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of the Auger electrons (soft) was not carried out. 

The tables show that the observed lines are de
termined by the following transitions of the Np23 7 
nucleus: 26.4; 33.3; 43.5; 59.7; 69 (?); 101 (?); 
124 (?); 165; 193 (?); 208, 268; 331; 370 and 436 
kev. 

On the basis of the experimental results here, 
and of data on the investigation of the electron and 
"' spectra of Am 24 1 , a tentative scheme of the 
levels of the nucleus Np 23 7 was constructed, and 

is shown in Fig. 3. 
The problem of the spins and even energy levels 

are discussed in another work.* 
We consider it our duty to thank G. N. lakovlev 

for carrying out the chemical part of this research 

and also P .S. Samoilov who furnished assistance 
in the taking of the f3 spectrum of U237 

*Ncte added in proof. The work was published in 
1955 . The results of the cited and present researches 
permit us to determine the spin of the ground state of 
u237 . It is equal to ±1/2. 

6 
S. A. Baranov and K. N. Shliagin, Sessions of the 

Academy of Sciences, U.S.S.R., on the peaceful appli
cation of atomic energy, June 21-5, 1955, sitting OFMN, 
p. 251. 

Translated by R. T. Beyer 
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In the approximation of infinitely heavy nucleons and strong interaction wth the meson 
field, we develop an approximate method and the associated mathematical apparatus 
which makes possible explicit determination of the wave functions and energy eigenvalues 
of the system. The mesons are assumed to be pseudoscalar, the coupling to be symmetric 
pseudovector (gradient) coupling, and the nucleon is assumed to be an extended source. 
Using the approximation method, the Hamiltonian of the system is simplified, and the spin
charge part of the system wave function is separated off and determined along with the 
corresponding energy. 

1. INTRODUCTION 

J N previous papers on this same subject 1•2, it 
was assumed that the spin-charge and trans

lationd rrotion of the nucleon follow the relatively 
slow oscillations of the meson field adiabatically. 
To solve the problem, mathematical methods were 
used which are similar tp those in the theory of 
polarons. Further investigations showed that in 
the most important case of nucleons and 11-mesons 
the interaction is actually not as strong as is nee· 
essary to make the translational motion follow the 
meson field oscillations adiabatically. Quite the 

1 S. I. Pekar, J, Exptl. Theoret. Phys. (U.S.S.R.) 27, 
398 (1954). 

2 S. I. Pekar, J, Exptl. Theoret. Phys. (U.S.S.R.) 27, 
411 (1954). 
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contrary, the vibrations of the me son field are adia
batic relative to the translational motion of the 
nucleon. Therefore, in zeroth approximation, we 
slnuld consider the spin-charge motion and the os
cillations of the meson field for the case of a 
fixed (infinitely heavy) nucleon. This is done in 
this and the succeeding paper. 

Thus, in contrast to the above-mentioned earlier 
papers, we shall assume that only the spin-charge 
motion follows the meson field adiabatically, and 
shall, as before, use the methods of the theory 
of polarons 3 in treating this motion. In an earlier 
paper 4 it was shown, without the use of any ap-

3 S, I. Pekar, Studies in Electron Theory of Crystals, 
GTI, 1951. (also available as Untersuchungen uber 
die Elektronentheorie der Kristalle, Akademische Verlag 
Berlin, 1954). ' 

4 S. I. Pekar, J, Exptl. Theoret, Phys. (U.S.S.R.) 29, 
599 (1955). 
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proximation methods (strong or weak coupling, 
quasistationary approximation, etc.), that, at least 
in the case where we treat the translational motion 
of the nucleon non-relativistically, no stationary 
solution of the wave equation of the system exists 
in the case of pseudovector coupling. We shall 
therefore assume the nucleon to be an extended 
source. 

