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The theory of resonance absorption of ultrasound in different classes of paramagnetic 
substances (salts, rare-earth metals, salt solutions, and gases) is presented. We consider 
the different mechanisms of the spin-lattice interaction, and discuss the cause of the 
effect. The magnitude of the calculated coefficient shows that for a series of substances 
the effect can easily be observed, in other cases it is possible to use an indirect method 
of observation. 

1. INTRODUCTION 

I N the work of the author 1 on the theory of re­
sonance absorption of ultrasound in different para­

magnetic salts, there is an assumption that the 
spin-lattice interaction is caused by the modulation 
of the internal electric field of the crystal by the 
elastic vibrations of the lattice. 

In this paper we consider, in the case of the 
absorption of ultrasound in salts, an assumption 
that the spin-lattice interaction is due to magnetic 
and exchange forces. In certain cases it turns 
out that this mechanism causes the greatest effect. 
We also calculate the resonance absorption effect 
of ultrasound in rare-earth metals, in some of which 
it proves to be extremely important. We also con­
sider the resonance absorption of ultrasound 
caused by nuclear paramagnetism. As has been 
made clear this often gives a large effect that is 
observed directly, as well as by indirect methods*. 

In our calculation we proceed from the following 
general formula for the sound absorption coeffi­
cient 1: 

Where N is the number of magnetic atoms per unit 
volume, .,., and v are the frequency and the velocity 
of propagation of sound, V and T are the volume 

*Resonance absorption of ultrasound occurs not only 
in paramagnetic, but also in ferromagnetic and anti-. 
ferromagnetic substances. The absence of a satisfac­
tory theory of the spin-lattice interaction for ferro and 
anti-ferromagnetic substances makes it difficult to give 
a quantitative determination of the acoustic effect. It is 
known that the usual effect of the ferro and anti-ferro­
magnetic resonances is not less than the resonance 
absorption in paramagnetic substances. Hence we may 
expect that the resonance absorption of ultrasound in 
ferro and anti-ferromagnetic substances is also signifi­
cant. 

1 S. A. Al'tshuler, J. Exper. Theoret. Phys. USSR 28, 
38 (1.~55) 

37 

and temperature of the paramagnetic bod_y, .,.,~is 
the half-width of the absorption line,Uot,,B; na- l, 
na is the matrix element of the spin-lattice inter­
action, acting between the magnetic sublevels cc 

and f3 and the vibration state of the lattice charac­
terized by the quantum numbers n - l and n . 

s a 
The calculation of the absorption of sound 

starts from the assumption that the resonance 
condition is satisfied; this in the simplest case 
has the form 

hv = g~H, (2) 

where g is the spectroscopic splitting faCtor, f3 is 
the magneton, H is the intensity of the applied 
magnetic field. 

2. MAGNETIC AND EXCHANGE INTERACTIONS 

The first theory of paramagnetic relaxation was 
developed 2 by building from the assumption that 
the spin-lattice coupling is brought about by means 
of magnetic forces acting between the atoms of 
the crystal. Later, in samples of several paramag­
netic salts3 it was demonstrated that this mecha­
nism was completely inadequate in explaining the 
observed values of the relaxation times. Another 
mechanism was introduced which we too used in a 
previous paper 1. However, in certain paramagnetic 
substances the mechanism considered by Waller2 
played an essential role. Waller considered the 
case in which the atomic spinS=~. In addition 
it was easily seen, that the prob;iliility of the 
change of the spin orientation under the action of 
the oscillations of the internal magnetic field was 
proportional to the fourth power of the atomic mag­
netic moment. However, this probability was also 

2 J. Waller, Z. Phys. 79,370 (1932) 

3 J. H. Van Vleck, Phys. Rev. 57, 426 (1940) 
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inversely proportional to a9, where a denotes the 
equilibrium spacing between the magnetic atoms 
of the crystal. Hence it was clear that the magnet­
ic forces could determine spin-lattice interactions 
in substances with large atomic magnetic moments 
and with a large density of magnetic atoms. 

We take the usual expre:;asion for the atomic 
magnetic dipole interaction operator: 

To determine the absorption coefficient of sound 
we start from formula (l) .. Substituting in (l) the 
square of the spin-lattice interaction matrix 
element, if it is assumed that the sound wave is 
propagated along the x axis, one easily obtains 
the following formula2. 

