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A simple derivation is carried out of the equations proposed by Schwingerl.

The resultant

equations are discussed and renormalization is obtained in the original integral equations*.

INTRODUCTION

IN connection with the inapplicability of the
usual excitation theory for large energies of
interacting particles, and also for the calculation
of the characteristic properties of the existing
theories of quantum fields (the presence of infini-
ties, the asymptotic character of a series of ex-
citation theories, the asymptotic character of the
Green’s function for high momenta, etc.), the de-
velopment of more precise methods of solution of
the quantum mechanical equations presents great
interest. In this connection, equations of the form
suggested by Schwinger possess fundamental inter-
est. Inasmuch as we want to solve these equations
not only by the methods of ordinary excitation
theory, it becomes essential to carry out the re-
nommalization (not according to the excitation
theory) in the original equations. Moreover, even
within the framework of ordinary excitation theory,
it is of interest to obtain a system of equations
which does not preserve the infinities. On the
other hand, to clarify the physical meaning of
quantities which enter into the equations, obtained
by Schwinger from a variational principle, and to
establish the boundary conditions which must be
imposed on the solutions of these equations, it is
important to obtain these equations from the ordin-
ary scheme of the theory of quantum fields, with-
out resorting to a variational principle. Such a
derivation of the desired equations is given in the
present work, and the renormalization is carried
out in the integral equations that are obtained.

1. We consider a quantum mechanical system
which is a generalization of the ordinary system.
Let the Lagrangian L of the system consist of the

* The renormalization was obtained by us in reference
2; in the present paper, a more appropriate derivation of
the renormalized system of equations is given.

1 J. Schwinger, Proc. Nat. Acad. Sci. U. S. 37, 452
(1951)

2
E. S. Fradkin, J. Exper. Theoret. Phys. USSR 26, 751
(1954) pe ve ’
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ordinary Lagrangian L°" and the Lagrangian of the
interaction with external sources L'".

For definiteness, we consider the case of
quantum electrodynamics (the results are simply
carried over to the general case of quantum mech-
anicaltheory). The initial Lagrangian in this case
has the form:

L=1° 4 [ L
L= —1, [—df’ To(—i0p —eAy) ¥+ md]  (la)
+ 1/4 F}Zw - 1/4 {Fw’ auAv - avAu}
<+ Hermitian conjugate;
L™ =1/ [3, 0] 4y [1, 4] + JuA,, (1b)

where / is the external source of the photon field;
7 is the anti-commutating external source of the
spinor field;

ToTv + Tl = — 20,; (1e)

> ___Q __Q — . ) —_
O3 = 0gg =033 = 1; Gy = — 1.

The Hamiltonian of the system can be written in
the form

H=H"+H",
where Him hag the form

H™ = — {0y [T + 2 78] + LA} dox. 3)

2

Conditionally we write H® in the form

H* == (50 fulx, arn, @

where f, is the source of an nth type field
/., n, 7).

n the Heisenberg representation, where the
wave function of the system is independent of
time, ¥ (¢) = const, the equations of motion for the
operators of the field have the form

To(— 0, — eAy) b + mb = = (5)
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Fow=0,4,—0,A,; (6)
— A+ 0,004 =Ju + Jju;
(04,/0x,) = b =0, @
where
Jo=1se[Y, Tu]. (8)

We transform to a new representation, where the
operators of the field do not depend on the external
sources (analogous to the representation of the
interaction in external interaction) and have the
form

To (— 0w — eA,)) 4+ m¥ = 0; 9
— 0 Al‘ -+ apavgv =7H-

The wave function in the new representation

(10)

changes with time and can be written in the form:

('“ £ £ ; f“ in
35, —coy )i O SCo —o00) +i | H" (&)

3f (%) e

l 0, when £<E&,.

Multiplying Eq. (14) by inf (£,)5 (£;, = =) on
the left, and setting "= &, we get

S (2, &) 77, () S (59, — 0) 16)
= in7, (%) S (E, -~ 00)
t
+ i&ﬁi“(tl) S (t, §) ins, (B) S (&, — o) dt,.

