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theory of the isotopic effect (the terms of the 
lighter isotopes are placed deeper). One should 
keep in mind the fact that in complicated atoms 

non-nonnal positions of the isotope terms are some
times found as the results of perturbation. 

Translated by F. Ajzenberg 
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The solutions of the equations of the self-consistent field without exchange are presented 

for the configurations 1s 22s 2Zpand 1s 22.s 23s of boron. The values of the total energy, both 
· · 1 f" · 11- · h d bl r· · · t" 1 22 22 k 3 1-k m smg e con 1gurahon as we as m t e ou .e con 1gurat1on approx1ma 10n s s p s 

- 1s 22pk+ 23s1-k(k = 1, O) are computed with the help of these solutions. With the aid of 

the solutions of the equation of the self-consistent field without exchange, there are also 

computed the mass effect, the total dipole strength and lthe transition probability for the 

transition Is 22s 23s - 1s 22s 22p, both in the single configuration and the double configuration 

approximations. 

l. INTRODUCTION 

THE present work is devoted to the application 
of a multiple configuration approximation to the 

two lowest configurations ls 22s 22p and ls 22s 23s 
of the boron atom with the help of the solution of 
the equation of the self-consistent field without 
exchange. The method of analysis carried out in 
reference l shows that while we use single electron 
wave functions, which are determined in the single 
configuration approximation, the multiple configura
tion approximation, in practice, reduces to the 
double configuration approximation : 
ls 22s 22pk3s l-k- ls 22pk + 23s 1 -k, where k = 1 or 
o. 

The approximate solutions for the lowest con
figuration, which were obtained in reference 2, were 
used as the initial functions for the solution of the 

1 
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Phys. USSR 21, 1139 (1951) 

2 F. W. Brown, J. H. Bartlett and C. G. Dunn, Phys. 
Rev, 44, 296 ( 1933) 

self-consistent field equation without exchange. 
In both configurations, the solution was carried 
out to the degree of self-consistency 0.0015 [ cf. 
Eq. (2.8) in reference 3 ]. The orthonormalized 
solutions are presented in Table I. The ortho
normalization was obtained by means of Eqs. (2.2) 
and (2.8) of reference 4, and the values of the 
constants cik are also given in Table I. 

2. NUMERICAL CALCULATION OF THE ENERGY 

The non-diagonal matrix element of the energy, 
which combines the investigated configurations 

ls 22s 22pk3s 1 -k with a consideration of the con
figuration ls 22pk + 23s 1 -k, can he put in the fol
lowing form: 

L' ( I)"-!! Jl 3 - k 0 (·~ q ) \1'2 ( 1 1 '') V'' L~u = -- --:1- 1 L.S, -P. ~~ s, ,. ~~' 
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TABLE I 
Orthonormalized solutions of the equation of the self-consistent field without exchange for 

the two lowest configurations of the boron atom. 

I 
ts 22,c 2:!.p 1s:l:?32:l.::: 

r P(ls)r} 

I I I P'(~s)r} P' (~Pit} POsir) V{:l~)r) 

I 
I 

0.00 0.0100 0.0000 IJ.IIIJCIO 0.0000 
I 

I 0.0000 
0.01 (). 1\)7{) 0.0339 () . 00026 0.0371 0.00{)1 
0.02 0.3761 (). 06115 0. OOlOo I 0.070!) 0:0117 
0.03 0.5367 0.0921 0. 0022; I 0.100G 0.0167 
0.04 0.6810 0.1167 0.003!1 I 0.1275 0.0211 
0,06 O.!l25:i 0.157[) 0. 00811 (1.1728 0.0289 
O.OR 1.1187 0 .18!1!1 () .01112 

I 
0.2079 0.0350 

0.10 1.26S4 0.213\1 0.0213 0.2340 0 .03!11! 
0.12 1 .381!i (). 2:)mJ 0.029/1 0.252:! 0 0424 
0.11! 1.!1637 (} 2417 ().038:l 0. 2()1,:3 0.0442 
0.16 1.51!17 0.2472 0.0!179 0.2702 0. (Jii51 
0.18 1.5539 0. 2481 0.0:>82 0.2711 (J. 0453 
0,20 1.5700 0.2450 (). 0(i91 0.2678 () .0·'1117 
0.22 1.5711 0.238;) 0.0804 0. 2607 u. ()1,3-'J 
0.24 1.559!l 0.2290 O.O!l22 0.2:J02 0.0416 
0.2fi 1.5387 0.2169 0. 1013 0.23G8 0.0393 
0.28 1.5093 0.202!) o. 11 Gn 0.220[) (). 0367 
0.30 1./1733 0.1861 

