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On the basis of the Fermi-Landau theory, we calculate the fluctuations in energy and
number of particles during collisionsof high energy nuclear-active particles.

1 FERMI ! proposed a statistical theory of the

-® collision of very high energy nucleons. Later
the theory was developed and changed funda-
mentally by Landau?. The purpose of the present
work is to give a preliminary discussion of the
role of fluctuations in such processes.

We should anticipate that fluctuations will be
considerable, since the number of particles pro-
duced and, especially, the number of particles
which carry off a large fraction of the energy will
be relatively small. Thus, the calculation of the
fluctuation in the number of particles and, even
more so, in the energy distribution, is a very real
problem. This problem is, however, complicated
by the fact that all sorts of undetermined para-
meters appear in the theory. For example, the
final temperature when the breakup of the system
begins is not completely determined. At present,
therefore, one cannot give arigorous and consistent
treatment of the fluctuations, and we shall limit
ourselves to an approximate qualitative discussion.

We shall start from the same assumptions as
Landau, i.e., we shall consider the whole system
to be some sort of continuous medium, subject to
the equation of state of an ideal ultra-relativistic
fluid. This system can, however, be divided into
elements within each of which there is statistical
equilibrium. We shall assume that the entropy of
each element is constant, and that the number of
particles in it is sufficiently large (unless specifi-
cally stated). From these assumptions it follows
that the energy distribution of the particles in
each element satisfies the law of black-body radia-
tion.

In addition, we shall use classical methods for
calculating fluctuations in systems in themmo-
dynamic equilibrium; the influence of dynamical
factors associated with the time development of
the system will be treated indirectly.

In accordance with Landau’s theory, we
shall consider the motion of an ideal ultra-

1 E. Fermi, Progr. Theor. Phys. 5, 570 (1950)

2 L. D. Landau, Izv. Akad. Nauk SSSR, Ser. Fiz. 17,
51 (1953)

relativistic fluid, each of whose elements is
characterized by a definite four-velocity and
temperature. If we assume that exchange of
thermal energy between the elements can occur*,
then we can calculate the fluctuations in the

number of particles, n, and the thermal energy E.

We assume first that there are only Bose
particles inside the element. The average number
of particles is
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where (is the volume of the element and'a is
the number of internal degrees of freedom of the
particle (e.g., a = 3 for m-mesons).
The average energy E concentrated in the

volume Qis
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The dispersion of the number of particles is
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The dispersion of the energy is
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* We shall refer to this case as isothermal. The case

of adiabatic isolation of the elements will be con-
sidered separately.
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and
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Similarly, for Fermi particles:
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The joint distribution of particle number and

energy is given by the two-dimensional Gauss
law:
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where

¢y =AD (E); ¢2e = AD (n);

Ce=—A(n _;i) (E '_E); A = c1,600 — sz-
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3. According to Landau’s theory, there is no
heat exchange between different elements (adia
batic motion). Then, if we fix the value of £ in
Eq. (11), we find for the dispersion of the particle
number

D'(n) =D (n)— n = n) (£ - g (12)

D (E) ’

where the quantities D(n), (n - n) (E-E), D(E)
are calculated from formulas (8) - (10), i.e., are
calculated for varying energy.

From Eq..(12) we get, for Bose particles,

D' (n)=1.03b (13)
and for Fermi particles,
D' (n)=0.225. (14)

The assumption that the energy is fixed is
equivalent to requiring energy conservation. The
inclusion of other conservation laws ( momentum,
angular momentum, charge ) does not affect the
fluctuations in the number of particles, since the
corresponding correlation terms of the type

(e-e)(n-n)
to zero).

4. From Egs. (1), (3), (6) and (8) it follows
that

are equal to zero (or are close

D (n) = an, (15)
where o =1.37 for Bose particles and o =0.91
for Fermi-particles in the isothermal case, while
in the adiabatic case o = 0.43 and 0.12, re-
spectively. The relatively small value of the
fluctuation for Fermi particles is related to the
Pauli principle *. The essential point is that in
all cases the value of « does not depend on either
the volume of the element or its temperature.
Therefore, no matter what the temperature dis-
tribution is, we may suppose that the relation (15)
also holds for the total number of particl es (with
the same values of o ).