The problem treated here was first investigated 
by Pauli and Dancoff in 1942. 5 These authors, by 
cleverly introducing a new system of canonical 
field variables, separated off the terms in the 
energy operator which are proportional to the square 
of the total momentum of the system. The eigen
vdues of the momentum are known from general ar
guments for any system. Thus it turns out that one 
knows, from general considerations, the eigenvalues 
of one of the terms in the Hamiltonian, the energy 
levels of the isobar states of the system. Unfor
tunately, in the paper of Pauli and Dancof£5, the 

complete set of quantum numbers of the system was 
not given explicitely, and no systematic method 
for calculating matrix elements of all canonical 
variables was presented. Apparently it was just 
this point which made difficult the calculation of 
higher approximations of the theory and the consi
deration of various specific phenomena (scattering 
of mesons by nucleons, magnetic moment of the 
nucleon, nuclear forces, photoproduction of mesons, 
etc.). In their paper, when they considered, for ex
ample, the scattering of mesons, the isobars were 
not taken into account and they were unable to 
sepocate the proton and neutron states of the nu
cleon. Consequently, the scattering was considered 
only for the case of a nucleon state which is a 
superposition of all charge and spin states of the 
nucleon. 

In later papers on the application of strong coup
ling theory with symmetric pseudovector coupling, 
for example in the work of Pauli 6 or Wada 7, the 
spin and isotopic spin of the nucleon were intro
duced as classical unit vectors, which is not a con
sistent application of the strong coupling theory 
developed in Ref. 5. Thus, because of the above
mentioned incompleteness of the solution of the 
problem in Ref. 5 and the complexity of the mahe
matics, the theory of strong coupling with symme
tric pseudovector interaction did not achieve the 
necessary development during the next twelve 

5 W. Pauli and S, M. Dancoff, Phys. Rev. 62, 85 
( 1942). 

6 W. Pauli, Meson Theory of Nuclear Forces, Inter
science (1946). 

7 W. W. Wada, Phys. Rev. 88, 1032 (1952). 

years. Since newer data speak in favor of inter
mediateor strong coupling and a symmtric pseudo
vector interaction, further attempts at a more com
plete solution of the problem are of interest. We 
here present a method for somewhat more complete 
solution of the problem which makes possible ex
plicit determination of the wave function of the sys· 
tern, the introduction of a complete set of quantum 
numbers, and systematic calculation of the matrix 
elements of all the canonical variables, which is 
needed for applications of the theory. 

2. INITIAL EQUATIONS AND ASSUMPTIONS 

By expanding the meson field ~ (ex "" 1,2,3) md 
the canonically conjugate field rr ex in Fourier series 
of the form 

9cx (r) = ~ - 1- q -X- (r); _ V(J)- or.x x 
(1) 

X X 

'rrcx(r) = ~V~g -z- (r) 
_ x ax 4 x ' 
X 

where 

V2{ cosxt; xx-<O 
X;; (r) = 1a -

- sinxr; xx>O 

(2) 

(the X x. (r) are orthonormalized in a volume L 3), 

we can put the Hamiltonian of the meson field in 
the form 

(3) 

1 ~ 2 2 
=2 L.J<U- [g- + q -]. 

- X GO( C()( 

cxx 
We shall use the natural system of units (1r = c , 1); 
f.1 is the meson mass in cm-1 

' 

(4) 

The dimensionless generalized coordinates q -> ' ex X. 

and momenta gcx"it of the field satisfy the following 
commutation relations: 

[q -. q -] = [g -' g - ] = 0; « x or.'x' ct x or.'x' 
(5) 

tq -, g ~ J = io,."',&:~,. 
or. x a'x' 
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We choose a representation in which the q"'y_ are 
ordinary numbers; then the g"' x can be represented 
as differential operators o· - =- iiJjiJq -. The 

bo::x o:x 

operator for the interaction of the nucleon with 
the meson field is taken to be of the symmetric 
gradient (pseudovector) type: 

3 

H' =- ! V 4rc ~ 't" ~ (V'cp, .. ~) u (r) dV 
t<=l 

3 

(6) 

=.!LV 4rc ~ 't" ~ cp" (;, V'u) dV, 
fL <X=l 

where g is the dimensionless coupling constant, 

a and Toe are the familiar spin and isotopic spin 

matrices for the nucleon, u (r) is the spherically 
symmetric form factor for the extended nucleon, 
normalized to unity. We s]lall try t~ find the eigen
functions of the operator fl = H0 + H', Without 
loss of generality, we can expand these functions 
in terms of eigenfunctions of the operators a 3 and 
73• and shall denote the latter by S 1' S 2, and Q 1, 

Q2 , respectively. The expansion has the form: 

{7) 

where q stands for the collection of variables q -+ 
ocX 

The four basis functions S. · Q. form a complete set. 
Applying the operators a a~d f."' to the wave func
tion (7) is equivalent to transformation of the com
ponents C v by the following four-by-four matrices: 

