eqs. (4)-(6) and also Eqs. (59) 
and (64) of I, the effect of operator (l) on <I> can 
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be put in the following fonn: 

h f 3 ~ 
Hw = l-a+ 2 LJ(t);:;-

(12) 

N 

+ (t) -3--+---- <I> 
• ~·:-1 j(n+I) 3 J(l}J(2n)} 

1=1 l' j(11} 2 (1(11})2 

N 

+ (.7t V) e -sIT q 12N12 + if1 cD, 
1=1 

(13) 

2COSfJ--- -- , __ ~ a~ ) a2 ~ a + a& a~ + ao~ + ctg u ao ), 

Hh "'-- ~ av avi -s· "~ 1'1?= -- LJW- ----e ll 
~ X avi aq ~ ' 

(14) 

end o:x 

The wave function (2) corresponds to a state of the 
system in which all the oscillators of the meson 
field are in the ground state, with the exception of 
N oscillators which are in singly excited states. 

In Eq. (12), the term 3/2 ~ w; represents the 

" energy of the zero point vibrations of all the Ol5cil-
N 

lators and the term ~ w1 the energy of the single 
l=l 

excitations of theN oscillators. Physically, this 
means that ther·e a-e N free me sons in addition to 
the nucleon. 
.... In the case of the absence of free mesons, N = 0, 
H 1 <I>= 0, and if V(v) is so chosen that it satisfies 
the equation 

.#tv = .'7t v, < 15) 

then <ll is an eigenfunction of the operator (1), as 
is seen from Eq. (12): 

if <I> = H<P. (16) 

The eigenvalue of the energy of the system is 

(17) 

In the absence of free mesons, <ll does not des~ribe 
the stationary state of the system. The term H 1<ll 

determines the scattering of the mesons on the 
nucleon. This scattering will be considered in a 
subsequent paper; here we shall limit ourselves 
to the case of the absence of free mesons (N = 0). 

2. DETERMINATION OF THE ANGULAR PART OF 
TIE WAVE FUNCTION 

We now find the eigenfunctions and the eigen­
values of Eq. (15). Inasmuch as the variables (} 
tmd f3 do not enter explicitly into the operator 
(13), its eigenfunctions must, as is known, depend 
on these variables exponentially; therefore we 

must seek the solution of Eq. (15) in the fonn 

(18) 

Substituting (18) in (15) we get an equation for 
the function D(O): 

d2D ~ dD 1 2 
dfi~ + ctg (j {if - sin" a ( s 

(19) 

+ p2 + 2spcos o) D =- ),D, 

If .I<.:q. (52) or (53) of I is written in explicit fonn, 
then it is evident that they are trigonometric e qua­
tions relative to the angles .& , f3 and 8. The roots 
of these equations, .[)-and· {3, for each given con­
figuration of the me son field q are determined only 
with accuracy to shifts of multiples of 2rr. If the 
given configurations of the meson field q corre­
spond to values of the angles -&and {3, then these 
configurations will also correspond to the angles 
& + 2rr and f3 + 2rr. Usually, the requirement in 
quantum mechanics that the wave function of the 
whole system be a single valued function of the 
configuration q leads to the requirement that this 
function possess a periodicity of 2rr in the argu­
ments-& and {3. Inasmuch as t/;11 changes sign upon 
change of.[)- or f3 by 2rr (see Eq. 35, Ref. 1), then, 
according to Eq. (9) 1, <ll must also change sign. 
Therefore~the qumtum numbers s and p in Eq. (18) 
must be half integers. The eigenfunctions and the 
eigenvalues of Eq. (19) will be found by the method 
of factorization (Ref. 4, part 4). Substitution of 

Y (a) = sin'/, o D (a) 

in Eq. (19) leads to the standard form 
suitable for factorization: 

(20) 

4 
L.lnfeld and E. Hull,Revs.Mod. Phys. 23, 21 

0951); Sec. 4. 
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d2 Y 1 ( 2 + 2 ----- s d6" sin" 6 p 
(21) I [ f(2j+2) ]'/, 

YJ,p= r(j+p+1)f(j-p+1) 
(25) 

"+pLlf () ' ' If () X sini , , 2 cosi-PT 2 2. 
+ 2spcos o- ! ) Y + (1, + T) Y = 0. 

