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The energy of interaction of the positronium atom with external electric and magnetic
fields is calculated up to terms of order v2 / ¢2. The splitting of the spectral lines of the
positronium atom in weak and strong electric and magnetic fields is investigated.

1. INTRODUCTION

N the passage of positrons through matter, the
Iformation of a metastable compound of an

atomic type is possible, in addition to the proces-
ses of scattering and annihilation'"5. The simplest
such atomic system is positronium. Recently,
positronium has been observed experimentally -7
while the fine structure of the lowest energy level
has also been investigated in some detail 8-9.

As was shown in references 1 and 10, a number
of effects can be investigated for the positronium
atom within the framework of the Pauli approxima-
tion for the wave functions, with inclusion of terms
of the order of v2 /2, The present work is con-
cerned with the study of some properties of the
positronium atom in constant external magnetic and
electric fields (both strong and weak), with the
same order of accuracy (to v“/¢). To these
limits of accuracy, the results obtained with the
aid of the equation for coupled states' !, agree
with the results obtained by the much simpler
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methods used below (in this connection, see also
reference 12).

The positronium atom is a metastable system. It
can decay either into three gamma rays ( ortho-
posu;romum) or into two gamma rays ( para-
positronium )25, Investigation of the annihilation
radiation (anmhllation spectrum), along with a
study of the spontaneous radiation (optical spec-
trum), can play an additional role in the study of
the distribution of the energy levels of the system.
As will be shown below, the external field changes
the spectrum of the decay times which are related
to the individual energy levels.

We begin by finding the interaction energy of the
positronium atom with an external electromagnetic
field. Then we shall consider the energy spec-
trum of the positronium atom in weak and strong
external fields ( magnetic and electric).

2. THE INTERACTION ENERGY OF POSITRONIUM
WITH AN-EXTERNAL FIELD

In calculating the interaction energy in the
presence of an external electromagnetic field, it
is necessary to divide the scalar and vector
potentials into the internal potentials @, 9,
which describe the interaction processes of the

electron and positron, and the potentials @,

which grise from the external electric and mag-
netic fields. Then the total potentials will be
given by

&
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i

(2)

In a similar way, the energy of the system can
be written in the form

12y, N Tsytovich, J. Exper. Theoret. Phys. USSR
28, 113 (1955); Soviet Phys. 1, 163 (1955)
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V= Vi + Vi + Vi, 9
where L

V, = — eS o+ (@, — ad,) dd?x,
) (4)

Viin = \ 07 (cpe + pymc?) dd3x,
ki S*P (cpo + psme?) & 5

'!l) — C”e—ifknf d‘)”.

2 ©

The interaction energy V, for positronium is

given, for example, by Sokolov and Tsytovichl-
From the permutation relations for C,, it follows

that

Ve= _e;Cr:Cn n, ny (7)

- where

Ve n = S Yo (D, — ;(f)e) Y, d3x ®

with analogous relations for V,, . We obtain the

energy of interaction with the external field by
subtracting the energy of the vacuum in the ex-
ternal field from the energy V, possessed by the
electron and positron.

Quantities pertaining to the electron and the
positron will be denoted by the indices 1 and 2,
respectively. Wave functions which describe
the motion of tke electron correspond to positive
energy, and those describing the motion of the
positron to negative energy. Instead of taking
electronic functions of negative energy for
describing the motion of the positron, we make
the transition to positron functions of positive
energy by the scheme discussed in reference 1.
In this case we have

©

S y* o
Y-e, -EAY -, -E—>Y+e, E%3Y1e, Fy
s ) . - 10
Y-e,, EXY -, E — Y—e, E4Y-¢, E,s (10)

Yo £8P -6, E—>— Ve EPs2VreE,  (11)

N N
Vi EpsY e E— Ve EOnY-e .