I fltcx, [>; na -1, nal 2 
(4) 

hna ""' (2=rkl )2 U ) 12 
= 4n2Mv f -V- I ( klx ex, r> ' 

where 

(5) 

the summation being carried out over all the mag­
netic atoms of the crystal. As usual, we apply 
this fonnula where the atoms comprise a simple 
cubic lattice. We are going to make use of the 
representation in which skz and slz are diagonal, 
and we denote by Mk and M1 the magnetic quantum 
numbers of the appropriate atoms. The operator 
U klx will contain various terms of the type 

Skrfilp• non-diagonal matrix elements which differ 
from zero only in the following case: 

'"(Sh.l" Stz )Mk,Mh +I; (6) 
1 . 

Mt, M1 = 2 Vs<S+ 1)-Mh(Mh+ 1)Mt==t, 

(Sky Stz )Mh, Mk +t;Ail,Ml = it; 
(Skx Stx )Mk,Mk +I; Mi,Mt +1 

=~VS(S+ 1)-M~~.(Mk+ 1) 

~-~S(S+ 1)-Mt(Mt+ l):=p, 

(Skx Sty )Mk,Mh +I; Mt • Mt+1 (7} 

= {SkyStx )Mk, Mk+I~Mt ,Mt+I = ip, 

(Sky Sly )Mk. Afk+I; M1, Mt-t 1 = - P· 

At first we consider the absorption of sound by 

the allowed transition Mfk = 1 and M/1 = 0. With 
the aid of (3), (4), and (6) we find the absolute 
square of the matrix element uklx : 

I ( Uklx)Mh, .+I 11. +I; M1, .u1 12 (8) 
g'~4 2 2 9 9 

= 9 ~ zkl [2xht (xi:t + Ykt ) 
kl 

-10 X~t r£1 + rtt] t2 . 

We carry out the averaging for various directions 
of propagation of sound relative to the axes of the 
crystal, and also for all values of Mk and M1 • Then 

·we obtain 

j(Uktx).uh•·Hk+I;M1,JH 1 12 (9) 

= 759 g-4~4 .!_ S (S ..L 1)".1 (2S + 1 ). 
7 r~1 36 ' 

We substitute this expression into (4) and then 
into (1) and taking into account the action of 
nearest neighbors only, we obtain for the absorp­
tion coefficient 

(1 0) 

where Z is the number of nearest neighbor atoms 
in the crystal lattice, yJ.= 253/21, d is the density 
of the substance, and P = TT2NjkTv3vy,_d. Our 
calculation pertains to the absorption 2of sound 
vibrations, propagated perpendicular to the applied 
magnetic field, along the z axis. If we carry out 
the analogous calculation for waves that are paral­
lel to the magnetic field then we obtain the same 
expression as (l) only with the coefficient 
Y II= 16/21. 

For the absorption coefficient, in the coupled 
double transition (LlMk= + 1; ilM1 = +l), we 
obtain 

a = TPZ (g2 [32/a3) 2 (S + I )2 (2S + 1 )2 v2, (11) 

where y.l= 40/7, Yll = 40/21. In this way it is 
found that the line-width which corresponds to the 
resonance condition 

( 12) 

yields approximately the same intensity as for the 
usual normal line which is specified by condition 
(2). 

As an example, we estimate the absorption 
coefficient a from formula (lO) for MnF2 . For a 
temperature T =300 ° K, assuming vy, = 109 sec-1 
we obtain 2 

' 
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cr = 0. 7 · 10-19 v2 CM-1 • (10') 

The action of a magnetic force in the spin-lattice 
interaction is appreciable in substances with 
large densities of magnetic atoms. 3ut in these 
substances there is also a large exchange force. 
The usual operator of the exchange interaction 
gives the following isotropic form: 

This matrix does not have non-diagonal elements, 
and therefore isotropic exchange forces cannot 
directly influence a spin-lattice interaction**. 
However there are found in certain paramagnetic 
substances anisotropic exchange forces4 that are 
able to play an essential role. For example, these 
forces are involved in the explanation of the mag­
netic substance NiSiF6 • 6~ 0~ where the exchange 
interaction operator has the dipole form 

f7to6 =]A (rkt) 
l 

(13) 

X [(Sk St)- 3 r;l (Sk rkt) (S1rkt )]. 