The integral index m, according to which factori­
zation is-carried out, 4 is connected with the quan­
tum numbers by the relations 

(22) 

We can obtain completely analogous .recurrence re­
lations with respect to the index p, inasmuch as s 
and p appear symmetrically in Eq. (21). The half 
integer quantum numbers s and p change in the fol­
lowing way 

(26) 

2) m = %-s for s<%. 
In the ground state 

In the first case the factorization is carried out by 
the usual method, with the use of the recurrence 
form (2.6, Ib) of Rd:. 4. In the second case, we 
take as the initial eigenfunction the function found 
by the first method with quantum number s "" l/2; 
we then apply the recurrence relation (2.6, Ia) of 
Ref. 4. 

. 1 'A,/, J(2n) 3 f(2n) (27) 
1 = 2 ' flC,;, = -z (l(n))2 = S (1(11))2 

there exist 4 eigenfunctions of Eq. (15), 

V1 = _1_ sin~ ei <~Hl/2 
1.1 2rt: 2 . 

As a result, the eigenvalues A. in the equation 
( 19) are given by 

V1 - _1_ ~ i (~-~)/2. 
I. -1 - 2rt: cos 2 e ' (28) 

' · ( · + 1 ) · __ 1j 3/ 5 I 7j ''i = 1 1 ' 1- 2• 2• 12· 2· •• 
(23) 

v1 _ 1 6 i <~-~,12 
-1.1 - 2~ cos 2 e , 

For the eigenfunctions of Eq. (21) we get the re­
currence relation 

Vl __ __!__ . i_ -i <~Hl/2. 
-1, -1 - 21t sm 2 e 

YL1. p = [(i + { r- (s- ~ )" r·1, (24) Here and later we shall write, for brevity, the dou­
ble of the quantum numbers s, p and j: v2 i 

2s, 2P· 
In the first excited state, 

X [( s - ~ ) ctg 0 + si~ 6 + ~ J y 1_ P· 

The latter enables us to get the totality of eigen­
functions from the initial function there are 16 eigenfunctions: 

v~ __ v3· _ v2 . a~ i (3&+3~)/2. 
3,3- -a. -3 - 21t stn 2 e , 

3 3* VG . 2 6 6 ; <&+3P,l/2. V1,3 = V -1. _ 3 -= 21t Sill 2 cos 2 e , 

3• Vfi . 6 2 6 1 <-&+3t>l/2. 
V -~.3 =- V1, _ 3 = 21t Sill 2 COS ye ' 

V s• _ V2 3 ~ 1 (-3~+3~)/2. 
V~a.s = 3, -3 - 2rt: cos 2 e , 

v3 - v3· V6 . 2 () () I (3~+[3)/2· 
3,1- -.1, _ 1 = 2;;- stn 2 cos 2 e • 

v-2 () ( a ) 1 <~+tll/2. 
V 3 - v3* ---sin- 3cos3-2 -1 e ' 

1,1 - - -1. -1 - 2rt: 2 

Va va• V-:2 6 1 1 3 . 2 ~) e; <-&+tll/2. 
-1.1 = 1. _ 1 = -.,- COS "7J \ - Sill 2 • 

.:..7t 4.. \ 

Va __ v3· __ v 0 . ~ 2~ 1 <-3~H)/2 
-3.1 - 3, -1 - 21t stn 2 cos 2 e . 

(30) 
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For a given j, each of the quantum numbers s 
and p, being ]limited by the inequalities (26) have 
2j + 1 values;; therefore the multiplicity of the de­
generacy of the level J.i. will be (2i + 1) 2 • 

Thus, in a system w!!ich consists of a nucleon 
that interacts strongly with the meson field, three 
types of excitation are possible: 

l. Excitation of the spin-charge motion, with 
transition from a state defined by Eq. (28) of I. 
These .excited states are evidently always unstable; 
they will not be considered in this paper. 