(12)
Finally, the following equation is obtained:

{E — CP1%; — fgymct — cpz;2 (13)
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+e (P, — oc1(51) —e(Py — ;-2&'2)} v =0,

which is valid only for computation of effects of
the order v?/c? inclusively. In this approxima-
tion, we can make the transition from the 16
component wave function

) — (‘Pu '?12) (14)

P21 P22

\J ni
onn — D31, Vs e %33 Vs
Po1 = | | v T = | X ’
a1, Vg P43, Yaa

to a four component one by expressing the small
components ¢, ., ¢, 1, ¢, in terms of the larger
¢,,- We note that in Eq. (13), we put the Breit

part of the interaction U® in a form employed by
Arakil3, This form can also be written as

2 - - A - .
U= 9] [ — g [5a9), 9] 5 09)

mc 2mc 2

h]—-}—» -> -

etrp -~ r
+5 [735 +50 5] VJ[%V] 5>

and we obtain the exchange interaction U® as!*

U — = e*h? 3 +-t;1;2 o (16)
=T oma g o (D)
Here
r=r;—r,, =|r|.
Moreover, the normalizing condition must be
satisfied:
51 n -+ ~+
S(‘Pu Y11 1 0122 + @21 V21 17

+ 3y A3y —
+ ga %) dPx,d X, =1.

13
Araki, Progr. Theor. Phys. 6, 379 (1951)

'4V. B. Berestetskii and L. D. Landau, J. Exper.
Theoret. Phys. USSR 19, 673 (1949)
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We therefore introduce the normalized four com-
ponent function Y , related t o, by the equation

n »; (18)
tu=(1— gt — Foiw ) &
Bearing in mind that
Vo = SSpur Y Ubpd®x,d°x,, (19)

we obtain the following formulas for the transition
to the four component wave function x:

Y (e po, + ogmet — mc?) Y (20)
Pi Pi e? =
+( -~ __ TR L 2 .
X (Zm 8mdc?  2mc? (Dh ) L
* (2, D,)Y (21)

ey > o ho > \&)k
—>x+{<P‘h+T‘Dh+gV;¢ —r7[3h\7h])',;,?})(3
Wiy @
x‘{*(I)k".) — oyt {(I)k -+ —8§léc_—,—h (22)

n — —_
T hm2ct Sk [p}: Vk] (Dh} X

Here

k=1, 2;

61:—6226.

P, an_(.l P, operate only on the wave function ¥,

zlnd V, and V, only on the potentials ®,, @,, 51,
)

g

From Eqgs. (20), (21) and (22), we obtain the
energy of interaction (and also the kinetic energy)
of the electron and positron in the presence of an
external field, with accuracy to terms of order
v2/c?:

(p,+ %3,V
s ) . (23)
- 2m 2m
1 4
Py Py
T Bmece | 8mPcE e®; + eD,

eh - eh - -
T o Cili— oy} + Gt V12 [5:1p4]
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The Breit part of the energy VB, and the exchange
energy V° which determines the fine structure in
the absence of field, were found earlier by

Berestetskii and Landaul4: (24)

e

N 1 (- >
VB = 4mpgd (r) + Sme Mo {51 [rps] — 3 [rp‘z]}

XXy Py Pon \
r J

2 1
+ oo PP+

1 (- -
- ;eg ) 7{52 [rps] — o, [rp2]}

o - -
+ po {-32 (6192) 3 (r) + 3(61r)(62r,)5 o102 } ;

34 6105 o (25)
VO = dmpd 251925 (r).
Here p, = e%i/2mc and ;1 and ;2 are the double
row matrices of Pauli; in Eqs. (23), (24) and (25),
p; act both on the wave function ¥, and on the

potential @.

3. THE ENERGY SPECTRUM OF POSITRONIUM IN A
WEAK MAGNETIC FIELD

In the presence of a constant external mag-
netic field H = H_ = const, the energy of interac-

tion of positronium with the external magnetic

field can be obtained for Eq. (23)

ehH
2mc

212
U = G (51, — 50) + o (2 + 7). 29)

In a weak magnetic field (”0 H < «2e? /ry) the

second term of Eq. (26) is negligibly small
(< «te?/ r,) in comparison with the first. There-

fore, it is sufficient in computing the energy spec-
trum in this case to find the various matrix ele-
ments of the energy:

ehH
Ime (312 — 53z).

