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Skanavil

introduced a representation for dielectrics containing ions which may be found

in two neighboring positions of ethbnum in the crystalline lattice, and mvestlgated the
losses due to transitions of these ions between the two positions of equilibrium, in weak

electric fields.

In the present article, dielectric losses due to the same mechanism in strong

fields are investigated. Three limitin§ cases are considered. The results of the calcula-
)

tions are summarized in formulas (33)-

34), (35)-(38), and (44)-(45).

1. GENERAL STATEMENTS

L ET the probablhty of transition of an ion from
the first position of equlllbrmm to the second,
or the reverse, per unit time, be vexp (-U/kT)2.
In the presence of an electrlc field, the energy
barrier U changes. Expanding U in a series of
powers of the field E, we may write

= UTF pE, 1)

where the two signs refer to transitions of the ion
in opposite directions. If n, =n —An,
ny=n+ An are the number of ions in the two positions

of equilibrium, per unit volume, then

Om _ 0 U—pE)
ot 9 . Mvexp {— T (2
U + pE
+ nyvexp " —k—flz—},
and the dipole moment per unit volume is
P=(ny—n,)p' = 2p'An, 3)

where p = p has the dimensions of & dipole moment,

and an order of magnitude of 10! 8. By virtue of
Eq. (2), P satisfies the equation
oP P—P
o= T @)
where
- pE E
P = nptanh T == Pytanh-"— /Ile)T , (5)
and

PE

w1 = Qye—U/rT, —T_lcosh ET ° (6)

pE
osh =T
Introducing the new variable

le1 Skanavi, Physics of Dielectrics, GITTL, 1949
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9§ =\t1(x)dx, - (7)

op/:“

we obtain the solution of Eq. (4) in the form

P®) = e (e P(9)ay (8)
Let
E = E,sin ot, (9)
and
PE/RT =a, oft=x, o ,=25. (10)

In order to obtain the losses in the stationary
state, we exclude the influence of the instant of
application of the field by assuming it to have
occurred at t = — . Then Eq. (8) gives

X
P(x)= e_em S ¢® Wainh(wsin y)dy, (11)
where .
1
¥(x)= K) osh{a sin y) dy. 12)

0

Hence, it is evident that the dipole moment
depends on the two parameters o and 3, Eq. (10)
determining the dependence of the losses on the
field E and the frequency o .

As a consequence of the penodlcxty of the field
the energy lost during the period T is

27

q_g dpP — gb-&f— — SP——-dx
0

Consequently, the losses per unit time are
27T
Q=——-E, Scos x-P(x)dx.-

0

(13)
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In the future we will make use of the relation
$xtr)=9()+9(m), (4
from which, according to Eq. (11), it follows that

P(x + n=) (15)
x-+-nm

_ %_ o9 (1) (nm) e® Wsinh(a sin y) dy

= (—1)"P(x).

2. LOSSES AT LOW FREQUENCIES

The methods for calculating P(x) are somewhat
different for 8 < 1 and for B > 1, i.e., for low
and for high frequencies. In the first case, it is
convenient to transform Eq. (11) for P(x) on the
basis of Eq. (12) for 6 (x):

p=2% B e 8 €= W ogn(2 in y)

—oco

(16)
—e—asiny} dy
= Po [l — %e—a(x) S ¢® (¥)—a 8in ydy]

=DbLy(1—1J),
whence, in virtue of Eq. (16), the losses are

Q :%EOPO SCOSXJ()C)dX—:—Ql + Qs

0

a7

Q,= % 15‘(,P0 cos xJ (x)dx;

ce/?la

Q: =2 E, P, S cos xJ (x)dx,
w2
where

J(x)

== {expi— 0 —

—00

9(y) + asin }’}]dy(18)

0

S exp[— () =¥ (x+)
Sexp[ {ocsm(x——y)

-:a|»