2. Excitation of the oscillators of the meson field 
i.e., creation of free mesons. The energy of such ' 

N 

excitation is given by the term ~ w1 of Eq. (17). 
l=l 

3. Excitation of rotational motion, described by 
Eqs. (15) and (13). The energy of this motion, in 
accordance with Eqs. (19) and (23), is given 
by the equation 

• 1 J(2 1) • • 

:-lr,r = 2 (i( ))2;(1 + 1). (31) 

The wave equation of this motion coincides in form 
with the equation of motion of a symmetric rotator. 
However, in the latter case, s, p, and j are inte­
gers, while in Eqs. (18), (19) and (31) they are half 
integers. Such states, excited in the quantum num­
ber j, are appropriately called isobars. 

Comparison of the energy (17) with the correspon­
ding energies calculated by Pauli and Dancoff [see 
Hef. 5, Eq. (76)], shows that the term G, proportional 

:.! • tog , agrees exactly With the corresponding 
term of Pauli and Dancoff (in the comparison it 
should be noted that our g is equal to 2- 1 12g in Ref. 
5). The energy of excitation of the isobars of JL 
determined by Eq. (31), agrees exactly with Eq. 
(80) of Ref. 5, if we set n = 0, i.e., if the parame­
ters vi ( q) are chosen by approximating cp by the 
functions <p~ by the method of least squar~s (see 
Ref. 1, Sec. S). In obtaining Eq. (76) of He£.. 5, 
Pauli and Dancoff evidently made an approximation. 
Without this approximation in their work, the energy 
of excitation of the isobars would have been ob­
tained that would have agreed with that obtained by 
us in the case n = 2, i.e., in the case of most ac­
curate energy approximaion. Comparison of the re­
maining terms of the energy (17) is difficult, since 
they are not explicitly calculated in Ref. 5. 

Equations (17) and (31) determine the energy of 
the system only in the zero approximation. Below 
we have also calculated the corrections to the 
energy in higher, approximations. 

5 W. Pauli and S.M. Dancoff, Phys. Rev, 62, 85 
(1942). 

3. THE BASIS OF THE ADIABATIC APPROXIMATION 
AND ACCOUNT OF NONADIABATICITY 

It was assumed in I that the spin-charge motion 
,took place adiabatically because of the compara­
tively slow vibrations of the meson field. We shall 
now consider nonadiabaticity as a small perturba­
tion and criteria will also be given for the adiabati: 
approximation. 

We begin with the exact wave equation 

fi'P'=::. (H0 + H') '¥= H'P'. 

We now introduce a complete set of orthogonal 
functions ~s (q), which satisfy the equation 

clS 
C2s 

Cas ' 
H' (q) ~s (q) = H~ (q) ~s (q), ~s = 

C4s 

(32) 

(33) 

in which the q appear as parameters. We expand 
the wave function of the system in the orthogonal 
functions 1/J s ( q ): 

• 
'P' (q) = ~ <Ps (q) h (q). (34) 

S=l 

Substitution of this expansion in Eq. (32) leads to 
the following equations for the expansion coeffi­
cients <I> (q): 

s 

1 "-' f • a~h,} . 
- 2 LJ w;;: l ~s. a--:! <Ps' = H<I>.; s = 1 2 3 4 

, - q- ' ' ' . 
8 IX)( CO(. 

The second and third terms of the left hand side 
represent the nonadiabatic perturbation. In order 
to be able to use standard perturbation the?ry, we 
must pJ.It the system of equations (35) into form of 
the usual operator equation. For this purpose, we 
introduce the four vector <l>(q), whose components 
are the <I> 8 (q). Furthermore, we introduce the 
matrices 

A~ ( ) { , • otJ!., l ss' q = -w- \fs, -a-~; 
>< q - J 

"" 
(36) 
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Then we can write the system of equations (35) in 
the form of a single vector e guation of the opera­
tor type: 

lflo + 0 (q) +~A"~~. +B] <I>= H<I>. 
- q_ 

<XX ax. 

(37) 

Here O<I>, A"" o<I> / oq - and B<I> are to be 
• - C(l( 

understood as the usual multiplications of ma-
trices and vectors. 

