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where A does not depend on pl' p2 , p 3 and b 

= Gu + G22 + G33· 

Direct evaluation of the coefficients p 2 • p 3 and 
p 1 in the expression F ( r 1, r 2, r 3 ) shows that 

they are equal to zero and that 

Translated by R. T. Beyer 
48 

Consequently, the determinant on the right side of 
Eq. (8) is equal to zero, and since 1:! ,J 0, L 12 

= L 21 . In a similar fashion it can be shown that 

L13=L31· 
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The Hall and the Nernst-Ettinghausen voltages and the distribution of current carrier 
concentrations are calculated for a semiconductor with mixed conductivities located in a 
non-homogeneous magnetic field. Recombination of current carriers and energy levels due 
to impurities are taken into account. 

l. INTRODUCTION 

SOME papers 1- 3 have recently been published 
in which the effect of body and surface recol!l­

binations on the Hall effect in semiconductors has 
been investigated. The basic assumption in all 
these works has been Ohm's law in a form valid 
only for semiconductors without impurities, a form 
in which the mean free path of the current carriers 
does not depend on their velocity. 

This work investigates both the Hall effect and 
the thermomagnetic Nernst-Ettinghausen effect un­
der the assumption of a more general dependence 
of the length l of the mean free path of the current 
carriers on the velocity v : 

l = 11> ( T) v'Z, (1) 

where <I>(T) is some function of the temperature T, 
and n is any given number. It will be shown that 
such a more general dependence of l on v leads to 
substantial quantitative changes in both the current 
carrier concentrations and the voltages in both ef­
fects, as well as to qualitative changes in the 
case of the Nernst-Ettinghausen effect. By analyz­
ing the general case of a non-homogeneous mag­
netic field it is possible to determine how the 
non-uniformity of the magnetic field near the edges 

1 H. Welker, Z. Naturforsch, 6a, 184 (1951) 
2 A. I. Ansel'm, Zh. Tekhn. Fiz. 22, 1146(1952) 

3 R. Landauer and j. Swanson, Phys. Rev. 91, 207 
(1953) 

of pole-pieces affect the phenomena under consid­
eration. 

The following assumptions are made: 
l. The magnitude of the exponent n in Eq. (1) 

has the same value for both electrons and holes. 
This is equivalent to assuming an identical scatter­
ing process for both electrons and holes by the 
phonons. 

2. The primary current (either electric or thermal) 
is directed along the x axis, and the magnetic field, 
which is a function of y, is directed along the z 
axis (ll = Hz ). Therefore the electric fields of both 
the Hall and the Nernst-Ettinghausen effects are 
functions of y only. 

2. BASIC EQUATIONS 

The generalized differential equation of Ohm's 
law for electrons and holes, as derived by Tolpygo~ 
can be written: 

· V { kT J!- = -eut-t + -- E + -e- (2a) 

X r v ln N+ + n +2 1 v ln T l + anu+_ 
'- J c 

x [- E + kT ( 'V ln N + + n + l 'V ln T)] X H }; 
e 2 

j_ = -ea_N_ {- E (2b) 

- -¥'- [ v In N_ + n ; 1 v ln T J 

4 K. B. Tolpygo, Trans. of Inst. of Phys, Acad. Sci. 
USSR 3, 52 (1952) 
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a nu [ k r 1 
, )] } - ~ - E -- -;; (\ V In tv_ + n V In T X H . 