Then the calculation is precisely analogous to the 
calculation we employed in the magnetic case . We 
only know the dependence of the integral A on the 
atomic spacing. If we make the natural assumption 
that A (r) = Ao (a) e -rlro where r0-- a, then the 
matrix element of the disturbance goes over to the 
expression [ (2/ a) + (ljr0 ) ]. If we assume that 
it equals 3/a we obtain for the coefficient of sound 
absorption the same formulas (10) and (ll), but 
(g2,82ja3) is replaced by [A (a) ]2. For the transi­
tion between neighboring energy levels the coeffi­
cient ·y is equal to 

'L.L = 391/105, To = 8/21. 

The detailed comparison of the experiments for 
paramagnetic resonance and the theoretical 
c~culations carrieq out by Glebashev 6, for a wide 
range ofsubstances, showed that theexchange 

** The average internal magnetic fields of crystals, 
and consequently the resulting absor_ption line-width vX' 
is highly dependent on isotrof>iC exchange forces. 
Hence this force indirectly influences tlie absorption of 
ultrasound and the spin-lattice interaction. 

4 
5 W. Opechowski, Physica 14, 234 (1948) 

]. F. Ollom and]. H. Van Vleck, Physica 17 205 
(1951) , 

6 G. Y. Glebashev, Dissertation, Kazan State 
University, 1954 

integral lies between the limits 10-17_ 10-18 erg. 
In such a case the exchange force may increase 
the value of the calculated absorption coefficient 
over the action of magnetic interaction alone by 
one or two orders of magnitude. 

3. RARE-EARTH METALS 

The paramagnetism of the rare-earth metals 
depends on the deep lying internal atomic 4{ 
electrons; the action of the conduction electrons 
is insignificant. Hence there exist great similari­
ties between the magnetic properties of rare-earth 
metals and the salts of these elements. The 
author 7 by means of a comparison of the theoreti­
cal calculations with the experiments for the 
paramagnetic resonance in metallic cerium, 
praseodymium and neodymium has established that 
the atoms of these metals are triply ionized and the 
splitting of their energy levels is determined by 
electric fields having the same symmetry as the 
crystal lattice. 

We carry out the calculation of the absorption 
coefficient of sound in rare-earth metals assuming 
that the spin-lattice interaction definitely modulates 
the electrical field of the vibrating lattice. At first 
we confine ourselves to the metals possessing 
cubic lattices, of which there are ,8- cerium, 
f3- praseodymium, europium and ytterbium. For 
calculating the absorption coefficient we must use 
formulae (1), (4) and (5), only it is neccessary to 
understand that by ukl is meant the energy of 4{ 
electrons in electric fields, created by neighboring 
metallic ions. Taking into account the interaction 
of the six nearest neighbors and considering that 
the sound waves are propagated along the x axis, 
we find for uklx the following expression: 

3ee' 
Uhtx= -4-a 

( 14) 

where r is the radius vector connecting 4{ electron 
to the nucleus, x,y,z are components of this vector 
e' is the effective ionic charge, a is the lattice 
constant, u is the unit vector, along the direction 
of the atomic vibrations. 

{3-cerium. The energy levels and wave functions 
found in an electric field of cubic symmetry and 
an external magnetic field are specified in formula 
(26) of reference l, for Ce+++and Fe+++ which have 
total angular momentum of 5/2. This formula allows 

7 S.' A. Al'tshuler, ]. Exper. Theoret. Phys. USSR 26, 
439 (1954) 
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us to simplify the calculation, if we take into ac­
count that the Zeeman splitting is by far weaker 
than that caused by the electric field. We calcu­
late With the aid of the given functions and show 
that in first approximation only the following non­
diagonal matrix elements differ from zero: 

Hence when we average for different directions 
of polarization, we find 

I ( Uklx)ac 12 = 131 ( uklx)ad 12 = 13 (..i.. ee' r 2) 2 (1 6) 
105 a2 a 2 • 

Substituting (16) into (4) and (l) we find the 
absorption coefficient of sound in a magnetic field 
perpendicular to the direction of propagation of the 
waves 