'0 1 0 0 0 -i 0 0 0 0 0 
1 0 0 0 i 

crl = 0 0 0 1 ' 0'2 ~ 0 
0 0 1 0 0 

0 0 1 0 0 0 
0 0 0 1 0 0 

'tl = 1 0 0 0 ' 't.) == i 0 
0 1 0 0 0 i 

3. THE APPROXIMATION METHOD 

The basis of our approximation is the assump
tion that the motion in the spin-charge degree of 
freedom follows the relatively slow oscillations of 
the meson field aliabatically. In zeroth approxima
tion, it is assumed that for each instantaneous con-

0 0 0 0-1 0 0 
0 0-i ' cr3 = 0 0 1 0 ' 
0 i 0 0 0 0-1 

(8) 

-i 0 1 0 0 0 
0 -i 0 1 0 0 
0 0 ''t3 = 0 0 -1 0 
0 0 0 0 0 -1 

figuration of the me son field q, a stationary state 
of the system with respect to the spin-charge degree 
of freedom of the nucleon can be established. The 
mathematicalforrrulation of this approximation con
sists of the following: we assume that the eigen
function (7) can be split into two factors 

c~ (q) = c, (q) <I> (q); 'P' = 1\J (q) <I> (q); 

cl 

c2 

'-\> (q) = cl (q) S1Q1 + c2 (q) S2Q1 + c3 (q) S1Q2 + c4 (q) s2Q2 == c3 , 

c4 

(9) 
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chosen so that <ll(q) changes much more rapidly with 
qocxthan does t/J(q). This means that the second 
term in the expression 

a'F , acD a.,, (10) 
--=<:.!--+-'~'-<!> aq _ · aq _ aq _ 

iX X iX X 

is much smaller than the first and can be dropped 
in zeroth approximation 

(ll) 

= ·~f! <D -~-• 0 I • • • 

Then the omitted terms will later be included as a 
small perturbation (perturbation due to non-adia
baticity). 

By substituting Eq. (9) in the wave equation of 
the system, iJlJ!' = H\f. H" H0+fl' , and 
using the approximation (11), we get two equations 

H' (q) ·~ =~ H' (q) ·~, (12) 

[H0 + H' (q)] <I>= H<D, (13) 

which determine t/J(q) and <ll(q). In Eq. (12) the 
qoc}tact as parameters; the equation determines a 
state tjJ which is stationary with respect to the 
spin-charge degree of freedom, for a fixed configura
tion q of the meson field. Equation (13) is the 
wave equation of oscillation of the meson field in 
the presence of the nucleon. Equation (13) is con
veniently interpreted, using (3), as the equation 
of motion of a system of harmonic oscillators in 
the presence of a given auxiliary field H '(q), 
which shifts the equilibrium positions of the oscil
lators. The potential energy of these oscillators 
is 

V(q)=H'(q)+ ~ ~(t)~q2 -. 
...., _... X Gt X 

(14) 

= H' [9t'N?3l + ~ ± ~ [(V:p,)2 + 1~ 2 cp;] dV. 
IX=] 

If the function~ 

(15) 

3 

+ ~ ~ ~ [(Vcp")2 + lt 2cp;] d V 
a=l 

is made an extremal relative to t/J, subject to the 
supplementary condition that tjJ be normalized, it 

becomes the potential energy (14) of the oscillators, 
since its first term, according to the variational 
principle o£ quantum mechanics, becomes l/'(q). 

In order to determine the equilibrium positions 
of the oscillators q:it or the corresponding equili
brium self-consistent form of the field rp: (r), we 
must find the minimum of (14) with respect to q -+ 
. . h ( ) ocx' I.e., Wit respect to~ r. Thus the equilibrium 
sell-consistent form of the field corresponds to the 
extremum of F[ t/J, Cfloc] with respect to both tjJ and 
Cfloc• This extremum is to be found by first making 
F an extremal relative to Cfloc for fixed t/J, and then 
making the resultant functional an extremum rela
tive to t/J. 

If we set the variation of F [t,b, cp) with respect 
to Cfloc equal to zero, we get 

(16)• 

(Cp is the extremal value of Cf?.c), where the function 
TJJr) acts as a source density for the meson field 
Cfoc; it is equal to 

3 

"'lex [r, •j;] =- ~ (4,.-;)-'/, ] 'tcxcr[l :: , (17) 
~=1 11 

The solution of equation (16) has the form 

~ _\'llcx[r'ljJ]exp{-tL]r-r'J} , (18) 
?cx(r)-.) Jr-r'J .dV. 