27

Uy =

With the help of the wave functions found in the
absence of field, for example, in reference 1, we

, k
have™ i Vh= ve— vi= v2

* Here and below, indices are used (see reference 1,
A. A. Sokolov and V. N. Tsytovich, J. Exper. Theoret.
Phys. USSR 24, 253 (1953)l.
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b T .
Va= 2p,H l/l(TijT)(l — 1), (29)
VE= 9 H — (1 —3y),
kel Sy (%) (30)
d (+ 1)F—m?
Va = Q}LOH mm . (31)
The matrix elements (29), (30) and (31) are
e = !
4 A41)
o (1—38,)
=gy 8(z+ )

where ¢ pertains to the para-state and ¢! to the
ortho-state *. Here
Rh = me*| 2k, « = ¢* /. (34)

Solving the corresponding secular equations
with the aid of the matrix elements of Eqgs. (29) -
(33), we can find the energy spectrum:

1. [ =0. Here the wave functions of the ortho-
state with m =+ 1 are not distorted (for I =0, we
have only solutions of the form d), while the
wave functions of the ortho-state with m =0 are
distorted, whence (see also reference 10):

f=— 24—1/( )

and the energy is found with the help of Eq. (32).
In weak fields we have the quadratic effect:

(35)

(0

P-OH’l"
z‘(hocz ) ’

SOI{ p— 80 J— 1_2 (“0Hn8>2 (36)
7 \ Rha? )

JA 1 12 fuoHn3 \2

¢ o=t —7—<ﬁRm2> : 37)

* It was noted by Berestetskii [e.g., see reference 10,
V. B. Berestetskii, J. Exper. Theoret. Phys. USSR 19,
1130 (1949)] that for n > 3, it is necessary to consider
the nondlagonal matrix elements of the form V"l }
3)1+1. As calculation shows,(r 3)": i+l

n, j-
=0, and therefore the validity of Eq. (33) is not
limited by the condition n <4.

=const (7
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taken for identical values of the quantum numbers
m, n, | in the initial and final states.

The matrix elements of the fine structure (en-
ergy UP + U°) are determined by the formula (see

reference 1):

E——Rt 4 AF, (32)
Rh (102 _{%ﬁ_
AE =g (g + %)
for state a (33)

[— f
| 1+ 1) or state b

3 —1
{ I(ZI—1 fOl' state c
1 314
(

TEh & +3) for state d

2. [ # 0. The Matrix elements (29), (30) and
(31) distort the wave functions of the ortho- and
para- states. The allowed vlaues of m for a
given [ for the para-state are m =0, +1, .
t 1. Therefore, the ortho-states with m which do
not fall into this interval in a weak magnetic
field are not distorted (¢' ¥ = ¢'). For the states
with m falling in this interval, we have

OFF 0 2uoHn® \2
& = ——< Rha? )

(38)

(1 + 1) {(T2 + Tl —3) — m? (9B + 9 — 3)} |
X GBIt 4) (30—1) ’

. <2H0Hﬂ3

2 21
Rho? > — (12 —m2); 39

Y= — (B @ Dmy

so = es R (40)
1H 2uHn® \2 2/ + 3
i =i (B A {1 1 — w3, )

where ¢} # (as also e;) does not exist for |m|=l.

4. THE ENERGY SPECTRUM OF POSITRONIUM IN A
STRONG MAGNETIC FIELD

We can now consider the case of strong flelds,
for which o [1 > x“e /r and also #OH <e /r In

th}lls case, it is necessary to consider the energy
U7 exactly, while the energy
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H_ e .,
U2 = fopi 11 (2 + ) “2)

can be regarded as a perturbation.

First, we consider the field for which the en-
ergy of Eq. (42) is small in comparison with the fine
structure. We find the wave functions of positron-
ium, considering the energy Ufll.