+ asin(x + )’)}] dy=

+ _é_ §cosh[0( sin (x — 2)] dz}] dy.
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When o >> 1, the integral in the braces, rapidly
increasing with an increase of y, has primary
importance. Therefore, for the calculation of J,
the essential region is ¥ < 1, and hence, z < 1.
Expanding sin (x - y) and sin (x - z) in a series of
powers of ¥ and z, and limiting the series to the
first powers, we are able to perform the integration.
Considering on the basis of Eq. (15), the first
half of a period (sin x > 0), denoting

a-siny =%, afcosx=n (19
and introducing the variable
t=ua-|cosx|-Y,
we obtain:
i 0<ot<z/2 or 70, (20

J=leiexp{—

1 bl -
—sinh% — C}
7 7

ioexp{——}?mh(c —8)+yd
0

andif =/2<oft<w o <0,
1 -
J:Jzz —-—-—;‘ p{———smhc—‘c}
{exp {2 simz +8) — < ds
0

It is easy to verify that when & = O the sum of the
two expressions is equal to two, which corresponds

[by Eq. (17)] to the condition

P@0)+ P(x)=0 (21)
when x = 7/ 2 both expressions tend toward zero
exponentially, so that the region of values of

x = w/2 is nonessential, and in the future we
exclude it from consideration.

In order to evaluate the conditions of applicabil-
ity of the expansions in powers of y and z, which
led to Eq. (20), it is necessary to perform the
expansion in Eq. (18) up to the second order of the
small quantities, and to determine the conditions
under which the additional terms are insignificant
in the essential region. In this way we arrive at
the conditions:
for o= pE /KT > 1

arc sinh3awzy > a2, (22)

and foro. <1
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23
B (> 1. )
3. CALCULATION OF POLARIZATION LOSSES

Let us denote the integrals J dJ, in Eq.
(20) by Ty and R

(24)

They are calculated simply when
|7l =« B] cos x | X 1.
Let us consider first the case |g| > 1 or

af=Lh ey > 1, (25)

which is possible only when the conditions of Egq.
(22) are fulfilled.

Let us denote
= arc sinh =In 2 ||,
P 7] = 1n 2 |5] (%)
2=1— p?&.

Then the expression in the exponent in Eq. (24)

‘becomes
— E— einn(e ) o

sm:j:l:‘ P) +(z + P)

=—sinh z coth p — cosh z *(z +p).

But when || > 1, cothp =1 , and we get
e+ (z+0)

Therefore

J= —I%l' exp {—T l—:[/sinqﬁ}

x { exp{—(@F2)+pa
—E__

e

Letting é* =, we get

1 —_
‘—'*;ﬂsinh('t—{—i')-}_—t} dr.

Ji=2exp {—- :,sinbs} §° e~'dt
e—(E&+e)
~2mn( ot )
= 2 exp (— 2;17” .65),

Jy= # exp { sinh&}

1
In] (27
X g exp {— e — 2z} dz.

E—p

Letting e® =, we get

0

1 1
J o= = e—— { = "} —f dt
2 o0 exp M'.smhc e -
ei—p

= T’iﬁ exp {T“:—lmhe — E} exp [- (eE—")] + 0,

where O is a term of the order Disregard-

L ln ]
]

ing the additional term, we have

_ 1 t
o= a7 XP{— g e+

Finally, disregarding the first of the quantities
which are added in the square brackets, we find

Jo = - £ 2
2 l"lle' (3)

Formulas (27) and (28) are unvalid only in the
neighborhood of x =%, but in this case the

integrals /, and J, tend toward zero exponentially.

Finally, we have for |p| > 1:
1
P‘—-—Po[l —2exp(—-—2—|—n—|-e5)], ’f]>0,

P=Py[1— e, 1< 0

(29)

Let us proceed now to the case |p| « 1, i.e.,

af = arco <1, (30)
which corresponds to the low frequencies,

@7, < 1. In this case, in the expression for J,
Eq. (24) only small values of 7 contribute
essentially. Expanding sinh (7 £+ £) in a series of
powers of 7 and integrating, we get
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e s(143)

1 —g<1+uBcosx> (31)

cosh § h &
P(x) = Po{l — (cosh, + tﬁ:h(;sgx) _E} - (32)

Now let us determine the magnitude of the
losses. When || > 1 Eq. (29) decreases
exponentially with an increase of £ = o sin x ;
therefore only small values of x are essential, and
we may write ) = o 8 cosx = o 3. Introducing the
variable sin x = ¢, we get

Q=Q1+Q2=%Eopo

X {S 2 exp_‘( —

After some simple transformations, taking into

account e” >> 1, we get
— _1_] — L}
. 2ap aB)

In 1x,

)t — %Se'“’dt}.