Upon substituting Cfl.c (r) in the functional (15), we 
get a new functional which depends only on t,b: 

3 

] [y] ==:= F['f, ~] = -2:-: ~ ~ 9>ricxd V. (19) 
cx=l 

We must now make this functional an extremum by 
varying t/J, sub.iect to the supplementary condition 

1¢*,1/Jl = l. We shall denote the extremal of the 
functional l[tjJ l by t/Jv • When this tftV is substituted in 
formula ( 18), we get a meson field which we denote by cpv (r) 
It is sell-consistent in the following .sense: the 
Euler equation determining the extremum Of /[tfr] 
is E q. (12) with the q' s replaced by the equilibrium 
qv's. Thus the t/Jv which makes /[tfr] an extremum 
is a solution of the equation 

in which the parameters of the Hamiltonian, q~-; 
themselves depend on t,bv, since the cp: are expressed 
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in terms of tj;v by formula (18): 

'"~ (r) = \ '11~ [r', ~vl exp { -IL I r- r' j} d V'·, (21) 
· .l Jr-r' I 

:.p~ and tj;v mutually determine one another through 
formulas (20) and (21). Such problems are customar-

In a semiclassical treatment of the system, where 
the spin-charge motion is treated quantum-nJechani
cally while the meson field oscillations are treated 
classically, the functions 'f;. tj;v would be an exact 
solution of the problem, and would describe a state in 
which the static rreson field Cf': corresponds to the mini
mum of the potential energy (14), the oscillators are 
at rest in their equilibrium positions, and the spin
charge state tj;v is determined by the exact quantum 
equation (20). 

However, in the investigation of most phenomena, 
the meson field must be treated quantum-mechani
cally. In this case, the oscillators of the meson 
field cannot Le at rest, but will go through zero
point vibrations in the neighborhood of the equili
brium positions q v cx""tc.' These oscillations are de
scribed by Eqs. (12) and (13). We shall solve them 

ily called self-consistent. 
. By expressing J[tj; v] and 11 '(q v) in terms of ljJ v, It 
IS easy to get 

J [~V] H '( v 1 ~ -,;;v., 
2 q) = -;~0 .L;('t~GB )-, 

(22) 

o:[j 

where 

(23) 

approximately, under the assumption that the oscil
lators stay for the most part in the neighborhood 
of their equilibrium positions. In other words, it is 
assumed that the meson field '+'ex (r) varies only 
blightly around qY"' (r) during the course of its oscil
lation. 

4. DETERMINATION OF THE SPIN-CHARGE 
PART OF THE WAVE FUNCTION 

We find tj;v as the extremal of the functional (19). 
The latter is expressed explicitly in terms of tj; as 
follows: 

1 :) 
l[·y]=..:=-;r-0 ~ (<'l.cr~F. (24) 

where 

1:1cr1 = c~c4 +C~C3+ c;cz+c:cl, -::2::;3 = -lc~c3 +- ic;cl +ic;cl- ic:c2. 
"C1 cr2 =--= -- iC~C1 + ic;c3- ic;cz + iCJ.C1, "=30"1 = c~Cz+ c~cl-- c;c4- c~c3. 

"C1cr3 = c~c3- c;c4 + c;cl- C~Cz, -r3crz=- iC~Cz + iC~Cl + ic;e.~- iC:c3. 
-::zcrl =- iC~C~- iC;c3 + iC;Cz + iC:c], -::3cr3 ~= c;c~- C~Cz- c;c3 + C~C4, 

(24 ') 

-r 2 cr2 = - c~C4 + c~C3 + c::C2 - c:c1 • 

W t C , /- is], (k 1 2 'J 4 e se h == v u 1,e - = , , •-', ; u h 0, ;j, 

is real), and get 

(25) 

where 8 ~-= E1- Zz- 83 + 2,1· When we set 
the derivatives of Z- A (u1 + u2 + u3 + u4). with 

respect to € and u k. equal to zero ( >.. is a Lagrange 

multiplier), we arrive at the following system of 
equations: 

(tt1U2u3u4)'1' sin 2 = 0; (26) 

U 1 '"' U4; U 2 = U3; (u1 - u2)(1 +cos s) = 0; 

U1 + u~ = 1k 

This system can be satisfied only if sin € = 0, i.e., 
€ = rrv where vis an integer. For odd v, the solu
t~on is any set of numbers u k satisfying the condi-
tiOns -
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(27) 

This gives Z = 3, For even v, the solution of Eq. 
(26) has the form 

(28) 

Clearly, the stable state of the nucleon is the state 
with the lowest energy, i.e., the case of (27). In 
this state [ cf. E:q. (24), f [lflv J =-G. From now on 
we shall treat only this state. 