The nonadiabatic perturbation 

n = M + .8, M == 2J A"-; a; oq _ 
"" 

(38) 

is omitted in zeroth approximation. Then the vec­
tor equation (37) breaks up into a series of inde­
pendent equations for the different components of 
the vector <I>; these equations have the form: 

~ I (39 
[Ho + Hs (q)] <I>s = H<I>s. 

Since, in the different equations (39) (with, dif­
ferent s ), there enter different functions Hs ( q), 
the spectra of the eigenvalues for these equations 
will in general he different. Therefore, the entire 
series of equations (39) can he satisfied only by 
suth a vector <I> for which all the components are 
different from zero except the single component <I>s; 
the latter must satisfy the corresponding Eq. (39). 
If we number the solutions of Eq. (39) by the 
quantum number m in the order of increasing H, then 
the solutions of the zeroth approximation will he 
denoted by <I> and Hs , where s is the number of sm m 
the only component of the vector <I> different from 
zero. 

In the zeroth approximation in the decomposition 
134), there is only one term. Consequently, we can 
consider that the nucleon is found in the state 
1/;s (q), defined by Eq. (33), and possesses the en­
ergy .H 's ( q). In this case the index s takes on the 
sense of a quantum number of the nucleon. 

The zeroth approximation described above coin­
cides exactly with the adiabatic approximation 
used in the previous research (Eq. (11) of 1). 
We now introduce the previously discarded terms n 
as a small perturbation and compute the correction 
of the next order. In this case, we can replace 1/Js 
by .1/J~ [see Eqs. (33) and (42) of 1], inasmuch as 
(in addition to the adiabatic approximation) it has 
also been assumed that cp)r) differs only slightly 
from cp~(r). With the help of Eq. (29) of I, we get 

A~J' = - ())., -/!---- [I c1 \2 + I c2\2] = 0. (40) 
>< Ulj -

"" 

In accordance with Eqs. (4)-(6) and (13), the opera-

1 ~ ()~ . 1' . h f . tor - -2 k..J <U- -- m app tcatwn to t e unctiOn 
- " iJq2_ . 

<XK CO( 

of vi is equivalent to the operator U, Further, we 
can represent the function¢·~ in the form 

(41) 

iV1 .J V1 + V1 'V1 11 1- 1,-1 -1,1- l -1,-I 

-VI +·vi ·vi 1 
11 l 1-1 - l -I,1 - v -I,-I 

VI ·vi ·v1 1 
- 11 -l 1,-I + l -1,I- v -1,1 

- iV~1 + Vi,-1 + v:_l,l + iV:_1,1 

It is evident from this that each of'the four com­

ponednts ~J ~s an eigenfunction of .Q and corre­
spon s to the etgenvalue 

f7Ct = ~ J(2n) 
1' 8 (f(n))2 • 

Therefore 

B + {I v• &." ,.,v} = _3 _J(2n) 
11 = 1fl , J& ~ 

'1 8 (l(n))2 • 
(42) 

Taking into account Eqs. (49) and (42), we find 
the correction due to nonadiabaticity of first order 
in the energy to he 

dv = sin a d!;J d~ do. 

It must he emphasized that the correction to the 
enff'gy (43) is the samefor all states of the system 
which are not excited by the spin-charge motion. 
Consequently, this .correction does not change 
the energy of excitation of the isobar states and 
free mesons. 

Here it should he clear why the integration in 
Eq. (43) was carried out over the variables q"'-+ 
·and also over vi' in spite of the fact that v. an~ 
qrxX are not independent variables. In Eq. (37), 
only the variables q""}t appear at first. Expressing 
A~.~ and Bss' in Eq. (36) by !.f;~, and also repre-
senting <I> in the form of Eq. (2), we introduce into 
Eq. (43) the arguments v. which are definite func­
tions of q,.1r., (see Sec. 5 'of 1). Simultaneously, 
differentiation with respect to q -+leads to the "' ·cc.x 
form (3) and the operaor H takes the form (12), (13). 
For this reason, Eq. (43) must he treated as a more 
general problem in which the variables v. and q -+ 

' "'" a-e considered as independent. If, in the solution 
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of this generalized problem, we replace vi by the 

above mentioned functions v .(q), then we obtain 
' the solution of the original equation (43 ). Because 

of technical advantages, we introduce the nonadia­
batic perturbation at that stage of the calculation 
when vi and q,x~ are considered as independent 
variables. In connection with this, the eigenfunc­
tions obtained above for the unperturbed problem 
are orthonormal for integration over dvdq; there­
fore, we can integrate in Eq. (43) over dvdq, con­
sidering vi and q"'~ to be independent. 