€

Comparing Eqgs. (15) and (16), we obtain

8S (¢, — o)
— {lS (t’ E0) ;fn (E) S (Z-'m - OO), z > Eo;
O’ t< Eo.

. . ~
But, as is well-known, an arbitrary operator 7
is connected with the corresponding operator in the
Heisenberg representation by the relation

ST (¢, — ) =S (t, — o) = = (2). (18)
We get, finally, 5 (¢ )
, — OO

5,08 (19)

iS(t, —o0) 7y, (8, o
_{ 0, 1<,
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® = S(t, — o0) Wy, (11)

where ¥, is the value of the wave function for

t = — o, and S satisfies the equation
(B2 _ fing (¢, — o). (12)

We construct the matrix S( ¢y, £5)
S, t")=S(t, —~)S1(t, — ). (13)

In accordance with Eqgs. {12) and (13—), we get the
equation for S(¢,, ¢,) in integral form:
t
S(t, ) =1—i\H™ (&) S (t,, ¢') dt,

t

(14)

¢
= 1 + igggflz(tl? xl) fﬂ (xly tl) S (tl’ t,) d4x1.
t’
We take the functional derivative of both parts of
Eq. (14) with respect to any external source f (&)

at the point &, first setting t"= — o ¥,

3S (¢, — o)

—wdtl’ when t>EO,

(15)

It is easy to show that the following general
formula exists for functional differentiation with
respect to the external source fn( &):

38 (o) F (%) (20)
8, (€)
3 —1
= 5,0 [S(c0) ST (&) F(x) S(0)]
= iS(0) Py, [F (x) 77, (9)],
where
P [F (x) 77, (9] (21)
CF@m,@, i x>k
- {iﬂf,, E)F(x), if Xo<k.

The plus sign is used in Eq. (21) when the
source f commutes with the operator F (x), and the
minus sign in the opposite case [e.g., [ =7,

F(x) =yl

* This method was applied in reference 3 for the case
of a photon field, and Eq. (15) was obtained, although
the S matrix in reference 3 is different from ours (it
considers interactions not only with external sources ).

3 R. Utiyma et al, Progr. in Theor. Phys. 81 (1953);
K. Yamaraki, Progr. in Theor. Phys. 7, 449 (1952)
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In particular, we get from Eqs. (19) and (20) the
formulas
8S(co)

sa) = LS (00) b (); (22)
3S ,
Wx)'(;%E: + S(e0) P($(x) A (x");
356 _ i (00) # ()
3 (%)
8@ g . N
3 (x) 8J (x) S()P (B (x)A(x)); (23)
3S(e0) __ ., )
57, (x) iS (00) Ay (%);
3S (c0) o _
S0 on ey — S ()P (3(x) B (x));
n N N
BT 24,
gsj(x”) 3-';](x)S(’X)) ( )

n
=" S() P[] A(xn) ¥ (x)] et
i=1
With the aid of the formulas obtained for the

function derivatives of S (), we can write down the
operator equations (5) to (8) in compact form and
get the same functional equation for the determina-
tion of the operators S (). For this purpose we
multiply Egs. (5) - (8) on the left by iS () : from
Eq. (23), we get

. . ) 3S (c0)
[w <“ 10 + ¢ 57 ) - ”‘] 57 (%) (25)
= in(x) S (o0);
3S (o) 0 0 3dS(o@)
(_D 55 T ox, ox, 8, ) (26)
= + iy (x) S ()
ie 32
+ Tr T“[ 87 (%) 1 (& 1<)
5 s 0
T 5o (x——s)] (00); e—>0;
0 8S(0) yr
T g =0 @7

The system of operator equations (25) - (27)
must be solved for the following boundary condi-
tions:

[ 3S ().