The eigenfunctions of the commuting operators

Ay (%j —5; + 1o (012 — 322)) $=£9, 43)

l

h h
=10l + 5o, + 5o, =tmy, @)
My=(rpP) o =R+ 10, 45)
13 h
S1z2 = 5 91z Saz = 5 Oaz, (46)
have the form
ym—1 47)
‘PI= Nl,m—l < IO 8) Rn,l,
ol 0"
b = Ni, m (O 0 ) Rn, I (48)
" 0 0 49)
dl) =NI,M(YZH 0) Rll,l)
IV 0 o0
v =N, m1 (O Y[m-{-l) R, 1. (50)
Here _ 20 4+1 1 m’
Nim = m G mya—mye =Y
and Rn , are written in the notation of reference 1.

,
The corresponding energy values are

Ey=-%t. (51)
E= Rt 4 ouH, (52)
E =R _ouH, (53)
E = — §—,,’% : (54)

T.N. TSYTOVICH

States I, IV correspond to spin projections di-
rected along the z axis. The magnetic moments in
these states are oppositely directed, and hence
these states do not interact with the magnetic
field. In states II and III, on the other hand, the
magnetic moments are parallel ( spins anti-parallel),
and, corresponding to this case, the coefficient 2
appears in Egs. (52) and (53).

It is easy to see that, in spite of the fact that the
expressions for the energy (52), (53) depend lin-
early on the field, linear splittings will not be ob-
served in the optical spectra. From Egs. (47)-(50),
it follows that the optical transitions between
levels (51), (52), (53) and (54) are forbidden. Thus,
in a strong magnetic field the linear Zeeman ef-
fect will not be observed in the optical spectra.
The role of the magnetic field in the approximation
under consideration reduces to a shifting of the
levels which do not appear in the optical spectrum.

The spectrum of positronium in a strong mag-
netic field is, if we do not consider the fine struc-

ture, the usual _spectrum of the hgdrogenlike atom
(T = 2% %/me?). However, the fine structure of the

spectrum will be different than in the absence of
the field, since the magnetic field changes the
eigenfunctions of the stationary states [Eqs. (47)-
(50) 1. These functions are classified according to
the values of the projection of the electron and
positron spins in the direction of the magnetic
field. In the computation of the matrix elements of
the energy of the fine structure [ Eqs. (24) and

(25) ] with the aid of the wave functions I, II, III
and IV, it should be recalled that the statesI and IV
are degenerate.

We obtain the same values of the matrix ele-
ments for the energy which contains the correction
for the dependence of mass on velocity (see refer-
ences 1 and 14), and the energy which describes
the Breit correction, as in the absence of the
field (see references 1 and 10). The matrix ele-
ments of the energy of spin-orbit interaction

V, = Hop s s (55)
s = 20 1Pl (5 +3)
have the form

Rh 302 1—3, (56)

ST M I [T ) S (m—9),

where s characterizes the magnitude of the pro-
jection of the total spin in the direction of the
magnetic field, and is given by
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(57) General formulas for the fine structure can also
' be obtained. From the invariance of the energy
(24), (25) relative to changes of sign of the
charge (electron changed to positron and vice
versa ) it follows that the fine structure of the
two states of opposite directions of the projec-
tions is the same. We obtain the formula for the
fine structure in the form

1 for state I,
s = 0 for states Il and III
~1 for state IV

The diagonal matrix elements of the energy of spin-
spin interaction

V, =l {%na (1) (Gro)+ 3(o4r) (0'21')’5 — (0,6,) ;2} (58),
E = E° 4+ AE. (65)

have the form

Here E° is defined by Eqgs. (51)-(54), and

h 2
Ey= 22 (05 — 1) o (59)
AE = Rh (11a? o? (66)
= {ten T o)
_@es =)l —3,) [1 _ il_:ﬁn:_s)E]}
8n(+1)(+Y2) U+ 3) 2 1=11h) where
Moreover, for [ >0, it is necessary to consider the g0 = 0pp ! : ©7)

nondiagonal elements (58) (for the degenerate BESA t3 E Y ESAYETS,
states I, IV) (V )w— __ Rh3a®
4l = 7 2n%16n 3 (B—m?) (1 — 3§,
(60) x \I—3 TU—17y) ’
VE—m)( +1)?>—m} 2
LD+ U= U+ ° 1. 1 (T + 9) (1 —8;)

which express the superposition of states I and IV L1 = F U T T, TSI DA+ ) U+ ) (68)
for values of m common to states I and 1V, i.e., for