\'\ ithout loss of generality, we can multiply all 
the components C of any solution by a constant of 

k 

moJulus unity. This means that all the phases f ,_ 

can be increaseJ simultaneously by an arbitraty ·· 
real number. We shall choose this number so that 
f + E4 = 0, whereupon E2 + f 3 = -rrv, with v oJJ. 
Then the solution (27) takes the form: 

cl "= c;, (29) C.=-c.: " ... , 

Hotation of the coordinate system, first through 
angle 'faLout the Oz axis, and then through angle 
(j about the Oy axis results in the following 

coordinate transformation: 

' =lfaj:r, 
cos &cos cr cos & ,;in 'fl -:-in fJ 

r il a 1: =---= -sin 9 cos 'f 0 (30) 

sin &cos 'f sin~} sin l cos & 

The spinor t/J is transformed in the following way 

& . I 
cos L e'"· 2 

,'} . . 
-sin 2 e''~'i 2 

·~',-~II SIJ•p, IISII= 
0 

0 

The quantities 't~cr~ -:~cr-:; "' cr3 transform like the 
components of a th~ee-di~ensi,onal vector. There
fore the functional (24) is invariant under the trans
formation (31). Consequently, if t/J0 is an extremal 
of f[tjJ], then I! S IJ •1_! 0 will also be an extremal. We 

cost eiY/2 

0 
•v"=liTI1 'f' ' • I ' I! Tl! = 

-sin~ ei112 

0 

Under such a rotation, the quantities T1a8 ;o-8 T.PiJ 
transform like the components of a three-dimen
sional vectQr in the isotopic spin space, while the 

as a result of such a rotation: 

& . 
0 () sin -y e-'<P/2 

(31) 

cos ~ e-i:;;f2 () 0 

.f} i·•fO • .f} . ' 
(:31 ) 

0 cos-- e "'· Sin 2 e-'"' 2 . L 

0 . & ir;/•> ,'} . ' 
-Sin L e • cos -e-1:;;12 

c 2 

can similarly rotate the coordinate system in the 

isotopic spin space. The matrix I' b I! of the rotation 
will have a form similar to (30) except that we in
troduce in place of & and cpthe corresponding angles 
{3 andy. Under such a rotation, t/J again transforms 
like a spinor: 

0 sin ~ e-iY/2 0 

cos ~ e 1 '~1 2 0 sin i e-iY/:~ 
(32) L 

cos i. e-iy:z 0 0 L 

-sin f ei·m 0 cos r:~ e-iy /2 
• L 

functioanl (24) remains invariant. Consequently, 

,,v--I· T'l lr (" lj ,~,o l' ·- : I • : ,) ' r (33) 
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is also an extremal of /[tjl]. If we choose as our 
''initial" solution t/J0 the special case of (29): 

Cf =- c~ = 2-'1•, cg = cg = o, (34) 

then we can express the ''rotated" solution (33) 
in the following form: 

C1v = - 1- (cos~ COS~ eill/2 _L. Sloll ~ Sloll ~ e-ill/2) 0 

V2 2 2 I~ 2 2 ' 

C~=:2 (-sin ~cos~ ei 812 +cos ~sin~ e-ill/2); 
(35) 

c~ = "V~2 (-cos~ sin ~ eill/2 +sin ~ cos ~ e-ill/2); 

Cv __ 1_ ( o ~ o ~ ill/2 + ~ ~ -ill/2) 
4 - V:f sm 2 sm 2 e cos 2 cos 2 e , 

where o"' cp+ yo It can he shown that every extre
mal /[t/J] of the form (29) is given by the ex\ression 
(35) with the appropriate choice of angles& ),B'and Oo 
If the angles are limited to the intervalsO ~ o ~ "• 
0 <;: & ~ 2;c, 0 < ~ ~ 2rr,then only one set of angles 
will correspond to each tfJ v. 