8S (o0) ]
3, (1)

' 0, D) (28)

+J =0, n=0
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= -— Tofapd (X — X');

[ 3§ (co) 3§ (o0) ]

N ’ s \
Sn(x,8)” S, )], o

2[83(00) 58 ] _ 0
¥n(x,0) " dm(x, 0l 7

[ 8S (c0) 0 3S(x) ]

8J, (x, 1)’ ot 31,(x, 1) (29)

J=0, =0

=G0 (x — X7);

3S (co) L
[M ©0° S hl_

__[ 38 (co) 8S ]
ORI,

b

W*S* (00) S () ¥ = 1.

From Eqs.(22) - (24) it is easy to prove that if
the matrix element of transition fromS () is found
in the vacuum state for t = —c and for y = + o,
then we find the matrix elementsof the transitions
in the successive functional differentiations with
respect to the external sources. Therefore, instead
of solving the operator equations (25) - (28), it
suffices to solve the system of equations obtained
from these equations for the matrix element of
transition vacuum-vacuum®:

(@5 (+ 00) @y (— 0))
= (W5 (— 00) S (20) ¥y (— %)) = Z.

(30)

From Egs. (25) - (27) and (30), we obtain

(1o (— 10+ ze 3-%) +m] s%z(x)

= in(x) Z; (31)

(0, + e ) 2, (31a)
82 _ -~ .

+m—§?— in(x)Z;

o 8z (32)

87 F) , _
_—D—S-J: +_"7957:§7v_=lj”(x)l
; ie 4
him g Ty, [sn (*) 81 (% —e)
_JZ____].
8 (x—e)dn(x)l’

* By functional differentiation with respect to ex-
ternal sources [ see Egs. (22) - (24)], and by then set-
ting 7 =J =0, we can obtain all the matrix elements for
the effects, with consideration of all radiative cor-
rections, from Eq, (30).
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0o 87

ox, 87, =0.

(33)

From Egs. (30) - (33) it is easy to obtain the
system of equations suggested by Schwmger For

this purpose, we consider that the matrix element of
an arbitrary operator F(x) (in the notation of

Schwinger ) is
¥ S (0) F (x) ¥
< ()C) > ‘F:) S (o0) ‘Fo ’

where ¥, describes the vacuum state. In view of

this equation, Egs. (31) - (34) take on the form

(34)

n(——id — <A, +iegy \<8 g 69

<'ST)' > =1n(x);
(10, —e <A, >+ies ><8W)> (36)
3Z —
+ m(m) = —in(x);
70 0 —a 0Z
(T&W“Uof""\<ﬁ> (37)
= iJ, (x) 11m Ty Xo
32 32
— = zZ5;
<[3n(x—s)8n(x)+ Sn(X)Sn(x—s)] i
2L aJ Z5v=0 (38)
with boundary condltlons
82 Z _ .82 _
< 3n(x) >:< 8n(x)>_< 8./}* >—-0 (383)
when
J=0; =0 =0
and with the condition that
14 32z
81 (x) 81 (&) | =0 =0 8J, (%) 8J, (%) |1=0,7=0

take on only positive frequencws xg > %g and
only negative frequencies for x ) <x;

Followmg Schwinger, we introduce the follow-
ing definitions:

) 52 ,
~187l(x,)<81)(x)> n=O=G(x’ x)
=i (P(b(x), P(x)
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3 87 )
8J w < L) ) Dy (%, x)

—l[P<A () Ay (x7) > — < Au (%) > <AV (X)) D)

G and D are the Green’s functions of the electron
and photon fields, respectively, From Egs. (35) -
(38) we obtain the following system of equations:

[Tu (—id, — e<A,>) + i, S_jﬂ

(39)

X G (X, x') + mG(x, x') — 8(x__xr);

[ta —e{A, (X)> + €57 (x)] (40)
x G (x, x)7,— mG (% *)
=—2 (x—x’);
0 0 o
(a:’a;: — D%v) CA > (41),
=J, + l’im Tr tu [_t; G(x, XY+ G (x',X))] ;
o 0 (42)

+BE§8J(:)TrTH[ G(x, x")+ G(x x)]
0
T)x_va\,:O.