3 1—3;)
m=—(—1)...0...(l—=1). (61) +1—6!(1+1)(1_1,/2)-(1+1/2)(1_]_3‘/2)
For the remaining values of m, states [ and IV are X [[2 —m2—1
unmixed:
m=xlL(@+1) 62) ¥Vm*@r + 4 — 17+ E—m?) (( + D —m?)].

It is evident that from the matrix elements (56)-
(60) that the fine structure in the case under con- . o ]
sideration depends on the magnetic quantum number 1008 of the projections of the electron and posi-
m which characterizes the magnitude of the pro- tron spins along the magnetic field, and €,.1t0
jection of the total momentum along the direction identical directions of the projections; the two
of the magnetic field. possible signs in Eq. (68) correspond to two pos-

Finally, we get for the matrix elements of the sible superpositions of the states with identical
specific exchange energy (25) projection directions [--1)sm<l- 11: for

m=1,1-1, one takes the upper sign; for m = -1,
(s? 4+ 1) 8. ©®3) _ (41 ), the lower sign (superposition is absent
in the last two cases).

For the remaining states (n =1, [ =0) we
|obtain

The quantity €, corresponds to opposite direc-

~ Rh o2
Es=swm
Thus the exchange energy in the states with
identical directions of spin projections is twice
as great as the exchange energy in the states &, -1 =" & =—"5. (69)
with opposed projection directions. We note for
comparison that in the absence of a magnetic
field, the exchange energy of the para-state is
zero, while that of the ortho-state is equal to

The coincidence of the fine structure of the funda-
mental state (n =1) in a strong magnetic field
with the fine structure of the lowest ortho-state in
the absence of a magnetic field is connected with

E R’l a2
5 the parity of the mean values of the energy of

=5 (64)
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spin-spin interaction and the exchange energy
(splitting at n =0 is brought about only by the
presence of just this interaction).

The difference ¢, [see Eq. (69) ] from the fine
structure of the para-system for H =0 (=-2)is
connected with the appearance of a non-vanishing
exchange energy (€ =%) in strong fields and with a
decrease in the amount of spin-spin interaction
(e=-1/3 instead of e =-1).

With the help of the wave functions obtained as
a result of superposition [see Eq. (60) ], the
correct selection for optical spectra can easily

be found:

Al==41; Am=0, +1. (70)

Furthermore, transitions from states of oppositely
directed projections to states of parallel projec-
tions, and also between two different states with
anti-parallel projections, are forbidden.

Transitions between two states of similarly di-
rected projections are permitted, with the excep-
tion of the forbidden transiton m“=0 -+ m = 0.

Finally, we consider the quadratic Zeeman ef-
fect in strong fields specified by the energy

22

For the matrix elements Ug, which are computed
with the aid of the wave functions (47) and (50), we
obtain:

for diagonal elements

B-m(*) weomees @
X (B4 (m—s)P+1—1)

for non-diagonal elements

(V) =2 (%1:7 @)

V(@E—(m—s)) ((—1)"—(m—5s)) (r2)i2.

X e
=YY V{I+T) =27

We note that tae quadratic effect of the energy
(71) does not produce a splitting of the fine struc-
ture levels, since, even without taking Eq. (71)
into account, the fine structure depends on the
value of the magnetic quantum number m. Accord-
ing to Egs. (72) and (73), the energy levels are
shiftezd proportional to the square of the field
(~H*).