_ p ( ee')2 (;. 2)2 a-T \- - v2 a ,a2 ' ( 17) 

where 

Tee= Tbd = 13 (8/105)2 , Tal= Tbc = (8/105)2 • 

If the sound wave is parallel to the magnetic field, 
then Yac= Jbc =Yad = Ybd = 2(8/105) 2 . This 
formula is correct for any metal having a cubic lat­
tice, except that the y factors have different 
values. The numerical value of the coefficient a 
is difficult to obtain since as yet we have not 
given the magnitude of the effective charge. If we 
assume e' = e and for ywe take the maximum value, 
then for T = 300 ° K we find 

(17') 

The differences E a-Ec and Eb- Ed are equal and 
fit a single absorption line, whose position is 
necessarily strongly dependent on the direction of 
the external magnetic field relative to the axes of the 
crystal. On turning the magnetic field from the [ 100] 
direction to along the [ 111] direction, the value 
of the spacing Ea- Ec = E b-Ed is changed from 
4/3gf3H to l/3g{3H. Hence in polycrystalline 
samples this absorption line has a half-width of 
the order of g/3 H. 

The position of other absorption lines is slightly 
dependent on the direction of the magnetic field 
relative to the crystal axes, because the change of 
the interval Ea-Ed= Eb -Ec goes only from 

7 /3gf3 H to 8/3g/3 H. 
{3-praseodymium. In an electric field of cubic 
symmetry the energy levels of praseodymium split 
into four components: one singlet, one doublet and 
two triplets. The resultant splitting in a magnetic 
field does not depend on the direction of this field 
relative to the crystal axes. The perturbation 
method leads to the following values for the energy 
and wave functions: 

(ex) 7 1 189 (i2 ) 
£1,3=27!! +20+ 80~; (18 

w<ex) 1 ( -./-
1,3 = Vs <I>=t=a + r 7 <1>±1); 

£(ex)= ]_fl + 86402. 
2 27 35 A ' 

w~ex) = v~ (<I>_"'- <1>4); 

£([3) = 14 fl + 18002 • 

27 7 A ' 

w<r>> = ..)24 (JIS<t>_"' + V14 <~>o + vs <~>"'); 
(Y) 2 A 36 02 • 

£1,2 =27 u± 5T• 
( > 1 v- - .. ~-w1y = .r- ( 7 <t>_"' -- Vto<~>o +., 1 <1>4); 

f 24 
'fi'(Y) _ 1 (m. 

2 - v 2 'P -2 + <1>2); 

<ll> 13 5 0 + 189 ~-
£1,3 = - 27 fl ± 2 ' 80 A ' 

'Yi~~ = + / 8 (V7<~>=t=3- <~>±t); • 
E<ll> __ 13 fl _ 36 0 2 • 

2 - 27 5 A ' 

'F~Il) = :2 (<1>_2- <1>2). 

Here ;}. is the total value of the splitting of the 
main energy levels of Pr+++ in the electric field 
of the crystal. In a magnetic field perpendicular 
to the propagation direction of the sound 

13 (182)2 
Tex,cx, = 3 \275 ' 

13 (208\2 
Tll,ll, = 27 275) • 

8 (182)2 
Tcx,cx• = Tcx.cx, = 27 275 ' 

2 (338)2 Tll,ll, = Tll,ll, = 3 825 , 

( 416 )2 
TY,Y, = 13 33·225 . 

If the direction of the field is parallel to the 
direction of motion of the sound wave then the only 
difference is in the following factors 

16 (182)2 4 (338)2 
Tcx,cx, = Toc,oc1 = 27 275 , Tll,ll, = Tll,ll, = 3 825 • 
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Particular interest exists in the absorption of 
sound in the resulting transition between the above 
levels Y1 and y2 , as the magnetic field splits the 
level 'Yonly in the second approximation. The 
location of the absorption peak in this case is 
determined by the value of 6.. In this way the obser­
vation of this line allows an immediate evaluation 
of the magnitude of the electric field inside the 
crystal. We notice that with the aid of the ordinary 
paramagnetic resonance this is impossible since 
the magnetic dipole transition between the sub­
levels y1 and /2 is forbidden. 
Europium. The angular momentum of triply ionized 
atoms of europium in the ground state is· zero. At 
room temperature, however, there is a noticeable 
polulation of the first excited state with ] = 1 
separated from the ground state by 214 em -1 . It 
is well known that the energy level ] = 1 does not 
split in an electric field of cubic symmetry. Hence 
the splitting in an external magnetic field is the 
same as for the free atom. 