Here G(x, x”) and D (x, x”) contain only posi-

tive frequencies for x> x4 and only negative fre-
quencies for x, <% at the point where x;, = %45

these functions are defined as the half sum of the
quantities for xo-= % L €.

We transform to the momentum representation, ob-
taining

B (X1, X3y -+« 5 Xn)

(43)
S exp {ipix;— ipexs —
y» P,) d4p1...d" A

(B=A, G, J, D).

From Egs. (39) - (43), we obtain the following
system of equations

(P +m)G(p, )
—e<{A(p—R)> G (hp)atk

_ 1
= oD
—ipx,} B(ps Py -

(44)
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; In what follows, it is - advantageous to ver to
5G (p + k. . , 8 g o
+ (2:,)4 STu (Z‘J—}_ ) P g = (p— po); another form of the equations obtained for the
g 45) Green’s function:
BECA, (R)) =, (R) ®+mG(p, p) “n
+ g T 4§ 1,0 (0 + &, p)dp) —ef CAp—r)>G(k, p)d
N (p, R)G (k, p)d*k =3(p— p,);
(k23,5 — ko) D (Ey £) (46) + S >_J(P )G (R, py) 8(p— p1)
_ G004 ) (ks — kyuky) A, (k) (48)
= 33 (B — ky) + —leqTr{ n——p—u}- - .
D+ g {) Y =S (k) + gz T {\1,G(p+ &, p)dip};
(B%u5 — Ruky) Diy (B, By) =00 (B —Ry) — S P.s (k, p) Dov(p, k1) d*p; (49)
where
2 3G k,k —
2(p’ kl) = (Z‘rf)“i ST” (;/:—(k) ) G (pb kl) d4p1d4k =
2
= —(2‘;',)4 7 S 1,0 (p + &, p) D\ (P1, kay ko) Dop (ks &) @*Rod*kd’pa; (50)
. 62 SG (P + k1 k) —
Pu (P, k1) = oy Tr {Tpgwd% } =
=t e {1 G+ k)T Ak hyd ke ) (51)
= a7 T (1,0 (0 + &, k) T (s, o, ) G (ks, B) d*hd*had?hs
\ ___GYp, k) i _ ¥k
Iu(p; k, kl)_ 88<Au(k1)> - Ay_o (P k kl) 88<AR (k1)> (52)
From this set of equations we can, in particular, n
obtain an infinite set of coupled equations by k+ Z Sigs Sigyys - - Sim-}—k) X [D(n—m—h)
means of successive differentiation of Egs. (47) - r=m-h41
(52) with respect to A#(k ). n
In the frequent case when the external sources X <k + r=m§+1 Si,» R, Simppyrr -+ Si,,) d‘k;

are absent (/ =0; 9 =0), this sytem of coupled
equations has the form4:

P+m+LPpRa(p) =1

(53)
(R0 — kuko) + Plo (R} Dby () = 1; (54
SL’;)’ R (p, pP— Z S,;, S1y ... ,Sn) (55)
m=1
X et SR
T @nti S'Tumzhizo G

X (p+k, p+k—zs,-,,...,sim)

r=1

m n
(p +k—D\Si, p—D)Sr

r=1 r=1

X 1 )
WimprVimpr

4 B. L. loffe, Compt. Rend., Acad. Sci., USSR 95, 761
(1954)

T(m

Po Bpeeebip

<p+k’ p—— Z Sm, k, sl-..Sn)(SG)

m==1

R (r+1)
= TuOn " m ppiey

3
><<p+k) P"‘Esm: k: S, ..

m=1

.,sm);

fo:.,g,, (17, pP— 2 Sry S1--- Sn) (57

r=1
2 *

3 (m) J— . .

Z Gllil'..l"'im (p’ P ZSI” Sll ot Sim)

m=0 .

m
(n—m—1) —_— .