In particular, for the fundamental level (n =1),
the shift of all terms is identical. Starting out
from this shift[ Eq. (72)], we can calculate the
diamagnetic susceptibility of the gas of positron-
ium atoms (per mole ):
x=—2 (1) = _467x10% caw.

o \mc,

(74)

5. STARK EFFECT IN WEAK ELECTRIC
FIELDS

We obtain the energy of interaction of posi-
tronium with a‘constant external electric field €

from Eq. (23) in the form

U@-v£z+¢m%x +aiépl, P

|61=

As a system of unperturbed wave functions we take
the wave functions of positronium in the absence
of external fields. These are found, for example,
in reference 1. In weak fields it is sufficient to
calculate the matrix elements of the first term of
Eq. (75). The matrix element of transition be-
tween states corresponding to the values of
quantum numbers s, n, m, l, j+>s’, n',m’; 1%’

2 =21 — 2y; = const. (76)

’ ’ rd d ’
we denote by Vs »n,m ., L,J
s, n,m, L, j
s pertains to the states a, b c, d (notation in
reference 1). We get

, in which the index

Vo mm b (77)
=—3 7 mneer °V1(zzio)1) (H’i 1)2——1 ’
vhamigh ity it _o. (78)
Ve ioh! (79)

= smedrorrng V
Ve mm b e o (80)
Ve, % (81)

3 A—=8) ViE—n2 2 ]
g "eGTo @+ 1)@ —1) Vﬂ —1
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spmiti_ 3 e, VICE 1):2[—::1 [(;lz: g+ i, (82)

Vimm it = — 2 ner 8 |/ e “2, f‘i’) VE—m)Vnr—{+ 1) (83)
VERRUE T = — Sneng WL —m LI LICED, (84)
yhommiite 3, OCgV’fi;V(“;lzfs—mz E—aT 1), (85)

where
ro = 2h*/me*.

Inasmuch as the projection of the total momentum
along the z axis is preserved in an electric
field, the matrix elements for different m vanish.

In addition to the matrix elements (77)-(85), we
must also consider the matrix elements of the fine
structure (33). This permits us to examine the
Stark effect in weak and strong fields.

We consuler a weak electric field (er Ens
/2Rh«? < 1). Inasmuch as there is no l degeneracy
in positronium, in contrast to hydrogen-like atoms,
the linear Stark effect will not be observed in weak
fields, except for the multiple levels n:"‘P2 and

n3D2, which are split, proportional to the field,

into five equally spaced levels.
In the calculation of the Stark effect in weak
fields, we shall obtain an approximate solution

of the cumbersome secular equation by expanding
AE in powers of € ( the electric field):

AED = By 4 M08 + g2, (86)

where E,, is the fine structure energy (the index
denotes the term of the fine structure ); furthermore,
the amount of splitting depends on the character-
istic values m of the projection of the total mo-
mentum in the direction of the field. The quanti-
ties A7 3 with the exceptmn of those for the
states n P and n D , are equal to zero. We ob-
tain the followmg formulas for splitting:

1. For n =1, splitting is absent;

2. Forn>1, we have

m 2Rha? (36r0n3>2

AE] =FE,+ ¢ (87)

nd 2Rho?

where ¢ is given by Table L.

TABLE I
m

\ 0 +1 +2 + 3
218, —27 X X X
23P, —36:3 X X X
23 0 —108:7 X X
2P 27 0 X X
23p, —720:23 —540: 23 0 X
238, 4428 : 115 6264 : 161 X X
338, —162 x X X
38P, —18468 : 115 X X
3%P,; —405:2 ——41553 112 X X
31p, —243 —1215:4 X X
32D, 4779 : 46 1863 : 16 X X
33p2 —42795 : 46 7485 : 23 —210 X
33D, 405:2 7485 :23 —210 X
31D, 405 1215 : 4 0 X
33D, 756 672 420 0
338, 26568 : 115 37584 : 161 X X
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Equation (87) does not take into account the
linear Stark effect for the multiple levels n3p,
and n3D2, for which there is an additional energy,
besides that of Eq. (87):

V3 ny
AE :-T me é’ro‘/nzs_[k’

where m =0, +1, +2, while the wave functions of
the states "3P2 and n3D2 are mixed for m =%1,
+2. For the case m =0, the wave functions are
not mixed, and the level is not shifted. However,
in the following approximation (the effect propor-
tional to £2) this multiple level divides into two,
corresponding to the states n3P2 and n3D2.