The factor yhas the following values 

(r..l)-1,1 = 0.52; (r..l)-1,o = (l..l)o,1 = 0.08; 

(r II J-1,o = (r II )o,t = 0.16; 
(IIJ )-1,1 = 0. 

Ytterbium. In the ground state the ytterbium ion 
has f = 7/2, the same as ionic gadolinium. Hence 
we take advantage of the calculated energy and 
wave functions for gadolinium8·: 

(a) 3 G· £1.2= + 2 ' 

'Pt~ = ~ <V3 <t>±'t.- <t>:p,,); 

Ei~l = t A + 1: G; 

'Yi~l = v ~ ( <l>±'/,- v ~ <l>:pt.); 

(b)_ 5 ,.. +~a· · 
Ez,3- 8 u. - 2 ' 

'Y~~~ = ~ (<I>±'~+ y3 <l>:p,,); 

(c) A + 7 G· £1.2= u. -6 ' 

'Yi~~=v152(<t>±.,. + v~ <l>;pt.)· 

With the aid of these wave functions the factors 
that are non-zero are found to have the following 
values 

8 C. Kittel and J. M. Guttinger, Phys. Rev. 73,162 
(1948) 

(l..l)b,v, = (l..l)b,v, = 131 (21)2; 

(r II h,b, = (r II )b,a, = (4 1 7)2 • 

We now consider metals with hexagonal lattices. 
At first we concern ourselves with oc-Ce, Nd, Dy 
and Er whose ions have an odd number of elec­
trons. In these ions electric fields of hexagonal 
symmetry cause complete splitting of the energy 
levels, retaining only the Kramers degeneracy. 
Since this degeneracy is not removed by the elec­
tric field the spin-lattice coupling can only 
emerge in second approximation. Hence the 
effect of paramagnetic resonance in ultrasound in 
these metals is (g{3H/ ~)2 times weaker than in 
metals with cubic lattices. All that we have said 
also applies to samarium whose lattice is 
tetragonal. 

A special case is presented by gadolinium whose 
ions are in the S state. The spin-lattice interaction 
in Gd +++ appears to depend on magnetic and ex­
change forces. 

The ions of metallic oc- Pr, Tb, Ho, Pm contain 
even numbers of electrons. Certain energy levels 
of these ions retain their double {non-Kramers) 
degeneracy in an electric field of hexagonal sym­
metry, which may be removed in a field of lower 
symmetry. In this case the spin-lattice inter­
action is different from zero in the first approxima­
tion.· The effect on the absorption of sound will 
be of the same order as in metals of cubic lattices. 

The study of the resonance absorption of ultra­
sound in rare-earth metals has a special interest, 
as the investigation of the absorption of electro­
magnetic waves in metals is extremely difficult 
to carry out because of the skin-effect. 

4. NUCLEAR PARAMAGNETIC RESONANCE 
IN ULTRASOUND 

Resonance absorption of ultrasound obviously 
takes place not only in "electronic" paramagnetics 
but also in substances possessing nuclear para­
magnetism. We attempt to estimate the magnitude 
of this effect. 

To begin with, we will consider solid bodies 
(non-metallic). The exchange of energy between 
the elastic vibrations of the lattice and the sys­
tem of nuclear spins, due to a magnetic nuclear 
interaction, gives an effect whose value can be 
calculated from formula (lO). Thereby it is only 
?ecessary to keep in mind that in the first place f3 
1s the nuclear magneton; this decreases the 
absorption coefficient by -1012 . In the second 
place, vy,; now means the line-width of the nuclear 
resonanc~, which causes an increase of approxi­
mately 105. A more careful numerical calculation 
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c&rried out for the N aBr, gives a _, w-25 v 2cm -1. 
Thus the absorption of ultrasound by the action 
of magnetic fields is extremely slight. 