Even though four independent an~les&, Cfl ,8, y 
appear in the rotation matrices I lsi I and /IT! I , the 
''rotated" solution (35) is determined by only three 
independent angles&, ,8 and o "'cp+ y. 

Corresponding to the initial t/J0 and the ''rotated'' 
t/Jv we should introduce densities 77~ (r) and 71 v (r) 
as well as the self-consistent meson fields cp'i§ (r) 

and cpv (r). The relation between them is give~ by 
formufas (17) and (21). The quantities 71 and m 

O<. Toe 
are three-dimensional vectors in the isotopic spin 
space. Therefore 

5. CONSIDERATION OF SMALL OSCILLATIONS 
OF THE MESON FIELD IN THE NEIGHBORHOOD 

OF THE EQUILffiffiUM FORM 

The self consistent solutions cpv (r) which we 
found in the preceding section c;rrespond to the 
equilibrium positions of the meson field oscillators. 
We now go on to consider the small vibrations of 
cpoc (r) in the neighborhood of the equilibrium form 
cpv (r). We shall assume that the oscillators of 

cc 

3 

'fJ~ (r) = ] b ""• 'fJ~, (jj a-1 1/ r) 

where 

0:1=1 

3 

= 0
- g """-' b (/I a /1.;-;<)1• r) .!. au V 4 ...::::J ""• ex, ' i)-

1t iL "•=l r r 

-ro 

b r1."• a~ll.''"• cr~,. 

Using formulas (34), (24 ), and (37), we get 

(36) 

(37) 

(38) 

the meson field vibrate mainly close to the confi
guration in which their potential energy is a mmi
mum. This means 'foe (r) is almost always close to 
one of the functions cp v (r ). Thus if we set 

0( 

'f" (r) = y~ (r) + rp~ (r ), (39) 

and select the appropriate angles 3-, {J, and 0 for 
each 'foe (r), we can regard cp' oc (r) as a small per-

turbation in that portion of the space in which cp~(r) 
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ise~sentiallydifferentfromzero. The term cp'oc (r) drops 
out m zeroth approximation, so that equation (12) 
becomes (cf. Eqs. 6, 21, 17, 23): 

if' ( qv) 'i~ (40) 

- - ;_ 0 ~ ~~v ": Oo'jv = H' (qv) .:;v J .L.J (1. t.l C(. k-IIS S 1S• 

a[l 

2 0 L} -<)1· 0 2 -3 'tctO[l 'tctO[l~s ==- 3 0 
ct[l 

The four eigenfunctions and eigenvalues of this 

1 

This solution simplifies considerably if we go over 
to the wave function t/J~ by means of the substitu
tion (33). Then Eq. (40) becomes: 

0 0 2 Cfs (41) 
0 -I 0 0 cgs 

= H: (qv) 'f?,. 
0 0 -I 0 cgs 
2 0 0 I cgs 

equation have the form: 

I) H~ = -20, 2) H; = 2fs0, 3) H~ = 2/ 30. 4) H~ =·2fa0; 
1 

0 
V2 

~0==~~= 
0 I 
0 ~g = 

0 ' 
1 0 

V2 

From this equation we see that the ground state of 
the unperturbed problem is non-degenerate, so that 
the energy of the spin-charge motion in first ap
proximation can, as usual, be expressed in terms of 
the exact energy operator (6) and the zeroth order 
wave function: 

(43) 

=- 47t L} ~ cp"' (r) 'fl~ (r) dV. 
IX 

We now proceed to Eq. (l3)which describes the 
oscillations of the meson field. Upon substituting 
H.\q) in the form (43) in the operator on the left 
s1de of the equation and using Eqs. (3), (39), (16), 
and (17), we get 

1 (42) 0 
V2 

0 0 
~g = I ' cp~ = 0 

1 0 -V2 

(44) 

+ ~ L} ~ [(\7cp~)z + ~zcp~2] dV 
IX 

+ ; ] ~ [7t! + (\7cp:)z + ~zcp;] dV 
IX 

A question arises as to how the parameters 

should be chosen so that the functions cpv (r) give 

the best approximation to cpoc (r). Obviou~'ty the 
values of vi must depend on iloc (~, since the para
meters of an approximation always depend on the 
function to be approximated. We should regard as 
the best choice of the v. that set for which the 

' 



S. I. PEKAR 213 

energy H 1q) is most accurately given by formula 
(43). According to the variational principle of 
quantum mechanics, the highest accuracy in calcu
lating H \q) is achieved for that choice of the vi 
which makes the energy (43) a minimum. The mini
mum condition has the following form: 

i=l,2,3. 
(46) 

The v. are determined from these three equations; 
t 

they are functionals of cp (r), i.e., functions of q :> oe ___ oeX. 

