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On the basis of the dynamical theory of scattering of electrons in crystals when two 
intense beams are present, a formula is obtained for the intensity of symmetrically scat­
tered beams of fast electrons. The scattering of convergent beams is considered. 

T HE kiinematical theory of electron scattering in 
crystals enables us, in most cases, to 

calculate the directions and intensities of the dif­
fracted beams sufficiently accurately, while 
neglecting the energy loss of the initial beam 
which is associated with the formation of the 
scattered waves. However, for scattering blocks 
whose linear dimensions are of order 10- 5 cm 1, a 
more thorough consideration of the processes con­
nected with the motion of electrons in the periodic 
crystalline field becomes necessary. 

The dynamical theory, which is the next approxi­
mation to the solution of the problem, leads to an 
infinite system of linear equations for the Fourier 
coefficients of the wave function describing the 
electron state. The simplest solution, which is 
also the one most suitable for comparison with 
experiment, is obtained for the case when two 
waves - the incident and one of the scattered 
waves -have high intensity. It has been shown2 
to be possible in principle to use this solution in 
the case of symmetrical scattering for a problem 
with a greater number of beams. This solution was 
not used in later work, although symmetrical 
scattering was observed in experiment 3. 

1. In reference 2 it was shown that crystal sym­
metry shows itself in the equality of corresponding 
coefficients in the Fourier expansion of the inter­
nal crystalline potential: v = v , , where g and 

g g 

g' are reciprocal lattice vectors related by a sym­
metry transformation. This results in the equality 
of the dynamical potentials for symmetrically 
scattered beams, and this in turn results in the 
equality of all the amplitudes of symmetrically 
scattered waves, if the initial ray is directed along 
the crystal symmetry axis. Starting from this, one 
obtains a system of equations completely similar 
in form to the equations for the case of two scat­
tered beams 
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'Po (x2 - k~- V11)- V12h = 0, (l) 

-- 'Po v12 + (x2 - k~- v22) 'fh = 0; 

eXC(~pt that here the dynamical potentials Vik and 
the amplitude t/J h have different meanings: 

(2) 

ll 

v~2 = ~ v~~. 
j=l 

where the indices i and j designate the numbering 
of the symmetrically scattered beams. 

The total intensity I h of all the scattered beams 
is expressed in the same way as the intensity of 
the single scattered beam in the problem with two 
beams. The intensity of each of the symmetrically 
scattered beams is I h / n. 

Using the solution for two beams 1 , with the ap­
propriate values of the dynamical potentials, we 
have from Eq. (2) 

v{., 
'"h"- ·]Jh -r ' - • x cos .&h 

where 

sin (1' 2 H Vp) 
Yp 

(3) 

( vn <:i ~1v~~ ')
2 

) 
p= ' +--- (4 2x cos .&hi cos .&hi 2x cos .&hi 

We give the pendulum solution forfast electrons. 
In this case the (. can he expressed as follows: 

' 
~ C = x (&i- &0) sin 2&0 , (5) 

where is the angle corresponding to the center 
of the rggion of selective reflection. 

Evaluation of the maximum value of the 
dynamical potential 
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Vu= --­
x2-k2 

g g 
(6) 
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for an accelerating voltage E = 40 k V, using the 
Fourier coefficients v for nickel which were 
calculated in referenc~ 2, gives 

Vu max = 0.08 .A-2 • 

In the dynamical potentials Vik (i f k), th~ 
most important terms are the vh. , whose maximum 

0 J 
value can be"' 4A-2 • Thus we can neglect the 
quantity ~ 1 and the second term in ~k 

compared to vh . In this approximation, 
j 

(7) 

(8) 

Taking into account the smallness of the angle 
{} in electron diffraction, we obtain 

P = [X (&i- &o) Sill 2&0 + ;X ~ Vhi-hjr 

nv_h; 
+ ----;.z-· 

(9) 

The intensity of a single scattered beam, for sym­
metrical scattering in the approximation for fast 
electrons, is the pendulum solution 

V_~z. sin2{1/2Hx v [ (&-&o) sin2&o + (~Vhi-hj)j2x2r+ nvx~hj} 
l1z = lo __ 4_J_ ----::-------------_.:.._1 -.,.---------- (10) 

x [<.a-- -1}0) sin 2-l}o + (~ v 11i-h;) 1 zx2r + nv2 -~z;l x' 

] --------------------------------------
We apply the result to a calculation of the 

integral reflections of the scattered beams for 
dynamical scattering from a mosaic layer. It was 
shown in reference 3 that the integral reflections 
are proportional to the intensities. Noting that 
there is a symmetric wave field in each block of 
the mosaic, we can estimate the value of the angle 
integral using the interference conditions, which 
are much simpler than the dynamical theory 3 • The 
calculation shows that approximately half of the 
blocks take part in the formation of each inter­
ference maximum. 

To calculate the integral reflection, we must 
average /h over the thickness H of the crystal 

(11) 

( 12) 
-oo 

- 0 c h W ••v I "'1 v-,! 00~ d'v.r lo· -·hl<l (1 3) 
I int. = 2nw 2&0x2 1 + W2 - w 4:v.2-1}0 V n ' 
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where 
x2(&--1}0)sin2-1}0+ 1f. ~ v1 1 w = -~ li-lj 

V~z. Vn 
] 

(14) 

Here, as compared with the formula for 
integral reflection in the problem with two beams, 
there appears the factor 1/ y n , where n is the 
order of the symmetry axis. 

2. The solution (lO) which we have obtained 
can be extended to the case of a convergent beam, 
as was done in reference 4. The axis of the beam 
must coincide with the direction of the axis of 
symmetry of the crystal. 

Minimum intensity will occur for 

(15) 

From this we obtain, after transformation, 

l ~v v . 2 ] i hi-hi m- nv -!L. 

= d hhl 4w.l. + . H2 - 4rt2xi • 

(16) 

Equation (16) is applicable for m > llv h. ,fit /2TTK· 
I 

The width of the interference band turns out to be 

nmin _ nmin 1 lrJ// (m + 1)2 m_12 

"m+I 'ITm = -;- dhhl -hj 
-- ff2 - 4r.2;c2 

4 C. H. Mac Gillavry, Physica 7, 329 (1940) 
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different from the case of two beams. This is caused by 
the interaction of several beams. Our calculation was 
made for symmetrical scattering, but it can serve as the 
basis for the qualitative conclusion that in asymmetrical 
scattering, if the wave field contains several 
strong beams, the width of the interference band 
will differ from its value in the case of two beams 
because of the interaction of the electron beams. 
In this way we can explain the disagreement of 
Ackerman's results5 with the theoretical values; 
in these experiments on scattering from Pbl2 and 
mica, there was a very complicated wave field 

5 I. Ackerman, Ann. Physik 2, 19,41 (1948) 

while the theoretical calculations were made with 
the formula for two beams. 

The case of symmetrical scattering can easily 
be realized experimentally, so our solution can 
be used practically for the calculation of the 
structure factor from the geometry of electron dif­
fraction patterns by the method proposed b~ 
Mac Gillavry 4 , and also for other calculatiOns. 

In conclus ion,we express our gratitude to Prof. 
Z. G. Pinsker £or discussion of the problem and 
valuable advice. 

Translated by M. Hamermesh 
123 