The total current density is: 

j = j+ + L = - e{- A1 E (2c) 

kT( ) + -;; , V A 2 + A3 V In T 

[ kT' )] + -- A, E + e ( V A 3 + Au V In T 

where 4, j_ are current densities ( the plus and 
minus subscripts designating holes and electrons 
respectively), N+, N_ the concentrations,m± the 
effective masses, e the absolute value of charge 
on the electron, H the strength of the magnetic 
field, u ± the mobilities, which are 

u+ = ., 1c_ ~(p (T)(- 2k_T_)tn-nt, X r(~, +2)\ 
•J V n m+ m+ _ 

where 

l'(n) = ~ xn-]e-xdx, 
() 

and 

;j Jl n r (n + (3 2)) . 
lln = ~ 1'2 ((n 12) + 2)' (3) 

A1 = u"" N+ + u_N_, A 2 = u+ N+- zt_N __ , 

n+.IA A (oN "') Aa=~- t• 4=an 1(~- +-U2_Iv_, 

The equations of continuity for hole and electron 
currents in a semiconductor having energy levels 
due to impurities (see diagram) can be written: 

'I _!"!__a------------------N a 

------------------ --p 

Md 
3---------------------~ 

Energy level diagram in a semiconductor. 
Jl- is Fermi level. 

(4) 

+ M k,1k24- k 14k 42 N_,__N 
a k41 + k 24 + k14N_ + k42 N+' 

where ~a, Md are densities of acceptors and donors 
respectively, and k-- are kinetic coefficients with 
indices i and j den~fing the type of transition. The 
kinetic coefficients have the following correla-' 
tions5: 

(5) 

N~ l\~ k23 

M- N°' k a a 32 

(Mb -Nob )(Ma--N~) 

Nob N~ 

where N~ and N~ are the equilibrium densities 
of holes and electrons in the upper and lower zones, 
and N~, N~ the equillibrium densities of holes and 

electrons at the acceptor and donor levels. 
It will now be assumed that extraneous magnetic 

fields cause small divergences from equillibrium 
in the concentrations of holes and electrons, and 
that these divergences are equal for both holes 
and electrons: 

N I - N':_ = N_ - N~ = 'I; 'if N~ ~ 1. (6) 

Applying Eq. (5), Eq. (4) becomes 

div j+ =' div j_ = ·- CIY.'I (N°e + N~ ), (-ia) 

where 

(7) 

The first component of Eq. (7), representing the 
recombination of holes and electrons in the upper 
and lower zones, predominates over the other 
components at high temperatures where intrinsic 
conductivity plays the main role. This value of 
a= k 12 was used by Ansel'm in his investigations 
of semiconductors without impurities. At low 

5 A. I. Gubanov, J. Exper. Theoret. Phys. USSR 21 
79 (1951) ' 
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temperatures, where conductivity is determined by 
thermal transitions between the impurity energy 
levels and the upper and lower zones, the other two 
components are dominant in determining the value 
of a. This case, apparently, rarely occurs in 
practice. 

ISOTHERMAL HALL EFFECT 

As is well known, the isothermal Hall effect 
(for 'V T = 0 in the specimen) consists of the fact 
that a so-called Hall voltage (Vx) appears in a 
semiconductor along the y axis when the semi­
conductor with current flowing along its x axis is 
placed in a transverse magnetic field directed 
along th~ z axis. For no current flowing along the 
y axis (! = 0), the value of the Hall electric field 
(Ex) is ? 

Ex= kT u+-11_ dv 

e N1u+ + N~ u_ dy 
(8a) 

a No u2. + No u2 + -" ( +o -~ o- -., .ixH· 
ec N+ u++N_ u_t 

The Hall voltage is then: 

': kT u+-u-
Vx = f Ex d y = -e --:------::---['I (a) 

.) N~ IL+N? u_ 
0 

(Sb) 

a 
a,t No u2 - No u2 . \ Hd. 

- ·1 (0)] + - + + - - X lx ~ y, 
ec (N~ u+ + N~ u_)2 0 

where a is the length of the specimen along the y 
axis. 