It is known that in many cases the spin-lattice 
coupling is caused by a quadrupole interaction 9. 
The order of magnitude of the absorption coeffi­
cient of sound, caused by quadrupole forces, may 
be determined from formula (10) if we replace 
g2j32 by e2 Q. If we take into account that 
j3-..1()·23Gjcm3, and Q-w-25cm2, then for some 
substances the resulting a = IQ-20:v2cm-1. This 
value is exceedingly small since for an applied 
static magnetic field~104 oersteds, as is seen 
from condition (2), we are obliged to employ an 
alternating field of frequency 10 7 cycles per sec. 

We may expect a large effect in liquids . As is 
known from the theory of spin-lattice interactions 
in liquids10, it follows that whereas in solid 
bodies the spectrum of thermal vibration frequen­
cies determines a correspondingly small intensity 
from condition (3), in liquids the thermal motion 
contains oscillations of these frequencies with 
enormous intensities. In the case of solids we 
could, in comparison with the intensity of sound 
vibrations, neglect the thermal oscillations of 
these frequencies. Now we must properly reject 
this assumption, and then the probability of ab­
sorbing energy quanta of sound vibrations has an 
order of magnitude equal to Y,r ( r is the time of 
spin-lattice relaxation). 

The energy of sound waves, absorbed per unit 
volume of a substance in one second is obviously 
equal to 

and hence for the absorption coefficient we have 
(I is the intensity of sound vibrations) 

(19) 

We check, as an example, the proton resonance 
in water. Hy means of the addition of a para­
magnetic salt the time of the spin-lattice relaxa­
tion may easily be brought to w·4 seconds. 

If :v = 3 x 107 cycles per sec. and the frequency 
interval and half-width ~ are approximately the 
same, then in one second the energy absorbed 
__.360 ergs. It is easily calculated that the inten­
sity of sound and thermal vibrations are compara-

9 R. V. Pound, Phys. Rev. 79, 585 (1950) 
10 N . Blombergen, E. M. Purcell and R. V. Pound, 

Phys. Rev. 73, 678 (1948) 

hie, if 1~105 ergs/cm3sec; and therefore we find 
a-0.01 cm-1. An increase in the sound intensity 
causes a disappearance of the effect because of 
saturation ( cf. below). It is necessary to keep in 
mind that in so far as the spin-lattice interaction 
in water is produced by magnetic forces, then we 
have two absorption lines, whose locations are 
determined by equations (2) and (12), wherein the 
second line, as was easily derived in reference 
(10), has twice the intensity of the first. 

It is well known that in the usual phenomenon 
of nuclear magnetic resonance we frequently 
observe a saturation effect, which consists in the 
fact that the spin-lattice interaction does not 
enable a transfer of all of the energy, absorbed 
by the spin system, to the thermal vibrations of 
the lattice. Consequently the population of the 
upper magnetic levels increases and the absorp­
tiOn of energy from the electromagnetic field 
decreases. An analogous effect is possible in the 
case of paramagnetic resonances for ultrasound. 
For simplicity we assume that we have only two 
magnetic levels and let A stand for the transition 
probability between them per second under the 
action of ultrasound. We denote by n the excess 
population of the lower level and let no stand for 
the excess which corresponds to thermal equi­
librium for the lattice temperature. In the absence 
of ultrasound, as is well known, the process of 
establishing equilibrium is set forth in the equa­
tion 

where we may consider that r determines the time 
of spin-lattice relaxation. If there is a sound 
field in the substance, then the equation takes the 
form 

dn n0 -n _ 2nA 
dt = ' , (20) 

from which it follows that in the stationary state 
(dnidt = 0) 

nIno= I I (I + 2At). (2 I) 

This value is usually called the saturation factor. 
If nin0» 1, it is clear that the absorption of 
ultrasound is vanishingly small. 

In liquids A= Cli2r) ( L1:vl:vy, ), the factor nino 
is nearly ~ and consequently ~aturation is feeble. 
In solids it is easy to calculate the following 
expression for the transition probability: 

(22) 
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The numerical value shows that with an intensity 
of the order of 1W/cm2 for a frequency 10 7 cycles 
per sec. we obtain a strong saturation. This fact 
may be used for the indirect detection of the ab­
sorption of ultrasound by nuclei. Suppose that 
we are observing the usual effect of the resonance 
absorption of an electromagnetic field of frequency 
v. Then we superimpose a sufficiently strong 
acoustic field of the same frequency and the effect 
may be canceled. 