Thus, the fact that the system, according to
Landau, is not in thermodynamic equilibrium, does
not effect the fluctuations of the number of

* If kT ~~ mc2, the difference between the values of
o decreases. Improvement of the results for this case
requires consideration of the interaction between the
particles.
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particles in first approximation* .

5. The relation (15) does not depend on either
the details of the mechanism of collision or on the
energy E of the initial particle. This permits us
to express Eq. (15) in another form which is
more suitable for comparison with experiment.

Let us assume, say that for energies of the
order of 1012 2 1018 ev, the energy spectrum of
the initial particles follows the power law

y-1
vy
determined by the conditions of the experiment.
Noting that in the Fermi-Liandau theory the average
number of particles generated in each el ementary
act is proportional to £ 1(/)4’ and using Eq (15),

we easily obtain the relation**

Eyo_ 1 where W, is some threshold energy

¢? =

(xy—"54)° 2V ag
T O
where 0 = Eni /N; o? = an/N, n; is the number
of particles in the ith process, and N is the number
of processes observed. An essential point is that
the value of the threshold energy W, which we
do not know, does not appear in Eq. (16).

In analyzing experiments in emulsions, we must
take into account the fact that only charged
particles are seen in the emulsion. An elementary
computation shows that this merely results in
changing the quantity o to

a’=1+(“_l)p’
where p is the probability that a particle of a
given type is charged (p =% for nucleons, for -
mesons, p = “3). Fluctuations can also be
studied by comparing the numbers n_ and n, of

(16)

(17)

1
prongs inside narrow and wide cones in stars ac-
companied by small numbers of black and gray
tracks (nucleon-nucleon collision). If we assume
that the total thermal energy in both cones is the

* The last conclusionisvalid so long as we can
neglect surface effects and specifically, quantum
fluctuations, i.e., so long as the wavelength
A~Tc/kT is small compared to the dimensions of the
system R ™ £/ pte, which reduces to the condition

pe?/kT <1

** In deriving Eq. (16) it was assumed that the number
of secondary particles does not depend on the impact
parameter. Including this dependence would have
given rise to additional fluctuations. Lack of a suf-
ficiently complete theory of the elementary process,
which would also include peripheral collisions, pre-
vents us from making this correction in Eq. (16).
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same, then 7} =7, , and because of the statistical
independence,

D (ny—ny) = D (ny + ny) = a (ny 4 1,). (18)

Since o ™ 1, for not too high energy, both n, and

n, and, in particular, their difference n, - n, can
fluctuate quite strongly*. This has to be con-
sidered, for example, in those comparisons of the
number of particles formed in each act with the
total energy liberated, which are made to test the

theory. We note that the energy of the initial

particle, which is usually determined from the

well-known rel ation**

EO ~ cot Sf ‘cot 19‘1_f/2,

also can only be evaluated very roughly, since the
number of particles which emerge within a small
solid angle fluctuates relatively more strongly than
the total number of particles.

6. Now let us consider the energy fluctuation.
In our opinion, the most interesting question in
interpreting experimental facts is: what is the
probability that some one of the secondary particles
carries off a considerable fraction of the total
energy?

Suppose that some element of the nuclear mat-
ter, at temperature I, moves relative to the
laboratory coordinate system with velocity 8 = v/c.
We shall characterize the state of motion by the

quantity y =1y 1 - 82 We transform to a
reference frame fixed in the volume under con-
sideration, and fix our attention on some particle.
Its angular distribution is obviously isotropic,
while its energy distribution p (¢) is determined
by the relation between £T and me 2. The energy
distribution will follow the Planck law if kT/mc 2
> 1, or will be Maxwellian if ;1 T/mc2 < 1. So,
after making some simple kinematical transforma-
tions ( cf, for example, reference 3,)we can
calculate the energy distribution of the particle in

* The first stage of Landau’s process (passage of
the shock wave) also is statistical. It is therefore not
excluded that 7 +* fi, in the individual processes. If
the number of particles produced is small, the symmetry
of the cones is also disturbed because the colliding
particles can be of different types (e.g., collision of
proton and neutron). Both of these causes may in-
crease the fluctuation of the differencen; - ng.

* ef, 914 are angles containing the fractions f and
1 - f of the total number of shower particles.