The Hall coefficient in the case of an arbitrary 
n IS: 

N ., N Q R = .5:_ , +u: - _u:._ 
ec (N+u+ + N_u_)~ · (9) 

As can be seen from Table l, the choice of an can 
cause the value of the Hall coefficient to change 
by as much as 1.5 to 2 times. Combining Eqs. (2), 
(5), (8a) and (4a) we can state the equation for 
charge distribution with accuracy to the order of 
Jijc by : 

1Pv 1 
---'J= 
dy2 ),g (lO) 

where 

fb is the strength of the electric field along the x 

axis, and 'A= v kT u+u-
0 t ---;:--a (N° ll + N° ll-·) + + - -

is the current carrier's average diffusion length. 

TABLE I 

Values of coefficients an 
for various n4 

rz I a 
II 

rz a I. rz n 

-0.5 1.5740 2.0 1,1043 
() 1.1781 2.5 1,2276 
0.5 1.0356 3.0 1 .11003 
1.0 1,0000 3.5 1.63D8 
1.5 1 .()277 4.0 1.9328 

I ------- ------------- -··"·-------------------

When surface energy levels and surface recom­
bination are present in a semiconductor it is pos­
sible to obtain the boundary conditions of the 
problem by applying Eq. (10) to a case of an in­
finitely thin layer of thickness o: 

!!!_ _ __::__ =- jxH 
dy As 

for y = 0 

dv + v - rX H for y = q 
dy As---

Here a new characteristic length is introduced: 
/..5=lim(/..~ /o) 

S-+o 

(ll) 

ISOTHERMAL NERNST-ETTINGHAUSEN EFFECT 

The isothermal Nernst-Ettinghausen effect 
(aT I ay = 0) consists of the appearance of a 
potential difference in a semiconductor along the 
y axis when its x axis, along which exists a tem­
perature gradient, is placed in a transverse 
magnetic field along the z axis. 

For j = j = 0, the Nernst-Ettinghausen field 
EH is:x Y 

E'tl _ kT{ u+- u_ dv 

- e N~u+ + No_u_ dy 
(12a) 

a [1 - n N02u.3 + ,V02ua +·__!!_ -- + + --
c 2 (N~u+ + No_u_) 2 

_ 3n + 7 N+N?__u+u- (u+ + u_) 

2 (No_u+ + No_u_) 2 

( 2 A.E )] d ln 1} X 1+---- H--
3n + 7 kT dx • 

and the Nernst-Ettinghausen voltage vH is: 

H - ~a +I kT f u~- u 
V -. E dy= -e ·l-

N0 u+ + N° u 
0 + - -

(l2b) 

a r1- ll N°'u3 + N°'u3 
Xl·1 (a)-- ·1 (0)1 + _!!_ -- X + + - -

c L 2 ' (N° u + N° 11 ) 2 
+ + - -
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3n + 7 N! N~ u+u- (u+ + u_) ( 2 !1E)] 
---- 1+---

2 (N! u+ + N~ u_)2 · 3n + 7 kT 

dln T a 

X ~~Hdy }· 
0 

In expressions (l2a) and (l2b) M denotes the 
width of the forbidden zone. The Nernst-Etting­
hausen coefficient, in the case of an arbitrary n,is: 

k a [1 - n N2 u3 + N2 u3 (lg) Q- n ++ --- e c -2- (N+u+ + N_u_)2 

_ 3n +7 N+N_u+u_(u+ + u_) X (I _2_11E)] 
2 (N+u+ + N_u_)2 + 3n + 7 kT • . 

The charge distribution is given by 

where 

fi2v 1 dH 
---V= -jH-
dy2 ),~ dy , 

/ H =~din 7 
c dx 

~(vo Jv"O [ 1 - n (No u2 - No u2 ) + 3n + 7 \+- 2 ++ -- 2 

X u+u-(N+-~) ( 1 + 3n 2+7 ~~)l) 

dv v - jHH for y = 0 
dy -T.--

dv + :!..... = - jH H for r = a 
dy A8 

(14) 

(15) 

Thus the investigation of both effects is reduced 
to solving equations of the type (10) and (14) with 
boundary conditions of the type (ll) and (15). 