I 
(). 12!12 0,2028 O.n:\37 

0,:32 1.4323 0.1681 0.1419 () .1830 0. 03(}11 
0 ''!. 1.3875 0 .1 !18ti 0.1547 0.1!117 0.02()9 • L> 1 
0.36 1. 3.398 0.127\1 0.1675 0.138!) 0. 02::l1 
0.38 1. 2901 0.1062 

I 
() .18011 (). 1150 O.Ol!ll 

0.40 1.2391 0.0837 O.HJ3/I o.mHn 0.0149 
0.42 1.18711 O.OG06 () .20fi:l 0.0048 1!.0106 
0. ·'tli 1.1355 o.o:no 0.21H1 ll.0388 0.0062 
0.4li 1.0838 0.0129 0.231!l 0.012:3 0.0018 
0 .ItS 1.0326 -0. 011;', 0. 2M(i -O.Oift/1 --0.0027 
0.50 0. 982!1 -0 .O~l!il 0.2572 -0.0413 - - 0. 007:3 
0.52 0.9333 -0.0{)07 0.26H7 -·-() . 0682 --() .011 \) 
0.54 0.8855 -0.0853 0.2820 -O.ml52 -0. 016'• 
0.56 0.8390 -0.1098 n .2\l4t -0.1221 - -() .()209 
0.58 0.7941 -0.1341 0.3060 --0.11188 -0.02511 

0.60 0.7510 --0.1582 0.3177 -0.1752 - -0.11299 
0.65 0. 6!!99 -0.2172 0. 31&1 ---0.2396 --0 .()!111 
0.70 0.5598 -0.2737 0.372\1 --0.3011 --0.051() 
0.7:i 0.4800 -0.3273 

I 
0. :l98l ---0.259:3 -0.061:{ 

0.80 (),1,099 -0.3775 o .lt2Hi --0.11138 -0. ()7()1. 
0.85 0.3188 -0.421.1 () .ftt,;y. --0 .lt641 -0.0788 
0.90 0.2959 -0.4670 o Ali3:i -0.5101 -0. 086/i 
0.95 0.2505 --0.50G1 0.1.81!l --0.5518 -0.0932 
1.00 0.2115 -0,541!1 0.198:> -0.5892 -(1.0992 
1.0;) 0.1781 -0.57:30 0.513;) --0. G22!1 -O.lOM1 
1.10 O.ilt97 -O.GOlt 0.5270 --0.6514 --0.108\1 
1.15 () .125li -0.6255 0.5390 --0 . ()7 611 -0.1126 
1.20 0.1053 ·-0.61,66 O.S19!i -0.6978 ---0 .11 ;,;, 
1.25 0.0882 -0.664!i 0.5588 --0.7155 --0 .117:J 
1.30 0.0737 -0.6796 0. 56()7 --0.7297 --0.118\l 
1..35 O.OG15 --0.6918 0.573't - -0.7407 -0.1197 
1 .1•0 0.0514 -0.7014 O.S7\l0 ---0.7488 --1) .11!18 
1.115 O.IH29 -0.7086 O.:J8:~G ---0.7542 -0.1192 
1. 50 0.0358 -0.7135 0. 5872 -0.7570 -0.1180 
1.5S 0.0299 -0.71(V! 0.5898 -0.7S75 -0.1162 
1.6 0.0250 -0.7173 0.5916 -0.7560 -0.1139 
1.7 0.0174 -0. 711!2 0.5929 ·-0. 747'2 -0.107H 
1.8 0.0121 -0. 7051± 0.5915 --0.7321 -0.1001 
1.9 0.0081! -0.6!120 0.5878 -0.7120 --0.0906 
2.0 0.0058 -0.6749 0.5822 -0 ()880 -···0.0797 
2,1 0.001±0 -0.651t9 0.5750 -O.G610 -0. OG75 
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TABLE! (continued) 

1s'2s'2p 1s'2s'3s 

P(ts;r) 

I I P'(2slr) P(2plr) P'(2olr) P'(3s[r) 