3 L. L. Rozental’, Usp. Fiz. Nauk 54, 405 (1954)
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the laboratory coordinate sgstem. It is then clear
than in the region kT <mc* the energy fluctuation
must drop sharply with decreasing temperature,
since forkT/mc* > 0, the particle energy will
always be the same value my. Now going over to
a quantitative discussion, we first treat the
auxiliary problem for particles whose rest mass
can be neglected (photons). In addition, we shall
impose the condition y > 1, which is always ful-
filled for the narrow cone.

The required energy distribution in the labora-
tory system has the form3

__dE ()
nBaE=%5 | £

Ej2y

(19)

If we measure the energy in units of 2y£7, i.e.,
if we introduce the variable {=E/2ykT, we get

the relations

ug (£) dt = 211,—2 S efdxi (20)
for Bose particles
45 ¢ xdx
= 2\ == 21
up(t)ds 1,8§ p ey (21)

for Fermi particles; these do not contain the
quantities y or kT. The corresponding curves are
shown in Fig. 1, from which we see that the dif-
ference between them is small.

a6t
a5t
a4}
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42}
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FIG. 1. 1. ug (), 2. ug (&).

From Egs. (20) and (21) it also follows that
the relative fluctuation of the energy, 8=\ D(E) /E,
also does not depend on AT and y. It is very
large --- 6 = 1.1 for bosons and 8 =0.75 for
fermions; thus, in both cases the fluctuations are
of the same order of magnitude as the average
energy.
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7. We now take account of the finite mass of
the particles. We shall assume that the average
velocity of the thermal motion is smaller than the
translational velocity, i.e., 7-,1, <y. This is the

case which usually occurs in experiment. Then

I (22)
BB =5 \ yor—made
Ej2y
p(e)=
eVa_—ma  (B)

o —1
\‘ xV x2— m?c4 d
J exp(z/kT)+1 X

exp (e/kT) +1
mce*
(the minus sign refers to bosons, the plus sign to
fermions).

From Eq. (22) it follows that in the case of
finite mass, except for an unimportant nomaliza-
tion factor, the distribution functions vB( £) and

”F( &) are related to the functions ug ( ¢) and
up( 8 by
(24)

It is easy to show that all these distributions
have their maxima at ¢ = ymc?/ 2kT, i.e., at
E = ymc?, and that the upper end (E > ymc?) is
spread out more for larger values of kT/mc2. If

ET/mc? < 1, the distribution becomes symmetric,
and all the possible values of the energy are con-
centrated in a narrow range around E = yme?,

Figure 2 shows the distributions for a particle of
mass p for the cases kT =mc? and kT =pc?
p="Ysm).

lh’f/
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FIG. 2. 1 kT =mc2, 2. kT ~ mc?/6.

The relations obtained apply to any volume ele-
ment filled with nuclear matter, and describe the
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energy fluctuations of the particles which con-
stitute that element. We must remember the fol-
lowing : all the calculations were made on the
assumption that just before the start of the stage
of free breakup the quantity y has a completely
definite value for each element (i.e., it does not
fluctuate). Strictly speaking, this is not so, be-
cause of the occurrence of fluctuations in the
dynamical characteristics of the process ( pressure
fluctuations). However, in first approximation we
need not consider pressure fluctuations, since
they average out over the course of the whole
stage of hydrodynamic expansion.

8. In order to obtain final numerical estimates
of the probability that some one particle carries
off a definite fraction of the energy of the initial
particle, we must average Eq. (24) over the
various parts of the volume containing the nuclear
matter, using the distribution of energy and number
of particles given by Landau’s theory. However,
such a procedure actually has little meaning,
since it is clear beforehand that the region close
to the front surface of the volume plays a funda-
mental role.

Actually, according to Liandau’s theory, the
entropy and the quantity y are distributed non-
uniformly over the volume. Most of the patticles
have relatively low velocity (¥ ™~ 1); at the same
time the front region, which contains only a small
fraction of the particles, carries the main part of
the energy and has a high velocity (y > 1).
Therefore, for an approximate evaluation of the
energy fluctuation it is sufficient to consider
only the region near the front surface. Un-
fortunately, the solution obtained by Liandau is
not sufficiently accurate in just this region, since
in getting the solution it was assumed that the
quantity y varies sufficiently slowly, and this
condition is not fulfilled in this region. We have,
therefore,not used the velocity and energy dis-
trnbution over this region but have regarded the
whole front surface as a single entity. Its en-
tropy end energy were calculated from the differ-
ence between the total entropy (or energy) and
the entropy of the whole region back of the front
surface ( where it is permissible to use Landau’s
solution).