For a calcullation of the correction to the energy 
of second order o1 smallness, we must coRsider 
the perturbation Min Eq. (38) and ignore B, since, 
!.!I the adiahatilc approximation, as is well known, 
B is a quantity of.. second order of smallness in 
comparison with M. The perturbation operator 
has the form: 

(44) 

- ~ W; {~~v, 
ia.x. 

where 

(45) 

With the help of Eqs. (67)-(69), (59) and (64) of 
Ref. l, we obtain 

(v) (v) J(2n+v-l) (v) J(2!l v-1) (46) 
Qn = Q22 = (J(n))2 sin23' Qaa = (!<•·>)~ ; 

Q(v) _ Q(v) _ JC2n+v--I) COS 3 
12 - 2l - (l<">p s!n2 3 • 

Q(v) _ Q(v) _ Q(v) _ 1 .(v) _ O 
13 - 31 - 23 - "l32 - • 

In (44) there appear the eigenfunctions of Eq. (40) 
of 1-¢~, which represent the perturbed spin-charge 
state of the nucleon in the fixed selfconsistent 
field configuration of the meson field qv-> in the 

"'" ground ~tate. These t/{ are put in the following 
form, wtth the aid of Eqs. (32)-(33), (42) of I: 

(47) 

'f% = II T II · II S II •JJo 
'4 

Here we have multiplied ¢ ~ on the right by an 
arbitrary factor of modulus unity. This factor(e±iY) 
does .not depend on the spin-charge degrees of free­
dom. As a result, the¢~ are functions not of the 
four angles it, CB {3, y, but of only three angles it, 
{3, o .. Making use of Eq. (47), and taking the ortho­
normality of the cp~ into account, we obtain: 

{ ,1 v• o<i;~} - 1 ,-ill {· v• o<i;~} - - _1 _ ill· 
~~ 'lJ& - 2 VT f ' ¥1 ' o-& - 2 V2 e ' 

{ v• ot~ } { ,.. at~} 1 { v• o<i; ~ } i 
'Pt • a]3 = -- 'h 'arf = 2 V T 'Pt ' --aa = - 2 

(48) 

J 11 V* at%} _ J th~• ot,~} = {•l 1v• cJ<jJ~} = J,~.v• ot~} = 0 1 Pt • o.> - 1 n • a~ n • o3 \ n ' aa · 

In going on to the calculation of the second 01·der 
energy correction, defined by the perturbation M, 
it should he noted that the perturbed ground state 
of the system ils fourfold degenerate [see Eq. (28)], 
hut the matrix elements of all transitions between 
these degenerate states are equal to zero, inasmuch 
as A"'7' ~ 0. In this case the second order 

11 h . d . d h . correction to t e energy ts etermme y settmg 
the determinant equal to zero: 6 

6 L. D. Landau and E. M. Lifshitz, Quantum ME~cha­
nics, Gostekhizdat, 1948, p. 165. 

(49) 

I""' (1m I M I smt) (sm1 I M 11ii!') _!:!. Ho 
LJ H -H 2 mm' 
8 ,m1 1m sm 1 

1=0. 
Here the energy difference which appears in the 
denominator is basically the energy of excitation 
of spin-charge motion, and is approximately equal 
to -(2/3)G. Carrying out the averaging of the 
energy difference before the summaion sign, we 

can treat the sum as a matrix element of 
M2 [(1m 1M lim)= OJ. It is equal to 
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Here <P lm and <P 1 , are two degenerate states of 
the ground level ~the system. 