X Vit 1%ip (P éslr’

n n
P— 2S5 Sipyy - - s,~n> G® (p—— x S;) ;

r=1
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=—2*D‘”‘)

Bigees By

Z Siy P—

(n—m)
X Ppwim—l—l"’wn (
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n
o . (p, p— Z Sry Sp. .. s,,) A (58)
r=1
(p’ p— V S’r’ Sil .. .Sim)
n—l
n
;_Jl Srr Sipiq - - -,,) D© (p —;:]1 Sr) ;
Sin) = (59)

psgzll.,.pn (p’ b— Zsin, Sy

= 1(211:)4 Tr {SYV Z G P‘:,,, (p+k p+k—2 Si, Siy -

R
X Fé#)i

X Gy, mirt1 <k + Z

r=m-h-{-1

where 2 f(s ) denotes that all the variables i

=1
take on values from r=1to r =m, but such that
ll?lr%. . .=/:lm.

In drawing up such a program of renormalization,

we transform to new variables G, D;w’ F’L A;i,
”L’ e iy ¢ 77' which are related to the
former variables in the following way:

g , DM .

G’ = N =
zZ5 D= (60)
I, = Z,Ty;
, <A , ¢y
AN = B2 . —
< N > Z;/l ’ (‘P Z;/s ’

2y =2y Je=23,.

The renormalization reduces to a choice of
definite values for the constants Z, Z,, Z 4 and
to the substitution for m and e the experimentally
observed values for these quantities. This leads
to the impositon of the following conditions on the
solution of the renormalized equations in the ab-
sence of external sources (/ =0, 7 =0).

1) The Green’s function for the electron must
have a first order pole at the momentum p=-m__,
where ™ e o is the experimental value of the elec-
tronic mass. The constant Z, must be so chosen
that it would follow from the equation for G’ that

S,'m)

r=1

n n n
e Fiman (p +k— Z Si,, B+ Z Sipy P— Z Srs Sigyy - sz,,,+h>
r=1 r=1 r=1

Sin) d4k,

p—>—men. (61)

Si, k, Siﬂl+k+1 oo

(p)—;p——’:—in— , when

2) The Green’s functlon of the photon has a
pole for momentum k% = 0. The constant Z3 is so
chosen that it would follow from the equation for
G’ that

Dy, (B)y—=1/k  for (E)= (62)

3) It follows fro'x\n the relativistic invariance of
the theory that for p =p, =—m___ the quantity

e xp
F#(po, pO, 0) is proportional to Y-
We choosethe constantZ | so that it would fol-
low from the equation for I that
' (p, p% 0)=1,. (63)
For these condltlons it is not difficult to prove
that e "= Z~ Z Z e is equal to the experimental

charge e - Actually, let us consider any ex-

periment with whose help the value of the electric
charge is determined (for example, the scattering
of eléctrons of small momenta). This process is
described, to a first approximation, by the excita-
tion theory diagram cited. The matrix element in
this approximation can be written in the form
2 (1)*(0))*(0)~
e (pl( )(pz(o)‘HD(o)Tvd)(o)(Pm)) (64)
Calculaion of the radiation corrections reduces
to the replacement of the zeroth approximation
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M
tion corrections to them,
i.e., ¥, F# and D#V, re-
spectively. However, as follows from Eqgs. (60) -
(63), for such momenta of the electrons, when they
are almost free (- p ~m, ) and quanta of low
energy are exchanged ( the momentum of the pho-
tons k£ ~ 0), consideration of the radiation correc-

account taken of the radia-

E. S. FRADKIN

tions does not change the type of matrix element of
the zeroth approx1mat10n, but only leads toa re-
placingof e by e’ =27 Z 7% 3 €in Eq. (64) in the exact

matrix element &, Companng the predictions of

" the theory with experiment, we determine the ex-

perimental value of the charge which appears in
front of the brackets of the form (64) inthe exact
matrix element, and this constant is e ’,-as we have shown *.