With the aid of formulae (21) and (22) the pos­
sibility of the saturation effect for electric 
paramagnetic resonance for ultrasound can also 
be explained. In certain substances, which 
possess a large sound absorption coefficient a, 
saturation may be approached under experimental 
conditions. 

5. CONCLUSION 

We have considered the resonance absorption of 
ultrasound in the main types of paramagnetic subs­
tances. For metals we considered only the rare­
earths. In other metals the effect we have investi­
gated is small. In metals that do not have 
available deep lying {-electrons with uncompen­
sated spins, paramagnetism is due to the outer 
atomic electrons, which participate in conduction. 
In consequence of this the translational motion 
will also participate in the exchange of energy 
between the lattice vibrations and the electronic 
spins, observed in an applied magnetic field. 
Since the average energy of translational motion 
far exceeds the magnetic energy of the electrons, 
then clearly the absorption of sound cannot subs­
tantially depend on the magnetic field intensity; 
it will not have the sharply defined resonance 
character. 

In the foregoing section we considered the 
nuclear effect in liquids. Formula (19) can only 
be applied for estimating the electronic resonance 
absorption of sound in liquid solutions of paramag­
netic salts. In this case the number of absorbing 
atoms N is considerably smaller than in the case 
of nuclear resonances, the half width of the ab­
sorption line is on the other hand much larger. 
Hence the absorption coefficient is comparatively 
small, in spite of the considerably much shorter time of 
spin-lattice relaxation ( r_, 10 -8sec ). In truth 
electronic resonance permits the use of very high 
frequencies, which may make the effect observable, 
at the present time,by a sensitive arrangement. 

The theory of spin-lattice interaction,developed 
for liquids, may be applied also to gases. With 
the aid of formula (20) of reference (10) we find 
that the time of paramagnetic relaxation for gases 

for atmospheric pressure and for room temperature 
is equal to r.-10"6 sec. From formula (19) it fol­
lows that the absorption coefficient is very small 
[order of magnitude 10-20 (v2//) em -1 j, if we 
take advantage of what is known from experiments 
on paramagnetic resonance in oxygen 11 where 
the value of vy, = 0.05 cm-1. 

It is of inter~st to compare these considerations 
to the paramagnetic resonances for electromag­
netic waves. 

1. To begin with, we compare the magnitudes 
of both effects. The coefficient of absorption 
of energy in an electromagnetic field 12 is equal. 
to 

8~ II 

<1e= cVX • 

Where x" is the imaginary part of the complex 
magnetic susceptibility. If by Xo we denote 

(23} 

the static susceptibility, then for maximum absorp-
• II d l tlon X~ Xo v/ ~ ,an consequent y, 

(24) 

At"lt ., ·f · e ec rome paramagnetic requenc1es 
v~.....,109 c~cles per sec, Xo -10-5 and hence 
a,....,l0-22v cm- 1. For the absorption coefficient 

of ultrasound for many substances we also derive 
the expression, proportional to v 2, in which the 
proportionality factor is strongly dependent on the 
magnitude of the matrix element of the spin-lattice 
interaction. If this matrix element differs from 
zero in the first approximation, the for the coeffi­
cient of sound absorption a we obtain a value 
exceeding a e . Under the requirements of higher 
approximations then usually ae and a have values 
of the same order. 

We make the observation, that throughout we 
calculated the average absorption coefficient for 
solids for longitudinal and transverse waves. 
Generally speaking, the transition probabilities 
between magnetic sublevels under the action 
of acoustic vibrations of the first type are very 
greatly surpassed by those for vibrations of the 
second type. Thus, for example, if the magnetic 
field is perpendicular to the direction of propa­
gation of sound waves, then the absorption of 
sound in the resulting transition between sub­
levels ad and be of {3- cerium is possible only 

11 R. Beringer and J. G. Castle, Phys. Rev. 78, 581 
(1950); 81, 82 (1951) 

12 J. C. Gorter, Paramagnetic Relaxation (1949), 
pg. 41 
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under the action of transverse oscillations. 
2. In the case of the usual paramagnetic 

resonance the probability of absorbing a photon 
is a maximum if the alternating magnetic field is 
perpendicular to the static field; this probability 
decreases to zero if the magnetic fields are set 
parallel to one another. The probability of ab­
sorbing phonons is slightly dependent on the 
direction of the magnetic field. All the changes 
in the direction of this field may vary the order of 
magnitude of the effect. 