(88)

6. THE STARK EFFECT IN STRONG
ELECTRIC FIELDS

Neglecting the fine structure, we can write

et pe
(482 _eg)ymo. @)
Then, in the first approximation of excitation
theory, we have
Rn h?
E=—ftt sl cgnim—n). OO

Here n, - 1y is the electric quantum number. Thus,
in strong electric fields (as also in hydrogen-like
atoms ) the linear Stark effect must be considered.
By virtue of Eq. (90), this effect is four times
larger, in relative units, in positronium than in
hydrogen ( correspondingly, the quadratic Stark
effect is 16 times larger, and the third order

effect 64 times larger ).

To find the fine structure of the Stark effect in
strong fields, we solve the secular equation with
the matrix elements (77)-(85) and (33), (34) in an
approximation distinct from Eq. (86), expanding the
desired difference in a power series inverse in the

field :

- Rr (11 «2 402
AEY = AEy, + T {FZZ — —:*SZ'} (91)

m-{2Rha® \2 2Rha?
P (o) et

Here AE), is determined by Eq. (90). The third

and subsequent terms of Eq. (91) describe the fiel d-
dependent fine structure. In the approximation
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under discussion (2 Rho:z/nger0 € « 1) this repre-
sents a very small correction to the field-inde-
pendent fine structure which is described by the
second term of Eq. (91).

We shall write out here only the quantities ¢

for the field-independent part of the fine structure.
For ¢4 we have Table Il (n =1, 2, 3) *,

For certain levels 2°P,, 21P1, 2°P,, 3303, 3102)
there exist such states (m =2, +1, 0, 3, +2,
correspondingly ) which do not interact with
the electric field. They therefore pertain to
fixed Stark components for the levels of the fine
structure. The fine structure of these levels, in
contrast to the rest, do not depend on the field at
all. For the remaining Stark components
(AEk =13er, E,t % er, £, 1 er, €,..), the
coincidence of the fine structure for components
of different sign takes place only if we do not con-
sider the field-dependent part of the fine structure.For n
=2, the central component is splitinto 5sublevels,and the
edgecomponentinto 3. For n=3,the central component
splits into 7levels,the nextinto 5,and the edgeinto 3,etc.

7. PROBABILITIES OF ANNIHILATION OF
POSITRONIUM IN EXTERNAL ELECTRIC
AND MAGNETIC FIELDS

We first consider the probability of annihilation
in an electric field. It is easy to see that the
matrix elements of the energy U of interaction of
the positronium atom with external electric field
[see Eq. (75)] are diagonal relative to the spin
variable. Therefore, the electric field does not
produce transitions between the ortho- and para-
states (does.not mix them). The para-states are
annihilated into two photons, the ortho-states into
three (see references 2 and 5). The change in the
annihilation probability for the presence of an
electric field is connected with the fact that the
electric field changes the value of the quantum
number /, whereas the annihilation is possible only
for [ =0. The mixing can be found from the
secular equations which are solved above. We
note that for n =1 the linear Stark effect is ab-
sent, and the probability of annihilation of these
levels does not change upon the inclusion of the
electric field. For much higher levels (n > 1), we
have

Ve = 3 C o 02)

* The value of € for 33D3 is not included in the Table
and is determined by Eq. (33).
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TABLE I
~.
2 | Amn " 0 £ 1 + 2
, 0 3L 5 19 1 13
= 0 24 1200 6 120
1. 1 3
2| Eend | Ty 3 Eg x
. 0 1. 7 | eV iz | a1
o 200 30 840 2200 10
ol 9 9. 157 7372 41
S| Ty ernd | 0 80 7560 15 20
17. 287
3| A%n€ 3y T3 3780 X
TasLE I
. ™o 42 +1 0
25 4546368 2388528
a1 X |7 7o5g21  Ws| 7" {3325 @s
64800 86400
23p, 0 “E3g9  Ws 559 Ws
21p, X 0 81w,
2592
23P1 X T W3 0
432
2%P, X X 55 W3
21§, X X — 81w,

Here m is the magnetic quantum number and the
index o denotes the state a, b, c, d (see reference
1). The coefficients C g/ can be found in the
two cases under consideration: weak and strong
fields.