From Eqgs. (47) - (52) and (60), we obtain the

following system of equations:

Zy(p+m) G (p, P — eaxp Z2\ <A (p— h)> C' (&, 1) d'k

+{ X0 G (k, p)d'k =3 (p— p);
Zy {1 — Rk} <AL (R)) = T (1) +

Zy (B0, — k) Diy (ks ) + P (b, p) Di (s k) = (k= B') B

‘)

Pio(ps k) = g ZoTe (1,67 (p -+ by k) T\ (R, sy R

X G' (ks, k) d*ky dky dk;

S, k)=

F.:» (p, ky k) =Zy1d3(p—Fk — ky) —

The constantsZ }» Z,, Z 4 are determined from the
conditions (61) ~ (63). To find them, it is appropri-

ate to write down the set (65) - (70) for the case
7=0,J=0:

[ZG+m+Swa@m=1 @
[Zs (E%B4o — kyko) + Pio (B)] D (B) = 8y (72
2exp, (73)

S (p)=

x 2,§1,0' (0 + BT (2 + &, £, B) Doy () d';

2m)4

, 2
Po(p) = gz Zs (74)

X Tr {S TPG'(P-l‘k)I‘V(p—f-k, k, P)G(k)d"‘k};

Cu(p+ k& p, k) (75)
=Z%n— ZS) (p+ &, p, k) and so on,

22
— 221G (pt by PO (P fr, o) Dl (k)b i

+mgyn

(65)
(z,r)i 2 Z T [{ G (p+ &, p)A'ph; (66)
(67)
(68)
(69)
5% (p, #)
Se Ly <A, (B> (70)
where SO _ s .
L T seexp—_—<A;¢> for J=0. (76
From Eq. {71) we have
1
a' = - (77
P =TT o

When - p - My yor expanding 2"(p) in a series in b

we get .

G (P-5om e 79)

1
Zy (p+m)+ L' (p0) +

—

ox (p%
“—‘a%—)(l)-l-m.e,q,)

* It is a reflection of this fact that in the renormal-
ized equations (see below) for the almost free elec-
trons (- = m, ) in the interaction with low energy
quanta ( momentum k = 0), there is no radiation cor-
rection. As a coupling constant in these equations, we
have not e but e’; to which, consequently, it is neces-
sary to add the value of the experimental charge.
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On the other hand, in accord with Eq. (61) this
same quantity must equal 1/(';; +Mmeys ), whence
we obtain

Y (po oL (po
m=mm——z(—f—); Zz=l——aﬁf,—”)- (79)

Analogously, it follows from Egs. (62) and (72)
that*

2P, (&

Zg = ]. —_ lhﬂp( )

(80
2 or%0k (80)

ko—p.

0P, (k)

=1 =@

(R0)2=0

Here we have considered the circumstance that 1)
le(ko) is equal to zero (the proper mass of the
photon) from the gradient invariance of the theory ;
2) from the law of conservation of the Dirac cur-
rent and the gradient invariance, P;w (k) = B %2

X (szFV ~k#kv), where B(%2) is some function of
the square of the momentum and therefore the first
term of the expansion in powers of k is equal to
zero for £ = 0.

Finally, from Egs. (75) and (63), we get
(1)
Zity =Tt 2; ®°, r° 0); (81a)

(81b)
Zy= 142230, p0, 0),

Substituting Eqs. (79) - (81) in the infinite set
of coupled equations (53) - (59), we, get the fol-
lowing set of renormalized coupled equations
(we omit the primes ):

[P+ Mexp + &7 (D] G (p) = 1; (82)
[£28,0 — kuko + PP ] Dey. = 1; (83)
&9 (p) = O (p) — £ (p0) (84)
d (0) 0 A
— _E_aé._op.)_ (p —_ mexp) |—i’°‘m}exp ’
(0) 0P *)
plpp (k) = P&w (k) — ptw (O) — ke 0kg " (85)
1 oP,,
bk ;
2 T R00RY | ey
TP+ &, p, k) =1, (86)

-

* In Eq. (78) the summation is not carried out over the
repeated indices p.