The determinant (49) is diagonal. Inasmuch as 
the matrix elements (50) do not depend on m, the 
same correction to the energy is obtained in all 
degenerate states of the ground level of the system, 
namely 

l12H = - 3 (I m I NP II m) I 20. 
(51) 

The nonadiabaticity can be considered as a small 
perturbation if 8 2H is significantly less than the 
difference G between the levels of the unperturbed 
'problem: 

( 1 m I M2 Jl m) I 0 2 <{;;:_ I. (52) 

This same inequality guarantees the smallness 
of the energy correction of first order t1 1H [see (43)] 

in comparison with G. If we assume a simple and 
monotonic path of the form factor u(r) and charac­
terize its effective radius by a(p.a >e 1 ), then the 
inequality (52) means 

g I fl a ':J;> I. (53) 

In completely analogous fashion, as .was done 
in Ref. 7, it can he shown that the use in Ref. I 
of an assumption on the smallness of <p~ (r) in 
comparison with <p~ (r) is correct for satisfaction 
of the inequality (53). 

4. SPIN AND ISOTOPIC SPIN OF A SYSTEM 

The momentum operator of a system 
3 
~ \ [ aq>"' oq>"' ] (54) 

LiP.=- L.J ~ Xi axk - Xk ax. 'l'CacdV 
oc=l \ 

commutes with the energy operator of the system) 
i.e., the momentum is an integral of motion. With 
the help of Eq. ll, and also (3), we obtain 

(55) 

v . "" ~ [ oq>"' iJq>" ] 1 ;.:-
3 av. a Lik = t L.J Xi-,-- Xk ~ X- (r) dV y w_ ,..., -a-1--0-. 

uX k vX\ >< >< L.J q _ V . 
(X;; j=l ct)( 1 

In the calculation of L"-k the expressionsiJVj I aq (1.-;;: 
' l are put in the form of Eqs. (67)-(69) , and as are-

sult of the use of Eq. (l), expressions are obtained 
which contain integrals of the form 

(56) 

In the calculation of these integrals, 'fl.., is replaced 
by cp:· For the latter, the expressions (60) and 
(38) are used 1• It is convenient to express the 
operator Xi a I iJxk- XkiJ I axi in spherical C()(l'dimtes as 
the derivative withrespect to the corresponding 
angle. One should also note that the unit vector 
r/r is an eigenfunction of the operator~. As are­
sult, we obtain 

v LV LV L1 == 23==- 32 (57) 

• ( ~ n. a +cos~ a + . & a \. = -! ctg o cos v a-a- sin a ar;; sm 8""f ;• 

L~ == L;1 ==- L~3 = i :.a-; (58) 

LV-LV- LV 
3 = Iz=- 21 

(59) 

. ( t ~ . n. a sIn ~ a n. a ) 
= - 'l c g u s 10 '1T a& + sin a a/3 - cos '1T a a . 

Only one of these three expressions need be obtained 
by calculation; the other two can he obtained from 

7 S. I. Pekar, J, Exptl. Theoret. Phys. (U.S.S.R.) 
27, 579 0954). 
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the three commuting relations 

LVLV LVLV . tl 
1 2- 2 1 '= tL 3 ; (60) 

One can prove the relations (60) without resorting 

to concrete expressions for the operators (57)­
(59), if we first prove the analogous relations f oc 
L q • 

ik' 

LqLq LQLQ ·LQ 
1 2- 2 1 = t 3; 

(61) 

The latter are proved by means of simple sub­
stitution in Eq. (61) of L~kin the form (55) and di­
vision into products of integrals of sums of the 

form ~X~ ( r) X~ (r') a (r- r'). Inasmuch as 
.:...; lC lC 

lC 

the commutation relations of the form (61), as is 
known, are valid even for Li and 1/2 Oi, Eqs. 
(60) follow at once, since L ., L<I. and a. commute 

t t t 
amongst themselves. 