Q=_2EP,{— 2Ei[

Since, forx < 1,
Ei[—x]=

where y = e€=1.78 (C is Euler’s constant), then

Q=2 EPy{an 22— 2},

Returning to the original variables, we get
(still disregrading the second term)

Q=224 §1n(1.122’;_; (o't(,), (33)
under the conditions:
1 Pragsi,
arc sinh PE <"E°)
kT (34)

In the opposite limiting case |p| < 1, the first
term in Eq. (31) when multiplied by cos x in accord-
ance with Eq. (17) and integrated from zero to 7
gives zero. This leaves only the second term:

sh2E (35)

0

= ocB [:‘(,P0 \cos X e idx

2 ppE2 E
==n f(P o)
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where

Flo) = &osh%i VT—xdx. (36)

The function f(a.) decreases monotonically with
increasing o

f(oc):—}——% when « < 1,

f() =£—(—;‘— l) when a> 1.
Egs. (35)-(37) are valid under the conditions:
(PE/ kT oy < 1, w1y < 1.

(37)

(38)
4. LOSSES AT HIGH FREQUENCIES

We now return to Egs. (11) and (12).

z)}t

3]

/4 b4 W7 Vil
The function 6(x) has the approximate form

shown in the Figure, and the slope of thé straight

line OC is, according to Eq. (1 4§’,

1 1

tgo =

where / ( «) is a Bessel function with an
imaginary argument. Therefore we can set

8 () =5 @x+ ¥ (x), (39)
e Y =5 §cosh(« siny)
B3 (40)
— @} dy < 510 @)
and has a period of 7. We set
@ =" o, (41)
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substitute Eq. (39) into Eq. (11) and expand in a
series of powers of iy . Taking into account the
inequalities (40) and (41) we have

P(x)= -exp\ /0 (a)x}

X

X [ g exp {%10 () y}sinh((x siny)dy

—co

— 40 | exp {41y @)y pon(asiny)ay 4P

- \ exp {% Iy (=) Y} Y (¥)sinh(2 Sin y) d)’]

= Pl + P2 '+ P3-
We develop ¥ (xq) and sinh (o sin y) in Fourier

series:

oo
2 a,sin 2nx,

n=1

b(x) =

sinh (@ sin y) = 2, bontysin (2 + 1) y,

k=0

where - ~(— 1) — 12n (%), bortr

=2(— 1) 12h+1 (),

since both functions are odd. Then the losses are

equal to
T

O)Eo
=— o S P(x)cos xdx (43)

=Q1+Q2+Qs:

corresponding to the three parts of Eq. (42).
After some simple calculations we get

(/81 ()
= EyPyo /BN
Ql ol oW 1+(l(2)(a)/(32) s
EoPow 1 (a) 1
Q 0 0 0 1 I
: >‘J 2 () ot (%) (%) /89 + @k +17

Q3 EOP(,u) lo(a) 2 2k

Since the small parameter in the expansion
whose square we are neglecting is%lo( o), then
to our approximation,

1
Q+Q:+ Q= Eopow‘E‘h(“)’

and consequently

Q= BA p (45), w

(12r+1 (@) + Lznq, ()

1
(2@) /P + Rk + 1)

under the condition
I3(pEy | kT
LwhikD (45)

2.2
O)‘T.‘O

From Egs. (35) and (44) we see that, just as in
the case of a weak field!, the losses increase
with frequency at low frequencies and are independ
ent of frequency at high frequencies.

Translated by D. Lieberman and M. Mestchersky
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