— W (p+k, p, k) + =0 (po, po, 0);

Doa (PP D 5wsi-5) e

m =1
el T
=z, Y@ (p+rpt+k
m, k==0
_ Zl St Siy .- sim) X I“(,ﬁz.mﬂ
'"Him—i—h(p + k—zlsir’ pP—= Zsir’
r= r=0

n

k+ Z Sips Sigpyq S;m+h)>< Dg\',—m_k)
r=m-+h+1

n
X(k T D SR Sip Si,,) d'k;

r=m--n--1

n
Dot (P s P— 3 Sms By 5n)  (89)

m=1

= tdn =), (P+h P

= 3 s £ s 52) 4 0 (o1, o, 0)

me==]
() :
Gp,...u,, (p, P - Z Sr, Sl . e e Sn) (89)
r=1
n ) n
* m
= 2 Gwl._,pim( y D — 2 Sgr, Siyov e Sim)
m=0 r=1
(n—m+-1) o
X P”im—}-f"*""n (p—— 2 i,
r=1
n n
p’—z Sr, Sim_*_1 .. .Sin)G(l) (p—z s,.);
r=1 r—1

DEeeovn (P 20— D 51,5, -sn) (90)
r=1

—_ Z*Dpil...pim (p: P — ﬁ Sis Siye .- Sim)

r==1
(nmmm1) m

X vapim+1...pin (p — 2 Sipy
r=1

p— Zﬂ Sty Sigy - Sin) D® (p—j sr);

r=1 r=1
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n e‘dexp
Pg;l;);., TN (p, — Z Sips S1. - Sn) (91) Zl =1+ 4(27;)41 (92)
2 x (1,1, 1670+ BT (59 + k; §° + &, 0)
(2.,.5)4[ Zl Sp { S 2 G (p + k . . . . ©
®m, k=0 X G(O) (Po -+ kO) Fg (p° + k, Po, k)Dpv (k)
prh—Sss...s,) +Go 0+ )
=1 T (p° + K, p°, &, 0)DY) (k)] dik.
X I‘\('?,),l+1...uim+h (1’ + R— Z Si, Substituting the quantities Z , Z,,Z, in Eqgs. (65)-
r=1

(70), we obtain the set of renormalized equations

. - , produced in reference 2.
E+ D) Sip P X Sr Sty 'S'n)

For the effective exclusion of overlapping in-

r=mthtt =t finities of Z,, it is necessary to express l—'#,
—m—h) ; . '
e Ggmzk_l_l...p;” (k G/ 8p“ and D"/ aku by the corresponding
(uncited) graph (the role of the cited graphs is
< that they reduce th which enter in the uncited
+ 2 Sipy R Simtrt sin) d4k}' : h N ~ )“c; ° }’“ ity al fe cti
ki1 graph to Il‘ ; the very automaticity also effectively

leads to the exclusion of the overlapping infini-

ties. In this case we introduce the following
quantities *

From Egs. (81) - (91), we obtain the following
equation for Z*

e? 3
(p, N I pl; Sl) 2“.)41 S /A (S) (93)

) 3
X 1G(p, BTy (k, 2oy ) Do (o, 51 it — g (s — T

X [G (p’ k) FV (k’ klv ) vA (k2, Sl)](J)R(J) (kla kal[’p S) d4k d4k1d4k2 d4k3;

Ka(p,p—k k)=— jf)% o, [G (D)L (P, k) Din (R)] (94)
+ o7V [G(PTe (p, =) G (P + £DTu(p + for, B) + G (D) TR (p, k—h))]
X Dy)\ (k) Kup (P + kl - k, kl: p— k))
Vu(p + ks 1) = 55 (G (0 + O Ta(p + &, B)] (95)

—[G@+OT(p+ - —k)G(p+ k+ —)T (P + £+ Ry )
+G(p+RTR (p+ ky ky, —k2)] Dia(R) Yau (b + p, ka) doky.