3. SOLUTION OF EQUATIONS AND 
ANALYSIS OF RESULTS 

The solution of Eqs. (lO) and (14) with boundary 
conditions (ll) and (15) has the form: 

vX = jXF(y), vH =;= jHf{y), (16) 

where 

F {y) = Ao (17) 

( A~) a :Ag a 
1+ 2 sh -+2- ch-

As Ao As )'0 

(~a a-y1 dHd + ch--- Yt . Ao dyl 
0 

+ ~r sh a-: Yl dH dyt- H(a)) 
),s } Ao dyl 

x(ch:v + ~o s:L)J . C y-y1dHd 
l.o • 1.s i.0 - '·o ~ sh ~ dy1 Yt· 

0 

It is now possible to determine in the equations 
for the Hall and the Nernst-Ettinghausen voltages 
the components that are dependent on the charge 
distribution. 

These components, Vf (for Hall effect) and V ~ 
(for Nernst-Ettinghausen effect) are: 

V~ = kT u+- u_ fx !F(a)- F(O)J'(lSa) 
e 1\<+u+ + N!!_ u_ ' 

VH_ kT u.._-u_ 
1--; ~u+ + N~u- F' [F(a)- F(O)J. (lSb) 

where, from Eq. (17) 

a 

1 A0 ~ h a - V1 d H d \ ~-~- s - 1---d- y 1 - H (a) I 
·s ·o Y1 ) 

0 

( a l,o a )] '! - , dH x ch-:- +- sh- -1 - · \sh~ -dy. 
Ao ),8 i,o 1·o) Ao dy1 1 

0 

It is apparent from Eq. (16) that vx is always 
positive; that is, that the current carrier concen­
tration can only increase in the case of the Hall 
effect. On the other hand, v Hin the case of the 
Nernst-Ettinghausen effect, can have either sign. 
In the case of semiconductors having holes and 
electron\of equi} mobilities the potential differ­
ences V 1 and V 1 are equal to zero at the sQ.me 

time that v X and v H differ from zero. 
In the Nernst-Ettinghausen effect, the change in 

concentration becomes zero when either of the 
following two conditions is fulfilled: 

1) N~ = N~ , u+ == u_, for n = any number; 

for n =; l 

It is iateresting to consider the limiting case 
when the diffusion length >..0- oo (a-+ 0), and 
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N+= N_= N. Eq. (4a) can then be solved uniquely. : 
The equations and boundary conditions now become: 

d2N til-IN _..J_b---0· 
dy~ ' dy - ' (20) 

tiN+ bHN = N- N" for y = 0 (21) 
dy . l.s 

d N + bHN = - N- N" for y= a 
tly 1._,. 

For the Hall effect 

b = bX = a,e(u+ + u.J , 
:!.ckT Eo. 

For the Nernst-Ettinghausen effect 

b = bH = 1 - 11 u,.- u . dIn T 
2 c dX 

Solving (20) with boundary conditions (21), we get 

N" ,V(y) = ---------
a 

1 + w-1 (a) + ).:;1w-1 (a) ~ w (y)dy 

0 

(f ({ 
X \ L 2 + 1.;1 w-1 (a)~ ·w(y) dy] ·w-1 (a) 

0 

+[I - ·w-1 (a)] 1.:;1 -w-I (y) ~ ·w (y) dy) 

y 

where ·w (y) = exp (b ~ Hdy). 
0 

(~2) 

The voltages ~ (~X or ~H) dependent on the 

change in the concentration of current carriers are: 

V _ kT u~-u_ 
~--

e u+ + u_ (23) 

[ 2 + x:;-1 1 w (y) dy ]w-1 (a) 

X In ° 
a 

2 + 1.;1 w-1 (a)~ w (y) dy 
0 

_The ext~nt to which the proposed theory is ap­
phcable will now be de~ermined. To simplify mat­
ters, we will assume N± = N~ = N; and will let u 
stand for the greater of the magnitudes u and u . 
~sing as a criterion of validity the magnhude of the 
dtscarded components in (10) and (14) we can say: 
for the Hall effect 