The operator of the isotopic spin of the system 

commutes with the operator of the energy of the 
system and with the operators L ik. Consequently, 

the isotopic spin is an integral of the motion. 
With the help of Eq. (l) of I, and also Eq. (3), we 
get 

In the calculation of T~~ , the expressions 
OVj I oq 0:; are put in the form of Eqs. (67) 
- (69) of I. As a result of the use of Eq. (1) of I, 
we obtain the expression in the form 

In the calculation of these integrals, croc is replaced 
by qP, and for the latter, use is made of Eqs. (60) 
and (38) of I. With the aid of E qs. (63), the inte­
grals (64) reduce to expressions of the form: 

which are calculated directly. As a result, we ob­
tain 

Tv_ Tv _ Tv . (' t ~ p iJ cos ~ iJ • iJ \ 
1 = 23 =- 32 = - t .C g 0 COS l' "F{f + sin a as:-+ Sin~ ""Jf ); (66) 

r; == r:1 ==- T~a = io 1 a~; 
Tv_ yv _ Tv . (' " . P. a sin (3 iJ a ) 

3 = 12 =- 21 = - t ctg u sm p ¥ + sin a iJ.lt -cos~ ""Jf • 
(67) 

(68) 

The components of the operators Ti, T{, Ti 
and (1/2)7; satisfy the general commutation rela­
tions of the form (60). 

Comparison of L": and 1". shows that they inter-
' h t b . . f change with one anot er upon su stitutwn o 

3-:;:: ~- This means that the eigenfunctions 
of these operators are identical, and their eigen­
functions are obtained from one another by exchange 
of the angles 3-:;:: ~- Direct calculation shows 
that 

/' 

(69) 

;Jt, 

where JJ is the operator of the energy of rotational 
motion, determined by Eq. (13). 

It is interesting to note that the operators L~ 
and 1". coincide with the operators of infinitely 
small 'rotations in three dimensional space, while 
the Euler angles of these rotations are identified 
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with the angles&, {3 and 8. These operators of 
infinitely small rotations have been suitably inves­
tigated in the theory of the representation of three 
dimensional rotation groups (see Ref. 8). The 
eigenfunctions of these operators were investi­
gated and a series of interesting relations among 
them were established. 

It should be emphasized that the operators Lik 
Trxf3 represent operators of infinitely small rota­
tions, respectively, of ordinary and isotopic space, 
and therefore commute· The operators L~kand 
r:f3 are operators of infinitely small rotations of 
the same three dimensional space, in which the Euler 
angle belongs to ordinary space, the Euler angle 
{3 to isotopic space, and the a angle o = <p + j is 
related to both spaces. Nontheless, L~kand T:_f3 
also commute. The operators L~k and r:_13 differ 
from those operators of the zero field introduced 
by Pauli and Danco££ 5 , because the l~tter are op:ra­
tors of rotation corresponding to ordmary and Iso­
topic spaces. However, the operators L~u. and 
T~t> also satisfy a condition analogous to Eq. 

(69)". 
We now proceed to the determination of such 

eigenfunctions of the energy operator which are 
related to the lowest level (j "'1/2), which would 
simultaneously be eigenfunctions of the operators 
L and T . The latter is related to the charge 

12 12 ... . 
operator of the system e by the expressiOn 

(70) 

First, let us consider the result of the action of 
the operators L 1 and T 12 , which are defined by 
Eqs. (55) and (63\ on the wave function of the 
ground state of the system: 

'I'~s.zp = '{>vV~s.zp (&~o)exp [- ~ ~ f(q"; (71) 

ot)( 

8 I. M. Gel'fand and Z. Ia. Shapiro, Usp. matemat. 
nauk 7, 1 (1952), 

where V~s,2p is defined by Eq. (28) and tflv by 
Eq. (41). In the application of the operators L~ 2 
and T~ 2 to 'l'~s, 2p , we are obliged to differen­
tiate only the exponential factor in Eq. (71). We 
can neglect the result of this differentiation, inas­
much as .we have previously neglected terms of the 
form 

The result of the action of operators L ~ 2and TJ. 2 
on the function V~s.2p has the following form: 

L V v1 i v1 
12 11= 2 -11; 

L v v1 1 v1 
12 1-1 = 2 -1-1; 

TVv1 l 1 
12 n = 2 V1-1; 

TfJ v1 i v1 
12 -11 = 2 -1-1; 

(73) 

LVV1 - i y1. TfJVl i 1 
12 -11 - - 2 11• 12 1-1 = - 2 Vu; 

LV v1 _ i v1 • Ttl 1 i 1 
12 -1-1--2 1-1> 12V-1-1=-2 Y-u· 

With the help of these formulas, and keeping in 
mind Eq. (8) of I and Eq. (41), we get 

(74) 

From this it is evident that the action of the opera-
tors L 12 and T 1~ on 'Y~s,2P. reduces to the 
action of L~ 2 and T~ 2 on the factor V~s,2P in 
Eq. (7~. 