The set of renormalized equations then takes the

The A — Ta(po, —R) Koy (Do + &, k, po)} d*k;
o ©o) oD (k)
o =+ (Oup, —8) Kin (o 1 £, £, ) o~ o

OIL, (ko)
+ 2 {0 (B) — Ty (ko) — oo g i)
* Formally, in the braSkets in Eq (92), we must
t ll dd t °+k, k
st a (;:n: gr)m (i (3" + WxIy (p Por k) * Here and below the symbol J denotes that the given
owever, as was shown in the Ap- quantity is taken for the presence of external photon

sources ; if this symbol is absent, this means that J=0.

pendlx, this term is equal to zero.
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Ffuj) (P15 Py P3) = 168 (P — po — Ps)

(99)
o S {ng) (P18, —81) RU) (8, $1|p2s p3)-
— o (Poy S, —S2) Ria (8, 81lpa, 0)} d%s dsy;
1 ~
O, (k) = 3 Tr {5 Ia(p, —k) (99)
XYVw(p+k k) d‘*p} :
where
k. k kR
Dy, (k) = (aw — “)D (k%) + i (k?), (100)
Here G™X(p) and D~X(k) satisfy the following
boundary conditions :
(Po—m)G (po)=1, ED(k)=1. (101

Choosing the set of equations (73) - (76) along un-
cned graphs ( of the same order in charge ) for
H aG1(p)/ ap we obtain a complete set of

renormalized equatlons

APPENDIX

a) By way of an example of reduction with func-
tional derivatives, we consider thesolution of the
set of Egs. (25), (26) in the absence of interaction.
Averaging these equations over all states and
transforming to the momentum representation, we
get

(p+m)

3<¢{S(@)> ~

8<{S(0)>

S = 1) < S (20)>

(A1)

Sn(p) P+ m)=—in(p)<{S(x)>;
0 %:umsw))

The boundary conditions for / =0, 5 = 0 have the
form

T =i () A2
%;L =—ily(p)>;
L = A,

It follows from Egs. (A1) and (A2) that

(S =expi{ {1 =—n(m) ay
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5 I ()~ L) +IP) AP
+ <)1) + 1) <o (P )]

In particular, when an average is taken over the
vacuum-vacuum states, in accordance with Eq.
(38a) we get

(3, S (22)Fo) = exp i { {17) ==—1(P) (a9

+ 2 ) L, (p)}d4]

Finding a solution for S does not present much dif-
ficulty, even in the case of the presence of inter-
action. The solution is carried out by means of the
theory of excitation, assuming a solution in a
power series in the charge. In this case, Eq. (A4)
plays the role of the zeroth approximation.

b) The Theory of Ferry. In terms of the func-
tional derivatives with respect to < 4, >, the
theorem of Ferry can be formulated in the following
manner: in the absence of external sources
(J =0, 7 =0), the odd functional derivatives with
respect to <A, > from the Green’s function of the
photons D#V are equal to zero. In fact, taking into
account the charge symmetry of the theory, as is
not difficult to show, the polarization operator
PV#,[ see Eq. (51)]can be written in the form:

Pu (p, k1) (A5)

2

- _. £ )
T 2emp Sp {7‘* SW [G(p+ &, k)

— G+ Bl d'p.

where G is the Green’s fynction of the charge-
coupled equation. Here G is defined by an equa-
tion analogous to the equation for G [ see Eq. (47)]
only with this difference, that the charges e are
taken with opposite sign. If we take the solution
for G in the form of a functional series in<4 >:

M
G(p, k)= i Se"G,S[,‘?..y.,, (P, kyS1...8:) (A6)
)<<A,L(s:)=>0. KAy, (8a) >dlsy . . . d%sn,
then the solution for G (p, k) will have the form
G(p, k) = S‘, (=G, (2, B, 51. - - 52) (A7)
X (A4, (':)0>... (A, (Sn)>ds,y. .. d%,.
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From Egs. (A5), (A6) and (A7) (and taking into are equal to zero for J = 0.
account that for / =0, 7 =0), we find that the odd
functional derivatives of PFV with respect to <A#>

Translated by R. T. Beyer
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