2.2 0.0023 I --O.fl327 0.56()4 -0.6320 -0.0543 
~.3 O.OC1J I -0.(5090 0.5566 -0.6017 -0.0402 
~.4 0.0013 -0.5841 0.5459 -0.5705 -0.0253 
') " -.0 0.0009 -0.5587 0.5344 --0.5390 --0.0099 
2.fl 0.0007 -0.5330 0.5223 --0.5076 0.0059 
2.7 0.0005 -0.5073 0.5097 -0.4767 0.0222 
~.i-1 0.0003 --0.11818 0.4967 -0.4465 0.0389 
2.9 0.0002 ... 0.4566 O.lt83S --0.4172 0.0558 

:LO (1.0001 --0.-13Hl 0.4701 -0.3889 0.072}1 
:L2 -0.3851 0. 4-130 --0.3360 0.1070 
3.4 -0 ,3/!14 0.4159 

I 

-0.2882 () .1404 
3.G -0.3012 0.38'91 -0.245fi o.172R 
3.8 -0.21348 0.3630 -0.2082 0.2037 
it.O --0.2320 0 .33'77 -0.1758 0.2330 
lt.2 --0.2026 0.31:34 -O.H78 0.2603 
it.-1 -0 .17(11. 0.2902 -0.1237 0.2853 
4.ti -0.1533 0.2682 -0.1032 0.3081 
-1.8 - () '1 :3:10 0.21\7:{ ---0.0859 () .:l28:J 
.:..o --U .1152 0.2277 --0.0713 0.3464 
:i.2 -O.OHmi 0.2092 --0.0591 0.3620 
;) .11 __ ().()859 0.1919 -0.0488 () .:3752 
5.fi -0.0740 0 .17!)8 --0.00.02 0.3860 
:J.8 ---0 . OG36 0.1609 -0.03:11 0.:::947 

G.O --o. o:i4G 
I 

0.11170 -o.o2n () .11013 
().j -o.n:n1 0. 1Hi7 --0.01()9 0.4097 
7.0 -0 .0~~52 I 0.0919 -0.0101; 0.1;07() 
7.'J -0,0170 0,0720 -0.0064 

' 
0.3971\ 

8.0 --O.t)li:J () '0:-i(i 1 -0.0039 () .3810 
8.5 -0.0078 o. 04;:s -0. 002/! 0. :3GOO 
n.o 

I 

---0.0052 o .03:=:G --0 '001 ~) 0.33()1 
9.:-i -0.0035 0.02~,() - 0, I l!l1 0 0.310;) 

J (). () -0.0024 O.OHI8 -0,01106 0.281t2 
10 ,;:, --0.001G o.o~::,J --() .()()04 0.2581 

11 --0,0011 0.0115 -0.0002 0.2327 
12 -0.0005 

I 
0.0067 -0.0001 () .1857 

1:l --0.0002 0.0039 0.1452 
Jli --0.0001 0.0023 0.1116 
1 ;, --0.0000, 0.001:1 0.0845 
1fi 0.0008 O.OG32 
17 0.000:-i 0.0469 
18 0.0003 0.03-'J.6 
Hl 0.00015 0.025-'J. 

21J I 0. 00008 0.018'7 
:22 o. oooo,3 (). 0102 
2-'J. 0.0055 
:!fi c, 2 '= 0.0431 c12 = 0.01\72 0.0029 
28 c,3 = o.o1;J1 0.0015 
:m C23 = 0.119 0,0008 
32 ()' 0()()!, 
:l4 0.0002 

, ________ _:_ ____ c._ ____ _:_ ____ :._ ______ _ 
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Here the radial integral G 1 has the same definition 

as in Eq. (3. 7) of reference 1, and N ( nl, nl )ij 

coincides with C 1 .. defined in Eq. (3.4) of refer-
n £} 

ence 1. The diagonal matrix elements of the energy 
are expressed in the usual fashion by the radial 
integrals I, F and G, the definitions of which are 
also given in reference 1. 

For the single electron wave functions of the 
configuration under examination, we use the cor
responding functions of the configuration already 
investigated. Under such conditions, 

N (nl, nl)ij = 1. (2) 

Furthermore, for the function P ( 2p I r) of the con
figuration ls 22p 23s we use the values of the cor-

responding function of the configuration ls 22s 22p. Such 
a procedure is based on the fact that the configura
tion under consideration is responsible only for a 
correction to the energy, which is small in compari
son with the value of the total energy. Therefore, 
a variation in the correction of several percent in
volves a correspondingly smaller change in the 
value of the total energy of the desired configuration 
which was determined in the double confiaurational 

0 

approximation. 
The results of the numerical determination of the 

energy are given in Table II, where the experimental 
values of the energy, taken from references 5 and 6, 
are also listed. 