3. The absorption of ultrasonic frequencies is 
a possible result of transitions between those. 
sublevels for which the magnetic dipole transi­
tions are forbidden. Hence, for example, in 
substances with pure spin paramagnetism the prob­
ability of absorbing photons is large only for tran­
sitions coupled by changes of the magnetic quan.tum 
numbers of the atoms by unity, where we know that 
only one resonance line appears. The probability 
of absorbing phonons has the same order both for 
transitions in which the magnetic quantum numbers 
of two interacting atoms change by unity, and 
those which are connected with changes of the 
quantum numbers of single atoms. Hence two ob­
servable absorption lines exist here. 

4. The line widths of paramagnetic resonances 
both for ultrasound as well as for electromagnetic 
waves depend on the same factors. If the spin­
lattice interaction is stronger than the spin-spin 
interaction, the half-width is of the order of -7:!77-r 
and hence is strongly temperature dependent. If 
the spin coupling is stronger than the coupling to 
the lattice vibrations, then the line-width depends 
on the magnetic dipole interaction, exchange forces, 
electric fields of the ions and is not temperature 
dependent. Although the broadening of the absorp­
tion line in both phenomena is explained by the 
same forces, the form of one line can differ con­
siderably from the other in the second case consid­
ered. This is explained by the fact that for the two 
phenomena we deal with one and the same band of 
energy levels, which produce magnetic and other 
interactions. However, the rules which determine 
the transition probability between these levels, 
under the action of ultrasound and under the action 
of an external alternating magnetic field, are com­
pletely different in nature. Thus, for example, the 
resonance line for the absorption of an electromag­
netic field narrows under the action of an isotropic 

exchange force, as is well known 13. Proof of this 
narrowing is based upon the fact that the second 
moment of the absorption line does not depend on 
the exchange force; this follows from the fact that 
the matrix S,., which determines the probability of 
the magnetic dipole transition, commutes with the 
exchange interaction operator A~ S ,S k" 

Evidently, the transition under the action of 
ultrasound may lead to an absorption line, the 
second moment of which depends on exchange for­
ces. Nevertheless, the order of the absorption 
line-width is the same in both effects. 

We note still another case in what follows. Com­
paratively small sensitivity of the ultrasonic method 
of investigation makes it desirable to use an indi­
rect method of detecting paramagnetic resonances 
in ultrasound. Some of these were discussed in a 
previous section. We indicate one possibility. 
Paramagnetic resonance absorption of ultrasound 
will be accompanied by magnetization of substances 
which may be evaluated with the help of the coef­
ficient of high frequency susceptibility x' . From 
the investigation of the usual paramagnetic re­
sonances it is known, that if the static magnetic 
field is changed, then the maximum change x' is 
approximately equal to the value x"' for maximum 
absorption. However with the help of (23) and (24) 
we at once find x'.-. ca /Bn-2 v. The change in mag­
netization under the action of ultrasound may pro 
bably be observed by the use of the usual method 
of measuring x' of Zavoiskii14 or by nuclear in­
duction 15 . 

In conclusion we note that the calculation of 
the spin-lattice interaction, which determines the 
magnitude of the effect of resonance absorption of 
ultrasound in paramagnetic substances can not lay 
claim to any great precision. The purpose was to 
arrange the calculation as an estimate of the order 
of magnitude of the effect and to establish the 
essential mechanism. The most interesting result 
which permits investigation is the explanation of 
the nature of the determinable characteristic 
constant of the spin-lattice interaction i'n various 
classes of paramagnetic bodies. 

13 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948) 
14 E. K. Zavoiskii, J. Exper. Theoret. Phys. USSR 

17. 155 (1947) 
15 F. Bloch, W. W. Hansen, and M. Packard, Phys. 

Rev. 70, 474 (1946) 

Translated by B. Hamermesh 
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