If we introduce the operator w = V f-12 _~and 

use Eq. (16), Eq. (46) can be rewritten as 

• oc~2cp" (4 7) 
~~·?~ ov~dV""~O, i=l,2,3. 

j I 
a; 

There are also other methods for determining the 
parameters vi' For example, we can approximate 
'foe by functions cp~ using the method of least 
squares, and choose the v. so that the integral 

t 

~ ~ [ y a - rp~]2 d j/ 
a 

(48) 

is a minimum. Upon expanding the square of the 
difference and noting that the square of the first 
term and the integral of the square of the second 
term do not depend on v ., we can express the 
minimum condition in t6e form 

a v 
)'\c.?a;__!:dl/=0 i=1,2,3. -- J I a-v~ ) 

a; 

(49) 

These equations can be used in place of (4 7) for 
determining the vii the results thus obtained are 
very close to those from (4 7) so long as the 'Poe 

actually differ little from the cpv. ~Ve could also 
0( 

use a system of equations intermediate in type be-
tween (4 7) and (49): 

.. a~cp~ (50) 
~ \ '!;(/, -,- dV = 0, i = 1, 2, 3 . 
.LJ.) ' u'l't 

a; 

The operator (44) is the required Hamiltonian, de
termining the motion of the me son field in the 
presence of the nucleon. Its eigenvalues give 
the energy Hof the tctal system, as shown by Eq. (13). 
The eigenfunctions of this operator, <P(q), when 
multiplied by ljJv give the wave functions of the 
system (cf. Eq. 9). The operator (44) is essentially 
different from the energy operator of a system of in
dependent harmonic oscillators, since the quantities 
v ., and consequently also the q v -+, are compli-

' • oeX. cated functiOns of the q -+ 
00:1(.' 

It is appropriate here to compare our method with 

that of Geilikman 8 , who represents the meson field 
in the form 

(51) 

and treats f oc (r) as a classical quantity, commuting 
with TT • He determines the quantity f (r) as the 
minimu~ of our expression (14), i.e., a';. the equili
brium form of the meson field when it is treated 
classically. 

As we pointed out earlier, there are an infinity 
of mimima of Eq. (14), determined by the parameters 
i) {3 0 cpv (r), so that f depends essentially on 
.&,' [3,' o.' I~ formula (51),"' cf"' (r) can be treated as a 
small quantity only if, for each cp (r), the parameters 

v. are determined in an appropria~ way [foc ex
aAlple, as done above, through Eq. (47), (49), or 
(50).] Consequently the vi are functions of the qoc't_ 
and therefore f (r, v .) does not commute with TT 

oc t ex, 

in contradiction to the assumption of Ref. 8. 
No explicit form of the wave function for the spin

charge motion was found in Ref. 8, so that the au
thor did not discover the presence of parameters 
v. (or an equivalent set). As a result, the quanti-
ti~s qv-+, in the operator analogous to (44), were 
treated'"as constants, and the operator itself was 
regarded to be the energy operator of a system of 
independent harmonic oscillators. As a result 
Geilikman' s results 8 • 9 differ essentially from ours. 

6. SOME PROPERTIES OF THE FUNCTION 
vi ( •.. qoe -:;_ • •• ), AND SOME RELATIONS 

WHICH ARE NEEDED LATER 

We shall obtain various results without deter
mining the explicit form of the function vi ( .. . q;'x_ .), 
by using some of the properties of these 

functions which are aready apparent from the 
implicit definition of vi given by formulas (47), 
(49) or (50). We write these formulas in the form 

a~"cp~ 
]~cp,~dV==O, (52) 

i = 1, 2, 3, n = 0, or 1, or 

If we expand C'foc and rp~ in Fourier series of the 
form (1), Eq. (52) is replaced by 

(53) 

8 B. T •. Gei!ikman, Dokl. Akad. Nauk SSSR 90, 359 
(1953). 

9 B. T. Geiiikman, Dokl. Akad. Nauk SSSR 90, 991 
(1953); 91, 39, 225 (1953). 
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It is obvious that if we multiply all the qoc'?. by an 
arbitrary common factor t, the roots vi of equation 
(53) remain unchanged. Consequently, 

(54) 
'(_I i ( " . " f q -• " . " ) = '[I i ( " " " q - " . " ) , 

'l.X iXX 

i.e., the i-'. are homogeneous functions of degree ' ~ -
zero in the q"'~' so that 

(5S) 

czx. Y.%. 