3. DETERMINATION OF THE MASS EFFECT 

The mass effect for the transition ls 22s 2g8 

TABLE II 
Values of the Lagrange multipliers, radial integrals and the energies for th'e 

configurations 1s 22s 22p and 1s 22s 23s of the boron atom (in atomic units) .. 

I 
1s22s22p I 1s'2s'3s 

II I fs2_2g2_2p 1s 22~ 23s 

I 
e:ls. Is 15.494 16.025 G0 (1s, 2s) 0.0299 0.0354 

E2s, 0.8897 1.3428 G0(1s, 3s) 0.0010 
2s G0 12s, 3s) 0.0039 

E2p, 2p 0.4533 G1(1s, 2p) 0.0327 

e:3,., 3s 0.2021 G1(2s, 2p) 0.2459 

l(1s) --12.437 -12.437 
G1(2p, 3s)* 0.0128 

I(2s) -2.5121 -2.6262 
En -24.526 -24.336 

l(2p) --2.1098 
E22 -24.022 -23.758 

I (3s) -0.7088 
E12 0.116 - 0.142 

F 0 (1s, is) 2.8838 2.8838 t..E --0.025 - 0.033 
F 0 (2s, 2s) 0 .138G 0.4749 -0.22 0.23 
F0 (2p, 2p) I) .3{)70 a12 

E theor -24.551 -24.369 
F 2 (2p, 2p) 11.162\l 

Eexp -24.655 --24.472 
F0 (1s, 2s) 0.6093 0.6532 
F0 (1s, ::ls) 0.1;)32 
F0 (2s, 3s) 0.1485 
F0 (1s, 2p) 0.5382 
F 0 (2s, 2p) 0.3992 
F0 (2p, :ls)"' 0.1460 

I 
I 

Note: The asterisk indicates that the first function refers to the configuration 

1s 22s 22p and the second to 1s 22s 23s. E 11 denotes the energy in the single 

configuration approximation, E the or in the double configuration approximation 

ls 22s 22pk3sl-k- 1s 22pk+ 23sl-k (k = 1, 0). 
~ ls 22s 22p of the boron atom.in the single con-
figuration approximation was calculated by 
Opechowski and de Vries 7 with the aid of the ap
proximate fun,ctions of the self-consistent field 

7 M. Opechowski and D. A. de Vries, Physica 6, 913 
( 1939) 

5 M. JVIorse L. A. Young and E. S. Haurwitz, Phys. Rev. 
18, 948 ( 1935) 

6 R. F. Bacher and S. Goudsmit, Atomic Energy States, 
New York, 1932 
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without exchange. Here we shall determine this 
effect in the doQble configuration approximation 
'Yith the help of the radial wave functions listed in 
Table I. 

We find the following expression for the specific 
shift in the energy of thP. investigated configuration 
in the double configuration approximation 

1s 22s 22pk 3s 1 - k - 1s 22pk + 23s 1 - k by the method 

developed in reference 8: 

!l.c E = ~- - 1- 2- [kJ< (ls, 2p)11 
1 + al2 

+ ki< (2s, 2p)n 

+ 2(-l)k+IV3-k xa12 K(2s,2p)12 N 2 

>< (IF, ls)12 N" (2p, 2p)I2 NI-l< (3 s, 3 s)l2 

+ (k + 2) a;2 K ( ls, 2p)22 

(3) 

+ (1- k) ui2 K(2p, 3s)], 

where all the symbols are taken from reference 8. 
The numerical results are given in Table III. Equa
tion (3.1) of reference 8 was used for the cal
culation of the shift in the spectral line. 