Separating out the region of the front surface in
this way,* we determined the number of particles

* Although most quantities (temperature, y, etc.)
change markedly when we go from the main mass to the
front surface, this separation of the f ront surface is
still not entirely unique. Therefore, the question arises
to what extent the result depends on the choice of the
boundary which separates the system into a front
surface and aresidual part. Computations showed that
the dependence is slight, so that the element of un-
certainty in this choice is small.
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in it and the total energy. For the temperature at
breakup we chose the values A7 ~ mc? or

ET ~ pe? *, Using the fact that in the system of
reference in which the front surface is at rest, the
energy distribution of the particles is that of

black body radiation, we can calculate the proba-
bility p( &) that one particle will carry off more
than the fraction & of the total energy (in the

lab system). The results are given in the Table.

()] 0.25]0.33 0.4
3 |05 |0.250.1

0.40
0.10

From the Table we see that these probabilities
are very large. We should al so remark that they
vary slowly with energy of the initial particle in
the interval from 104 to 1016 ev.

The T'able applies to the fluctuations in energy
of protons when the temperature at breakup is de-
termined by the proton mass (T ~ mc?); it also
describes the energy fluctuations of mesons if
the breakup temperature is kT ~ pc2**

We should emphasi ze that the number of parti-
cles near the front surface is relatively small
(this number hardly depends on the energy of the
initial particle in the interval from 10 1% 5 1016

ev, and is approximately five). Therefore, the
application of thermodynamic formulas ( black

body radiation law) to the energy distribution of
the particles in the front surface is not entirely
justified. More correct would be the appli cation

of statistical laws, for example, in the spirit of
Fermi’s first paper”, where a system is considered
which consists of a small number of particles. We

have, however, not carried out such computations

cause of the complexity of the resulting expres-
sions, since we expect that the order of magni-
tude of the fluctuation will not be changed.

So the energy fluctuation is large and it may be
essential to consider it for various processes. For
example, inclusion of fluctuations may affect the
altitude variation of wide atmospheric showers.

* The temperature at breakup, i.e., the temperature
at which the particles (mainly ﬂ-meso%s) cease inter-
acting strongly, was taken to be ~ g¢“/k in Landau’s
work. There is, however, some basis for assuming
(for example, if we suppose that the mesons interact
with one another via virtual nucleon pairs) that the
interaction of two 7-mesons is large only when their
relative energy is ™ mc2. Oy this basis, the tempera-
ture at breakup will be ™ mc“/ k.

** It is also assumed that there are particles of only
a single kind in the region of the front surface. If this
is not the case, then in calculating the fluctuations of
energy we must assign the ratio of the numbers of
particles of various types.
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Thus, it was shown that the absomption coefficient
of wide showers, calculated according to Landau’s
theory, is somewhat greater than the experi-
mental value®. The altitude variation of showers
is determined to a large extent by high energy
particles, so that the absorption coefficient is
decreased if one of the secondary particles takes
a large part of the energy of the initial particle.

According to our estimates, inclusion of fluc-
tuations lowers the value of the absorption coef-
ficient of wide showers at high altitude by approxi-
mately 10%, which greatly improves the agree-
ment between experiment and theory*.

CONCLUSIONS

* We should remark that the absence of fundamental
data conceming nuclear interactions at moderate ener-

?ies ~ 1010 _ 1012 ev prevents us from making a suf-
iciently accurate calculation of the altitude variation

of wide showers.

4 G. T. Zatsepin and L .I. Sarycheva, Dokl. Akad.
Nauk SSSR 99, 951 (1954)
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1. The fluctuations in number of particles are
proportional to the square root of the number of
particles and are very [arge in absolute value. The
coefficient of proportionality is essentially dif-
ferent forfermions (nucleons and antinucleons)
and bosons ( 7-mesons).

2. It was shown that the fluctuations in the
energy carried off by a single particle are very
large. This applies especially to the narrow cone
of particles, in which most of the energy is con-
tained in the laboratory system. Marked fluctua-
tions should also be observed in the angular dis-
tribution of the energy in an elementary process.

3. The energy fluctuations are important for the
interpretation of the altitude variation of wide
atmo spheric showers. The theoretical absorption
coefficient is decreased when we include fluctua-
tions, which improves the agreement of theory with
experiment.
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