V:e can also show that 

~ ~ [c~"'?~ (r)] [(~"'l~ (r)] dV 

"' 
(56) 

-" ~ ~?~ (r) Z/'•+"'f~(r)dV 
"' 

does not depend on vc Tlte proof can be given by 
making use of the invariance of the function in the 
integrand with respect to rotations in both ordi-

where 

W'(r) = L_,~ \ u(r')exp{-:L\r-r'l} dV'. (61) 
[L V 4:: J I r - r' I 

If we substitute (60) in (59), we get 

R~'!) = _ _!_ /(11) ~ --;:;<!-v a''T "'cr~v 
'I ') """r' a-a . - V- V-

o::;1 l 1 

(62) 

Here we have introduced the notation 

2\ ~~'"au;- d V- ' /(n) J axr) w axe, - 0 f:3W • 
jJ l) 

(63) 

From formulas (62) and (38) we get 

R(") = R(") -- R(n)- 1(11) 
11 22 ~- 33 -- ' (64) 

R(n) - R(n) /(n) ' 
l:l - 21 = - cos '-', 

R -- R("> - R(") R(") 
13 - :ll -- 23 = 32 = 0. 

Now we calculate av; I aq ";.· For this 
purpose we differentiate (52) or (53) with respect 

nary and isotopic space, and by changing variables 
in the integral. If we setll1 ' n"J = ti/2 in {56) 
and clifferentiate with respect to v. and v. we o-_et t - 1' ,.., 

(57) 

(58) 

Later on we shall repeatedly deal with the quanti
ties 

which we nowcalculate. The field cp~, clefined by 
formula (21), can be expressed, using formula (3fi), 
as 

(65) 

Since, according to our assumption, Y "• is close 
to ?~,' we replace y "'• in the integrand by the 
approximation c?~,· Then by using (59), we can 
write equation (65) in the form 

i - 1, 2, 3. (66) 

The quantities ovifoq;~ are determined from 
these three linear equations as follows: 

Il-l 

w; (aqv_. aq"-) 
o:x. + ' lXX 

iJq ~ =c J(ll) sin~ il a& cos,_, ~ ' 
a.x 

(67) 

(68) 
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(69) 

The approximate method which we have de
veloped enabled us to reduce the initial problem 
of finding the eigenvalues and eigenfunctions of 
the operator H0 + fl' (cf. E qs. 3 and 6) to the 
solution of Eq. (13) with the operator (44). The 
latter describes the oscillations of the meson field 
in the presence of the nucleon; the spin-charge 
degrees of freedom of the system no longer appear 
in it. The solution of this equation is given in a 
succeeding paper, which appears in this same is
sue. 

The following approximations have been made in 
this paper: 

1) The approximation of "infinitely heavy nu
cleons"; the nucleon was assumed to be fixed. 

2) The adiabatic approximation: we dropped 
the second term on the right hand side of (10), 
which led to the approximate formula (ll). 3) It 

3) It was assumed that the meson field cp"'(r) neviates 

only slightly from the self-consistent field cp~ (r), 
if the parameters&, {3, 8 are suitably chosen. 
This assumption (39) is used for the calculation 
of the energy H'(q). by the method of small per
turbations [formula (43)] and for the transition from 
formula (65) to formula (66). 
The omitted small quantities which are enumera

ted above will be taken into account as small per
turbations in one of the later papers. Including 
these terms will enable us to estimate the accuracy 
of the theory and to derive criteria for its applica
bility. It will be shown that assumptions 2 and 3 
are based on one and the same inequality: g / p.a 
::?> 1. Here a is the effective radius of the nucleon, 
which is defined to be 

a-1 = ~~ u (r) 1 r-\' I u (r') dV dV'. 

The inequality we have given defines the case of 
strong coupling. 

Translated by M. Hamermesh 
56 