4. DETERMINATION OF THE VALUES OF 
TRANSITION THEORY 

We obtain the following expression for the total 
dipole strength ( cf. Bolotin and lutsis 10 ) in the 
double configuration approximation: 

(4) 

x N 2 (Is, Is)w N2 (2s, 2s)11, 

X N2 (Is, ls)22, N 2 (2p, 2p)22,] 

Here the integral N ( ml, n 'l '}i- has the definition 
of Eq. (2.5) in reference 10. T~e numbers l and 2 

refer to the configurations 1s 22s 22p and 
ls 22p 3 , and 1' and 2 'refer to 1s 22s 23s and 
ls 22p-2 3s, respectively; a 12 pertains to the first 
two configurations,a~ 2 to the latter two. 

It is convenient to use the method given by 

TABLE III 

The results of the determination of the mass effect for the configurations Is 22s22p and 

Is 22s 23s of the boron atom ( v in em- 1, the remaining quantities in atomic units). 

I 
1s22.3'!3s - fst2st2p 

ls'2s'2p ls'2s'3s 

I II ,,{ ,=,fl M 2=12 

-

I K(is, 2p) -0,2587 L1c v(M2,10) ( a -0.357 -0.65:} 
K(2s, 2p) -0.0675 \ b --0.372 -0.68:~ 
K(2s, 2pV' -0.0783 
K(2p, 3s)* -0.0075 

( a 0.208 0.382 
( a -0.326 0 L1Hv(M2,10) \ b 0.199 0.3fi5 

ML1CE \ b -0.307 0.033 

( a 24.526 24.336 f a -0.149 -0,27:3 
ML18 E \ b 24.551 24.369 L1v(M2 ,10) 

\ b -0.173 -0:317 
c -0.17 

Note: The asterisk indicates that the first funct.on refers to the configuration Is 22s 22p 

and the second to Is 22s 23s, a refers to the single configuration approximation, b to the 

double configuration approximation, c to experimental data 9 

8 A. P. lutsis, A. S. Nakonechnyi and G. K. Tsiunaitis, 
J. Exper. Theoret. Phys. USSR 25, 683 (1953) 

9 S. Mrozowski, Z. Phys. 112, 223 (1939) 
10 

A. B. Bolotin and A. P. Iutsis, J. Exper. Theoret. 
Phys. USSR 24, 537 (1953) 
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R acah 11 for obtaining Eq. (4 ), since the ,signs in 
front of the values of the matrix elements of the 
electrical dipole moment (in first degree) IT'.ust he 
considered in the case of the single configuration 
approximation. It must he noted that the sign in 
front of the first term in Eq. (4) in the square 
brackets depends, through a 12 and a i: 2 , on the 
signs of the non-diagonal matrix elements of the 
energy in Eq. (l). 

Terms with a single a and a' do not appear 
12 12 

in Eq. (4). Therefore, in the given case, the 
double configuration approximation has an insig
nificant effect on the values of the transition theory. 

In our approximation, 

N (r 2p,3 s)11, = N (r 2p, 3s)22, 
and (5) 

N (nl, nl);;· = 1. 

TABLE IV 

Transition probability for ls 22s 23s 2S- ls 22s 22p 2P 

for the boron atom (probability in units of 10%ec, 

other quantities in atomic units). 

N(r:!p,3s) "~' 1.676 

!'('S, '!') I E('S)-E('P) I \I'(':S. 'P) 

I 

a ::i.ul O.HIO 4.11 

b r: ~·) 
d,;)_ 0.182 3.:i4 

Note: a gives the single configuration approximation, 
b the double configuration approximation. 

11 G. Racah, Phys. Rev. 62, 438 (1942); 63, 367 (1943) 

We determine the integral N (r2p, 3s) with the aid 
of the wave functions of Table I. The numerical 
results are given in Table IV. In this case the 
transition probability is determined by Eq. (4.3) of 
reference 10. 

5. CONCLUSIONS 

It can he seen from Table II that the correction 
to the energy in the double configuration approxi
mation amounts to 0.025 atomic units for the con
figuration 1s 22s 22p, and 0.033 atomic units for the 

configuration 1s 22s 23s. 

The data in Table III"show th~ t~e mass effect 
for the transition 1s 22s 23s - 1s 2s 2p, determined 
in the double configuration approximation, amounts 
to the entire observed isotopic shift of the given 
line. 

As seen from Table IV, the double configuration 
approximation decreases the transition probability 
by approximately 14% in comparison with its value 
determined in the single figure approximation. This 
decrease arises principally because of the de
crease in the value of the difference between the 
energies of.the combined terms, which enters in 
third degree.in the expression for the transition 
probability. 

Translated by R. T. Beyer 
80 