By way of an example, we take the case n = 2.
In computing the annihilation probability, it is suf-
ficient to know ‘Cs, 25, \2‘ In weak fields, we

will classify the state with the aid of symbols in
the absence of the field. The changes in annihila-
tion probability can be found by means of the form-

ula

e =2 (428" )

where the < are given in Table IIL

Here w, and w, are the probabilities of three
photon and two photon annihilation for n =2. The
change in the annihilation probability, compared
with the case € =0, is proportional to the square
of the electric field, and depends on the position
of the level of the fine structure [the numerical
coefficients in Table III correspond to Eq. (33) 1.

As was shown in reference 1, the states 2351

and 2150 are metastable in relation to the optical
transitions. Annihilation is much more probable
for them, since their lifetimes are 87, and 87,,
respectively, whereas 7; and 7, are the lifetimes

of the fundamental state of positronium (n =1),
relative to three photon ( ortho-positronium) and
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two photon (para-positronium) annihilation.

With the inclusion of the electric field the
levels 2231 and 2130 cease to be metastable rel-
ative to optical transitions. An estimate, made
with the aid of Eq. (92), shows that the meta-
stability is removed for relatively weak fields,
when the energy in the external electric field is
approximately an order of magnitude smaller than
the splitting of the fine structure. In strong elec-
tric fields, we find that, for n =2, the annihilation
probability of the central Stark component (states
of five levels in the fine structure) is zero. The
edge Stark components consist of three sublevels,
one of which corresponds to para-state, the other
two to ortho-state. For the annihilation probabil-
ity of the para-level (E ~ i3er0€) we get J2w,,
and for the ortho-level 2w,, where w, and w, are
the two and three photon annihilation probabilities
in the absence of the field. Thus, in a strong
electric field the lifetime, relative to annihilation s
is the same for para-positronium as for ortho-
positronium (n = 2).

We now consider the case of a magnetic field.
The effect of a weak magnetic field on the annihil-
ation probability was investigated in reference 1.
In a strong magnetic field, the spin states of
positronium are characterized by the magnitudes of
the projections of the electron and positron spins
in the direction of the magnetic field. It is easy to
see” that the lifetime of the fundamental state,
with oppositely directed spin projections on the
magnetic field, relative to two photon annihilation,
is twice as large as for H =0:

'tg = 92.5x10710 sec. (94)
Moreover, the states of opposing projection direc-
tions can annihilate into three photons, whence the
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lifetime of the fundamental state (n =1) relative to
three photon annihilation is twice as great as the
lifetime of ortho-state for H = 0:
5 =92.8x1077 sec. (95)
One out of about 1120 atoms with states having
uniform directions of projections decays into three
photons. From the selection rule (70), it is easy
to see that the S states for n = 2 are metastable
relative to the optical transitions. Becauseof
this, their annihilation is much more probable.
The lifetimes, relative to the two and three photon
annihilations, of the metastable (n = 2) state
with opposing directions of spin projections are
equal to

':;H = 2x107? sec and <1 = 2.94x107¢ sec. (96)

For states with uniform directions of projections,
two photon annihilations are forbidden. The life-
time relative to three photon annihilation for the
fundamental state ( n =1) is

73 = 1.4X%1077 sec 97)
and for the metastable state (n =2)
w5 =1.12x107¢ sec (98)

are equal to the corresponding times for H =0.

I express my deep gratitude to Prof. A. A.Sokolov
for his discussion of the results of the present
work.

Translated by R. T. Beyer
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