The problem consists in lookin~ for such linear 
combinations of the four functions V~s.2p, which 
would simultaneously be eigenfunctions of the 
operators L~ 2 and Th· These linear combinations, 
fortunately, exactly coincide with the components 
tflv (see Eq. (41)], because Eqs. (74) show that 
each of the four components t/Jv are eigenfunctions 
of the operators L~ 2and T~ 21inasmuch as a 12 and 
7i are diagonal. 

frhus the eigenfunctions of the charge and spin 
operators of the system are given by an expres­
sion of the form (71), in which we must put the 
appropriate linear combination in place of the 

function V~s,2p • This combination can be taken 
from the table below: 
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Charge of the system (T,,+'f,) 
Projection of the spin of -------------

the system L 12 0 
(neutron) 

1 
(proton) 

1 --cv 1tV"7 1 

1 v 
V-Ca 

'lt 2 

The C~ are defined by Eq. (35) of I. 
The calculated eigenvalues of the charge and 

spin projections of the system consisting of a 
nucleon that strongly interacts with the vacuum 
vibrations of the meson field, coincide with the 
observed values. 

In subsequent papers we shall consider, on the 

_1_cv 
1tVT 2 

1 v 
TIY ~ c4 

basis of the theory developed above, the scattering 
of rr mesons on nucleons, the magnetic moments 
of nucleons, quasi-statistic nuclear forces and 
other phenomena. 

Translated by R. T. Beyer 
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Meson Component of the Cosmic Radiation at an Altitude 
of 3200 m Above Sea Level 

N. M. KocHARIAN, l\1. T. AIVAZIAN, Z. A. KIRAKOSIAN AND 

A. s. ALEKSANIAN 
Institute of Physics, Academy of Sciences, Armenian SSR 

(Submitted to JETP editor, Dec. 1, 1954) 
J. Exptl. Theoret. Phys .. (U.S.S.R.) 30, 243-247 (February, 1956) 

The momentum spectrum of lb"mesons was measured in the moment urn range 0.4 $.p '5.-14 
bevjc at an altitude of 3200 m above sea level. The ratio of the number of protons to !b' 
mesons at this altitude was determined. The ratio of positive to negative lb"mesons was 
found as a function of momentum. 

I n l 951 we began an investigation of the proton 
~l"ld meson components of the cosmic radiation at 

an altitude of 3200 m above sea level. For-this 
purpose there was constructed a special magnetic 
spectrometer, a description of which was given in 
Ref. l. The proton component was determined as a 
result of the investigation. The actual shape of 
the spectrum was determined for the meson compo­
nent. By using a series of improvements, the mo­
mentum of the particles in the magnetic field was 
determined with great precision. 1 The relative 
error in determining the momentum of the partides 
is equal to 

j = [(0.035 p)2 + (0.0 18 i ~) 2 ]' 1 '. (l) 

1N. M. Kocharian, J. Exptl. Theoret. Phys. (U.S.S.R.) 
28, 160 (1955); Soviet Phys. JETP 1, 
128 (1955). 

Here and everywhere below the momentum p of the 
particles is measured in units of bev/c; f3 is the 
velocity of the particles, measured in units of the 
velocity of light. 

l. Protons in the Hard Component 

In a second variation of the determination of 
Ref. l, in which there was no lead above the mag­
net and under the magnet was located x =45.2 
gm/cm 2 of lead and x 2 =139 gm/cm 2 of 1copper, 
then simultaneously with particles which were 
stopped in the absorbers, we also detected those 
particles which had gone through the complett~ 
system of absorbers. In contrast with the former 
particles the latter are called the "hard" compo­
nent. The hard component consists principally of 
11-mesons with momenta greater than 0.370 bev/ c 
(i.e., kinetic energy E 2. 260 rnev), and a certain 