24a) 

for the Nernst-Ettinghausen effect 

i.0 d In T uH < l. (24h) 
4 d.x c 

Let us consider the case of a high conducting 
semiconductor of the germanium type. Let us as­
sume u = 106 cgs units, .\0 = 0.1 em, T = 300 ~. 
and say the Hall effect is to be investigated at 
E0 = 1 V /em and H = 1o'3 oersteds. Then 

J.oeEo ul-1 ~ 0 07~ 1 
'!.kT c ~ . ""' . 

For the Nemst-Ettinghausen effect, let us as­
sume H to be 104 oersteds, and d ln T / dx = 1 em -l 

Then Ao uH d In T 
4-c ~ ~0.008< 1. 

These estimates show that in the case of high 
conducting semiconductors with current carriers 
of high mobility, the Hall effect theory is valid for 
a temperature range not lower than room tempera­
ttires if at the same time the magnetic fields do not 
exceed 103 oersteds. The Nernst- Ettinghausen 
effect theory, on the other hand, holds good for a 
greater range of temperatures ( in the direction of 
lower temperatures ) and magnetic fields ( in the 
direction of stronger fields). In the case of semi­
conductors with current carriers of low mobility 
( of Cu2 0 type) the range of applicability of both 
theories considerably increases. 

We will now examine how the diffusion of the 
current carriers affects both their concentration and 
the strength of the Hall and the Nernst-Etting­
hausen fields. For simplicity, we will assume 
that the magnetic field is uniform and that surface 
effects are absent ( .\8 -. oo). Then 

F(a)- F(O) ~- 21.0H, 

and the relative change of concentration in the Hall 
effect is 

For semiconductors of the germanium type 
having the above parameters, the relative change 
in concentration in· the Hall effect will be about 
13%, while the relative change in the Hall voltage 
due to diffusion (if we assume the length a along 
the y axis of the specimen to be 0.5 em) must 
reach 20%. In the Nernst-Ettinghausen effect, the 
relative change in concentration as determined by 
the expression 

I ~ I~ J.odln Tuff 
NO "L.d.x c ' 
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should be, under the same conditions, about 2%, 
while the relative change in voltage should reach 
about 20% 

Numerical calculations show that the non-uni­
formity of the magnetic field at the edges of pole_ 
pieces can not cause any significant changes in 
the magnitude of the effects under consideration. 

CONCLUSION 

Analysis of Eqs. (8b), (12b), (l8a) and (l8b) 
shows that for both phenomena, when surface ef-
fects are missing, 1 ( V- V0)( V0 I ·~ t- 0( a,, , 
where V is the actual voltage determined experi­
mentally, and Vo is the intrinsic Hall or Nernst­
Ettinghausen voltage before inclusion of voltage 
effects due to changes in current carrier concen­
trations. From this it follows that the magnitudes 
of the Hall and the Nernst-Ettinghausen voltages 
will be determined with the same degree of exact­
ne_ss with which the inequality Ao ja « l is at­
tamed. When the condition that A /a « l is 
fulfilled experimentally, V will not JiHer from V.: 

0 

If the length of the specimen a is far greater 
than its width a 2 , and the latter \s equal to 
several current carrier diffusion lengths A then o' 
A 0 can be evaluated by: 

(26) 

where V(a 1) and V(a2 ) are the Hall or the Nernst­
Ettinghausen voltages measured along the length 
and along the width respectively. Thus to evaluate 
A 0 it is sufficient to measure the voltage V across 
the specimen at two mutually perpendicular orien­
tations of it. It follows from the statement at the 
conclu_sion of the preceeding section that equation 
(26) will hold true as well in the case of a 
specimen which is located in a field that is non­
uniform at the edges. 
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